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Abstract 
Topological graphics opens up completely new worlds in 
computer graphics applications.   I t is supported b y 
adv ances in modern algeb raic topology: homotopy theory 
and cellular spatial structures in particular.   Topological 
graphics lays out the f ramework  to represent digital 
contents in a f ew orders of  magnitude ef f icient.   I t guides 
graphics sof tware design to mak e it minimal and reusab le.   
This progress report on our own f rontier researches giv e 
ab undant of  ex amples as well as the b rief  summary of  the 
theoretical f oundation.    
 
 
1 .  I n tro d u cti o n  
 

S o l v i n g  n u m e r o u s  i m p o r t an t  p r o b l e m s  i n  o u r  l i f e  
p r e s e n t  u s  m ar v e l o u s  o p p o r t u n i t i e s  t o  e n j o y  f i n d i n g  n e at  
s o l u t i o n s .  T h i s  p ap e r  s h o w s  y o u  a p ar t  o f  o u r  f u n  o n  
d o i n g  t h at .  F i r s t ,  w e  g o  f r o m  w e l l  k n o w  p r o b l e m s  o f  
c h ar ac t e r i z i n g  m o u n t ai n  t e r r ai n s  w e  s e e  w h e n  w e  g o  
h i k i n g .  T h e  p r o b l e m  i s  e as i l y  s o l v e d  b y  ap p l y i n g  t h e  
M o r s e  l e m m a an d  t h e  R e e b  g r ap h  i n  d i f f e r e n t i al  t o p o l o g y .  
A n o t h e r  i n t e r e s t i n g  p r o b l e m s  ar o u n d  u s  i s  h o w  t o  
c h ar ac t e r i z e  o u r  c l o t h i n g .  O n e  as p e c t  i s  b as i c al l y  i d e n t i c al  
t o  t h e  p r e v i o u s  p r o b l e m  o f  i d e n t i f y i n g  c h ar ac t e r i s t i c  p o i n t s  
s u c h  as  p e ak s ,  p i t s  an d  p as s e s ,  w i t h  s o m e  e x t e n s i o n s  t o  
ad d  r i d g e s  an d  r av i n e s .  C h ar ac t e r i n g  c l o t h i n g  h as  t h e  
o t h e r  i n t e r e s t i n g  p r o b l e m s  s u c h  as  h o w  t o  i d e n t i f y  f l e x i b l e  
s h ap e s .  T h e  f l e x i b i l i t y  d e s t r o y s  g e o m e t r y  r e q u i r i n g  m o r e  
g e n e r al  an d  h e n c e  ab s t r ac t  c h ar ac t e r i s t i c s  t h at  h ap p e n s  t o  
b e  c e l l u l ar  s p at i al  s t r u c t u r e  p r o b l e m s  i n  al g e b r ai c  
t o p o l o g y ,  h o m o t o p y  i n  p ar t i c u l ar .   

T h e r e  h av e  b e e n  t w o  m aj o r  d i f f i c u l t i e s  i n  p u r s u i n g  t h i s  
t y p e  o f  r e s e ar c h e s .   O n e  i s  t h e  l ac k  o f  c u r r i c u l u m  t o  t r ai n  
c o m p u t e r  s c i e n t i s t s  i n  al g e b r ai c  t o p o l o g y .  T h e  o t h e r  i s  
f i n d i n g  ap p r o p r i at e  p e e r  r e v i e w e r s  s t e m m i n g  f r o m  t h e  f i r s t  
d i f f i c u l t y .  M at h e m at i c i an s  k n o w  m at h e m at i c s  an d  t h e y  
s ay  t h e  m at h e m at i c s  ap p l i e d  ar e  t r i v i al  an d  n o t h i n g  n e w .  

T h e  p r o b l e m  b e i n g  at t ac k e d  ar e  i n  t h e  d o m ai n  o f  c o m p u t e r  
s c i e n c e .  T h e y  d o  n o t  s ay  n o t h i n g  n e w  i n  m at h e m at i c s  b u t  
j u s t  s ay  n o t h i n g  n e w  t o  r e j e c t  t h e  p ap e r s .  O n  t h e  o t h e r  
h an d ,  c o m p u t e r  s c i e n t i s t s  s ay  w h y  t h e y  c ar e  s u c h  s t r an g e  
n o t at i o n s  an d  h ar d  m at h e m at i c s  t o  c o n c l u d e  t o  r e j e c t  t h e  
p ap e r s .   

H i s t o r i c al l y  al l  n e w  r e s e ar c h  ar e as  an d  i n d u s t r i al  
ap p l i c at i o n s ,  n o w  r e s p e c t e d  an d  v al u e d ,  h av e  c o m e  
t h r o u g h  t h i s  t y p e  o f  d i f f i c u l t i e s :   q u an t u m  t h e o r y  an d  
s e m i c o n d u c t o r s  as  i t s  ap p l i c at i o n s ,  f o r  e x am p l e .  
T h e r e f o r e  t h e  m o s t  ap p r o p r i at e  ac ad e m i c  s t an d i n g  f o r  u s  i s  
t o  at t ac k  e v e r  e x p an d i n g  k e y  p r o b l e m s  w i t h o u t  c o n c e r n i n g  
t h e  i m m e d i at e  p o p u l ar i t y .  T h e  t w o  d i f f i c u l t i e s  e x p l ai n e d  
ab o v e  h av e  b e e n  s o l v e d  i n  p ar t  b y  c r e at i n g  a n e w  
d e p ar t m e n t ,  a n e w  s c h o o l  an d  n e w  u n i v e r s i t y  as  w e l l  as  
n e w  p r o f e s s i o n al  s o c i e t i e s  an d  n e w  r e f e r e e d  j o u r n al s .  Y e t  
m at h e m at i c s  c u r r i c u l a f o r  c o m p u t e r  s c i e n t i s t s  s t i l l  t e ac h e s  
a f e w  h u n d r e d  t o  a f e w  t h o u s an d  y e ar s  o l d  m at e r i al s  s u c h  
as  g r ap h s  an d  p o l y g o n s ,  n e g l e c t i n g  r e c e n t  an d  v e r y  u s e f u l  
m at h e m at i c al  f i n d i n g s  an d  c au s i n g  a n o t o r i o u s  p o l y g o n  
e x p l o s i o n  p r o b l e m  i n  c o m p u t e r  g r ap h i c s .   

I t  i s  n o t e d  t h at  t h e  ac t i v i t i e s  o n  t h e  w e b  t r ad i n g  a G N P  
e q u i v al e n t  a d ay  r e q u i r e  w e b -b as e d  g r ap h i c s .  V ar i e t i e s  o f  
w e b -b as e d  g r ap h i c s  h av e  b e e n  d e v e l o p e d  m ai n l y  i n  t h e  
J av a e n v i r o n m e n t  f o r  c r o s s  p l at f o r m  ap p l i c at i o n s  o n  t h e  
w e b .  F o r  t h i s  p u r p o s e ,  t h e  g e n e r al i t y  o f  t o p o l o g i c al  
g r ap h i c s  p l ay s  a c e n t r al  r o l e .  W e b -b as e d  g r ap h i c s  i s  i n  
c y b e r s p ac e s  o n  t h e  w e b .  F r o m  h e r e  o n ,  w e  l o o k  at  
t o p o l o g i c al  g r ap h i c s  i n  t h i s  p e r s p e c t i v e  [ 8 ] . 
 
 
2 .  R e q u i re m e n ts f o r m o d e l i n g  cy be rsp ace s 

 
L e t  u s  d e r i v e  a s e t  o f  r e q u i r e m e n t s  f o r  d e s i g n i n g  t h e  

c y b e r s p ac e s  w h e r e  w e  i n s t al l  o u r  d i f f e r e n t i al  t o p o l o g i c al  
m o d e l e r s .  W e  ab s t r ac t  t h e  r e q u i r e m e n t s  f r o m  w i d e  
v ar i e t i e s  o f  r e al  w o r l d  c as e s . 

 



A. C a s e  1   T o p o g r a p h i c a l  Ap p l i c a t i o n s  
 

L i v i n g  o n  t h e  e a r t h ,  t h e  h u m a n  r a c e s  h a v e  b e e n  
m e a s u r i n g  t h e  t o p o g r a p h y  o f  t h e  e a r t h  s u r f a c e  f o r  
t h o u s a n d s  o f  y e a r s  t o  m a k e  t o p o g r a p h i c a l  m a p s .   A  
t o p o g r a p h i c a l  m a p  p r e p a r a t i o n  p r o c e s s  i n  a  g e n e r a l  c a s e  i s  
t h r o u g h  t h e  c o n c u r r e n t  m e a s u r e m e n t  o f  t o p o g r a p h i c a l  
h e i g h t  d i f f e r e n c e s  o v e r  d i s t a n c e  a t  v a r i o u s  p o i n t s  o n  t h e  
t o p o g r a p h y .   E a c h  p e r s o n  m e a s u r i n g  t h e  t o p o g r a p h y  
a s s u m e s  a  l o c a l  c o o r d i n a t e  s y s t e m  a t  t h e  p l a c e  b e i n g  
m e a s u r e d .   O n  t h e  g l o b e ,  i t  l o o k s  l i k e  i n  F i g . 1 .    A  l o c a l l y  
c o r r e c t  b u t  g l o b a l l y  w r o n g  m o d e l  i s  b e i n g  u s e d  e v e n  n o w ,  
a n d  w e  k n o w  h o w  t o  g e n e r a t e  a  g l o b a l l y  c o r r e c t  w o r l d  
m a p  f r o m  t h e m .    

V e r y  l a r g e  n u m b e r s  o f  a r e a  m a p s  h a v e  b e e n  
a c c u m u l a t e d  a n d  t h e y  a r e  i n  d a i l y  u s e  i n  t h e  w o r l d .   T h e s e  
a r e a  m a p s  a r e  i n t e g r a t e d  t o  p r o d u c e  g l o b a l  m a p s  s u c h  a s  
E u r o p e a n  m a p s ,  A s i a n  m a p s  a n d  w o r l d  m a p s .    I t  i s  w e l l  
k n o w n  t h a t  a r e a  m a p s  y i e l d  s o m e t i m e s  a  f e w  h u n d r e d  
m e t e r s  d i s c r e p a n c i e s  i n  t o p o g r a p h i c a l  h e i g h t  v a l u e s  a t  t h e  
b o u n d a r i e s  o f  n e i g h b o r i n g  c o u n t r i e s .   W e  c h a r a c t e r i z e  t h e  
t o p o g r a p h y  o f  e a c h  a r e a  b y  a  s e t  o f  e q u i -h e i g h t  l i n e s  t h a t  
a r e  t w o  d i m e n s i o n a l  ( 2 D )  a n d ,  f i n a l l y  b y  a  s e t  o f  
c h a r a c t e r i s t i c  p o i n t s  s u c h  a s  p e a k s ,  p i t s  a n d  p a s s e s  t h a t  a r e  
o n e  d i m e n s i o n a l  ( 1 D ) .   T h e  w h o l e  t o p o g r a p h y  i s  a  s o l i d  
b o d y  t h a t  i s  t h r e e  d i m e n s i o n a l  ( 3 D )  a n d  t h e i r  c h a n g e s  b y  
e r u p t i o n ,  e r o s i o n ,  v e g e t a t i o n  a n d  o t h e r  c a u s e s  a r e  4  
d i m e n s i o n a l  ( 4 D ) .   I t  i s  d i v i d e d  i n t o  s o l i d  t o p o g r a p h i c a l  
o b j e c t s  s u c h  a s  m o u n t a i n s  a n d  l a k e s  ( l a k e s  a r e  u s u a l l y  
p i t s )  a n d  t h e i r  c h a n g e s .   

 
 
 
 
 
 
B . C a s e  2   F l e x i b l e  M a n u f a c t u r i n g  

Au t o m a t i o n  

 
O n e  o f  t h e  m o s t  a d v a n c e d  i n t e l l i g e n t  m e c h a t r o n i c s  i s  

r e a l i z e d  a s  f l e x i b l e  m a n u f a c t u r i n g  a u t o m a t i o n  e m p l o y i n g  
g r o u p s  o f  c o o p e r a t i n g  r o b o t s  t o  w o r k  a t  v a r i o u s  l o c a t i o n s  
o f  a  m a n u f a c t u r i n g  l i n e  f r o m  d i f f e r e n t  d i r e c t i o n s .   E a c h  
r o b o t ,  t h e n ,  h a s  a  l o c a l  c o o r d i n a t e  s y s t e m  t o  d e f i n e  i t s  
w o r k  s p a c e  a n d  c o n f i g u r a t i o n  s p a c e .   E a c h  s e g m e n t  o f  a  
r o b o t  h a s  6  d e g r e e s  o f  f r e e d o m  b o t h  i n  t h e  w o r k  s p a c e  a n d  
t h e  c o n f i g u r a t i o n  s p a c e ,  3  f o r  l o c a t i o n s  a n d  t h e  o t h e r  3  f o r  
r o t a t i o n  a n g l e s .   A  w o r k  s p a c e  i s  o f t e n  c a l l e d  a  w o r k  c e l l .   
T h e  w o r k  c e l l s  a r e  l i n e d  u p  w i t h  a  c e r t a i n  a m o u n t  o f  
o v e r l a p s  t o  c o o p e r a t e  e a c h  o t h e r  t o  f o r m  a  m a n u f a c t u r i n g  
l i n e  a s  s h o w n  i n  F i g .  2  .    
C u r r e n t l y ,  t h e  n u m b e r  o f  t h e  j o i n t s  o f  i n d u s t r i a l  r o o t s  

a r e  l i m i t e d  t o  l e s s  t h a n  t e n  a n d  h e n c e  c a n n o t  p e r f o r m  
e l a b o r a t e  h i g h  q u a l i t y  j o b s  a s  g o o d  a s  h u m a n  b e i n g s  [ 2 ] .   
H i g h l y  m u l t i -j o i n t s  r o b o t s  r e q u i r e  a  l a r g e  n u m b e r  o f  w o r k  
c e l l .   T h i s  i s  o n e  o f  t h e  m o s t  a t t r a c t i v e  r e s e a r c h  a r e a s  f o r  
i n t e l l i g e n t  p r o c e s s i n g  s y s t e m s .   T o  a c h i e v e  h i g h  q u a l i t y  
p r o d u c t i v i t y ,  c e l l u l a r  s p a t i a l  s t r u c t u r e s  c a n  p r o v i d e  a n  
i d e a l  g r o u n d  f o r  d e s i g n i n g  i n d i v i d u a l l y  d e f i n e d  w o r k  c e l l s  
w o r k i n g  i n t e r a c t i v e l y  a n d  c o o p e r a t i v e l y  t o  r e a l i z e  a n  
o v e r a l l  i n t e g r a t e d  p r o d u c t i o n  l i n e .    

 
C . C a s e  3   F i n a n c i a l  Ap p l i c a t i o n s  
 
F i n a n c i a l  p e o p l e ,  f i n a n c i a l  t r a d e r s  i n  p a r t i c u l a r ,  a r e  

o b s e r v i n g  t h e  d y n a m i c  c h a n g e s  o f  t h e  v a l u e s  o f  v a r i o u s  
f i n a n c i a l  p a r a m e t e r s  f o r  t r a d i n g  p u r p o s e s ,  s u c h  a s  
e x c h a n g e  r a t e s  b e t w e e n  d i f f e r e n t  c u r r e n c i e s  i n  d i f f e r e n t  
c o u n t r i e s  a n d  s t o c k  p r i c e s  a t  i n t e r n a t i o n a l  s t o c k  t r a d i n g  

F i g .  1   L o c a l  c o o r d i n a t e  s y s t e m s  a t  d i f f e r e n t  t o p o l o g i c a l  
m e a s u r e m e n t  l o c a t i o n s ,  e x h i b i t i n g  c e l l u l a r  s p a t i a l  
s t r u c t u r e s   

F i g .  2   A  m a n u f a c t u r i n g  l i n e ,  e a c h  c i r c l e  d e n o t i n g  a  
w o r k  c e l l .  



centers.  Before the financial market reaches the peaks and 
pits of ex chang e rates and stock v alu es,  actu ally  at the 
passes,  financial trading  people make themselv es w ell 
prepared to ex ecu te transactions of selling  and b u y ing .   
F inancial applications,  thu s req u ires a local v alu e 

sy stem as a local coordinate sy stem at each site in the 
w orld,  concu rrently  w orking .  E ach site is a financial cell,  
inclu ding  1 D  financial critical points,  2 D  financial eq u i-
v alu e lines and the w hole financial stru ctu res as 3 D  
ob j ects as w ell as their chang es as 4 D  ob j ects.  I n 
conclu sion,  cellu lar stru ctu red financial spaces are defined 
at indiv idu al sites to perform financial trading  at 
indiv idu al sites,  w hile the integ ration mechanisms to g o 
from one cell to another is req u ired to carry  ou t the g lob al 
financial trading  internationally .   
 
D. C a s e  4   M e d i c a l  a n d  d e n t a l  a p p l i c a t i o n s  
 
 U ltrasonic compu ted tomog raphy  is among  the most 
popu lar medical imag ery  techniq u es for adv anced 

diag nosis.  F or ex ample,  a doctor applies u ltrasonic  
 
 
 

 
 
 
 
 
eq u ipment to the patient b ody  at different locations as 
needed.  E ach location has its ow n local coordinate 

sy stem depending  on the position and direction of the 
eq u ipment as seen in F ig . 3 .   
D ental inspections similarly  proceed:  a dental doctor 

v iew  the patient’s teeth from different positions and from 
v ariou s directions,  either v isu ally  or u sing  an X -ray  
dev ice ( F ig . 4 ) .   
I n b oth cases,  doctors start inspections from 

prob lematic areas,  and proceed to the neig hb orhood to 
check the spread of the disease and the sy mptoms to 
complete the diag nosis of the patient b ody  as an 
integ rated entity ,  not j u st as a collection of org ans.   
 
E . C a s e  5   H u m a n  M e n t a l  S p a c e  M o d e l i n g  a s  

C y b e r s p a c e  M o d e l i n g  
 
A ny  ex perts w ith q u ality  skills perform the w orks in 

v ariou s specializ ation inclu ding  those show n ab ov e 
b ased on the ex pert know ledg e and ex periences 
accu mu lated in their memory  as the cellu lar stru ctu red 
spaces.  I n this sense,  hu man mental modeling  is 
eq u iv alent to a set of req u irements for cy b erspaces 
ab stracted from the ty pical cases of real w orld 
applications as ex plained so far.   
  I n ou r hu man mind,  w e rememb er ev ents and 

occasions as scenes,  u su ally  loosely  related and coming  
into ou r mind in parallel.  T his means that the hu man 
memory  is config u red as a cellu lar stru ctu red space 
w here cells are partially  intersecting  w ith each other.  
E ach cell contains the 1 D ,  2 D ,  3 D  and 4 D  ob j ects in the 
scene and also the characteristics of the scene su ch as 
sing u larities of the ob j ects and ob j ect chang es inclu ding  
their mov ements.  T he sing u larities serv e as the index es 
of the ob j ects and their chang es.   

 
 

3. A r c h i t e c t u r e  d e s i g n  o f  c y b e r s p a c e s  
 

By  architectu rally  desig ning  and implementing  the 
hu man mental modeling  in the cy b erspaces of netw orked 
compu ters,  w e can estab lish the sou nd spaces w here w e 
can place q u ality  w ork,  q u ality  produ cts and q u ality  
serv ices as the resu lts of au tomating  q u ality  g eneration 
throu g h intellig ent processing  sy stems tow ards the 3 rd 
indu strial rev olu tion.  F or the necessary  au tomation to b e 
ab le to carried ou t correctly  w ithou t amb ig u ity  w hile 
maintaining  the generality to cover wide ranges of 
ap p lication cases ,  w e hav e to carefu lly  desig n the 
cellu lar spatial stru ctu re architectu re.   

 
 A . S e t  t h e o r e t i c a l  d e s i g n  
 

F irst of all,  w e start ou r desig n w ork from defining  a 
collection of ob j ects w e are looking  at.  T o b e ab le to 
condu ct au tomation on su ch a collections b y  u sing  

F ig . 3   U ltrasonic compu ted tomog raphy  inspection 
ex hib iting  cellu lar spatial stru ctu res 

F ig . 4   D ental inspection and the inspected teeth as 
seen from mu ltiple v iew points,  illu strating  a case of 
cellu lar spatial stru ctu res display ed as an integ rated 
imag e. 

O 1

Z 1

Y1

X 1

O 2

Z 2

X 2

Y 2

view 1

view

view

view

2

3

4



computers as intelligent machines, each collection has to 
b e a set b ecause computers are b uilt as set theoretical 
machines.   I ntuitiv ely , a set X  is a collection of  all 
ob j ects x  hav ing an id entical property , say  P ( x ) .   
S y mb olically  X  =  { x  :  P ( x )  } .   A ny  ob j ect in a set is 
called  an element.   A  set w ithout an element is named  the 
empty  set Ø .   A  set is said  o p en  if  all of  its elements are 
interior.   G iv en sets X  and  Y , computers perf orm set 
theoretical operations such as the union X  » Y , the 
intersection X  … Y  and  the d if f erence X  – Y  ( also 
d enoted  as x Ø y ) .   S uppose w e b egin our cy b erspace 
architecture d esign f rom a set X  as the initial cy b erspace.   
G iv en all elements u of  an unk now n cy b erspace U, if  
they  are conf irmed  to b e the elements of  our cy b erspace 
X , the unk now n cy b erspace is called  a su b set or a 
sub cy b erspace and  d enoted  as U Œ X .   Thus, the sub set 
check  is automatically  perf ormed  b y  processing (  "u )  (  u 
e U Ø u e X  ) .   The c l o su r e �U of  U is the intersection of  
all closed  sub sets of  X , containing U.   I n other w ord s, 
the closure �Uis the elements of  X  that are not the ex terior 
elements of  U.   The set of  all the sub sets of  X , { U :  U Œ 
X } , is called  a p o w er  set 2 x.   The pow er set is q uite 
usef ul to d esign the cy b erspace as consisting of  sub -
cy b erspaces.    

 
 B. Topological design 
 

N ow , w e go into the b usiness of  d esigning the 
cy b erspace as the union of  the sub -cy b erspaces and  their 
ov erlaps.   The cy b erspace thus d esigned  is generally  
called  a to p o l o g i c a l  sp a c e (  X , T )  w here T Õ 2 x.   
D esigning a topological space is automated  b y  the 
f ollow ing specif ication:    
1)  X  e T and  Ø e T;  
2)  F or an arb itrary  ind ex  set J , 
 " j  e J  (  Uj  e T )   Ø  » j  e J  Uj  e T;  
3 )  U, V  e T  Ø  U … V  e T.    
 T is said  to b e the to p o l o g y  of  the topological space 

(  X , T ) .   G iv en tw o topologies T1 and  T2 on X  such that 
T1 Õ T2, w e say  T1 is w ea k er  than T2 ( or T2 is str o n g er  
than T1) .   F or simplicity , w e of ten use X  instead  of  (  X , 
T)  to represent a topological space w henev er no 
amb iguity  arises.   W hen w e see tw o topological spaces 
(  X , T )  and  (  Y , T’ ) , how  w e can tell (  X , T )  and  (  Y , 
T’ )  are eq uiv alent ?   H ere is a criteria f or us to use 
computers to automatically  v alid ate that they  are 
topologically  eq uiv alent.   Tw o topological spaces (  X , 
T )  and  (  Y , T’ )  are to p o l o g i c a l l y  eq u i v a l en t (  or 
h o m eo m o r p h i c  )  if  there is a f unction f  :  (  X , T )  Ø (  Y , 
T’ )  that is continuous, and  its inv erse ex ists and  is 
continuous.   W e w rite (  X , T )  @ (  Y , T’ )  f or (  X , T )  to 
b e homeomorphic to (  Y , T’ ) .   Then, how  to v alid ate the 
c o n ti n u i ty  of  a f unction ?   I t amounts to check   " B e T’, 
f  ≠ B e T, w here f  ≠ B means the inv erse image of  B b y  f .   

=  f  ( a)  =  g ( a)  ) .   F  is said  h o m o to p i c  to g relativ e to A , 
and  d enoted  as f  > g ( rel A ) .   N ow  here is a new  d esign 
prob lem.   That is, how  w e can d esign tw o topological 
spaces X  and  Y  to b e h o m o to p i c a l l y  eq u i v a l en t X  > Y , 
namely  o f  th e sa m e h o m o to p y  ty p e .   I t is d one b y  
d esigning f  :  X  Ø Y  and  h:  Y  Ø X  such that  h Î f  > 1X  
and   f  Î h > 1Y, w here 1X and  1Y are id entity  maps 1X :  X  
Ø X  and  1Y :  Y  Ø Y .    
H omotopy  eq uiv alence is more general than topology  

eq uiv alence so that homotopy  eq uiv alence can id entif y  a 
changing cy b erspace that is topologically  not any  more 
eq uiv alent af ter the change.   A s an ex ample, let us look  
at the human b od y .   By  the w ay , the human b od y  is so 
complex  that it is of ten called  a micro cosmos, and  it 
itself  is a cy b erspace.   W hat w e are look ing at is a v ery  
simple case f or an illustration purpose only , b ut is 
enough f or our purpose.   G iv en a silhouette of  the human 
b od y  of  a person d ancing.   F ig.  5  show s how  w e can 
id entif y  it automatically  w hile the silhouette shape is 
changing d uring the d ance.   I n manuf acturing automation, 
w hile a component goes through a manuf acturing line, 
f or ex ample to get d ef ormed  to a d esired  shape b y  a 

group of  automated  press machines, the d ef ormation 
process is specif ied  b y  a homotopy  and  v alid ated  b y  
homotopy  eq uiv alence.   I n med ical imagery , f rom a set 
of  computed  tomographical 2D  sliced  images, w e can 
reconstruct 3 D  images homotopically  in a f ollow ing w ay :  
consid ering that a slice is homotopically  d ef ormed  to the 
nex t slice, and  then f rom the algorithm d eriv ed  f rom the 
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F ig.  5   H omotopy  eq uiv alence is more general than 
homeomorphism as topological e q u i v a l e n c e .  
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law of the formation of the organ of which the images 
are ob tained  tomograp hically  we can record  all the 
intermed iate shap es b etween the two neighb oring slices 
faithfu lly  withou t loss.   T he same ap p lies to the 
top ograp hy  case.   F u rther ap p lications are in financial 
trad ing areas where from d iscrete financial d ata,  we can 
b u ild  the entire featu res au tomatically  and  then cond u ct 
au tomated  financial trad ing in a cy b ersp ace b ased  on the 
ex p ected  financial v alu e change shap es thu s 
homotop ically  d eriv ed .    

 
 D. Cellular structured space design 

 
N ow we are finally  at the stage of d esigning ce l l u l a r  

s t r u ct u r e d  s p a ce s ,  in short a ce l l u l a r  s p a ce  [ 7 ] .   F irst of 
all,  a ce l l  is d esigned  as a top ological sp ace X that is 
top ologically  eq u iv alent (  namely  homeomorp hic )  to an 
arb itrary  d imensional (  say  n-d imensional )  b all B n,  and  
called  an n-cell.   F rom X,  we can d esign a finite or 
infinite seq u ence Xp of cells that are su b sp aces of X,  
ind ex ed  b y  integer Ÿ,  namely  {  Xp :  p  e Ÿ }  called  a 
f i l t r a t i o n ,  su ch that  
Xp cov ers X ( or,  Xp is a cov ering of X) ,  
namely ,   
X =  » p e Ÿ  Xp,  and   
Xp-1 is a su b sp ace of Xp,    
namely ,    
X0 Œ X1 Œ X2 Œ Ω Œ Xp-1 Œ Xp Œ Ω Œ X.    

W e can d esign,  thu s,  a q u ite general cellu lar sp ace called  
a f i l t r a t i o n  s p a ce  for a cellu lar sp ace X,  as a sp ace X 
with a filtration d esigned  ab ov e,  and  d enote it b y  {  X;  
Xp :  p  e Ÿ } .   W e can actu ally  b u ild  a little b it more 
stru ctu red  cellu lar sp ace,  and  hence not as general as a 
filtration sp ace.   I t is called  a closu re finite and  weak  
top ology  sp ace,  ab b rev iated  as a C W  – s p a ce  constru cted  
b y  the closed  su b sp aces Xp of X.   I t is enou gh for ou r 
d esign with finite nu mb ers of cells.   I f we need  to think  
ab ou t an infinite case,  some ex tra care is req u ired .   
F u rther,  as in the most cases in natu ral sciences as seen 
in theoretical p hy sics,  smoothness,  namely  the ex istence 
of continu ou s d eriv ativ es of all ord ers,  is assu med ,  and  
sometimes  d i f f e o m o r p h i s m ,  namely  d ifferentiab ility  with 
a d ifferential inv erse is fu rther assu med  to tu rn a C W -
comp lex  into a more sp ecial case named  a m a n i f o l d .   
H owev er,  in d esigning cy b ersp aces that are q u ite general,  
u su ally  we cannot hav e the lu x u ry  of enj oy ing su ch a 
limited  sp ace b u ilt on top  of su ch assu mp tions.    
 
E . M anif o ld design 
 

A s a ty p ical ap p lication of manifold s we tak e an area 
gu id e map  generation.   A  gu id e map  is a sheet of p ap er 
where scenes are p asted  together as seen from the v ista 
p oints ap p rop riate for ind iv id u al sceneries [ 7 ] ,  [ 8 ] .    

F igu re 6  giv es a case of a gu id e of a p art of this 
famou s scenic area,  H ak one,  p asting the two v iews.    

 
 

 
 

 
 
 
 
 
 
F igu re 6  is a v iew of L ak e A shinok o as seen from the 

top  of M t.  K amiy ama and  F igu re 7  is another v iew,  the 
v iew of M t.  K amiy ama as seen from the op p osite sid e of 
L ak e A shinok o.  F igu re 8  is a case of a gu id e map  ob tained  
p asting the two v iews and  the v iews of the neighb oring.  
T he cellu lar ov erlap s for glu ing are normaliz ed  b y  the 
p a r t i t i o n  o f  u n i t y .   

W e hav e b een stu d y ing fu rther ap p lications of cellu lar 
stru ctu red  sp aces.   H owev er,  in d esigning cy b ersp aces that 
are q u ite general,  u su ally  we cannot hav e the lu x u ry  of 
enj oy ing su ch a limited  sp ace b u ilt on top  of su ch 
assu mp tions.  T he most of the real world  ap p lications hav e 
singu larities,  and  non-d iffeomorp hic cellu lar sp aces.   
H ence,  we u su ally  u se filtration sp aces to mod el b oth 
v irtu al and  real world s in cy b ersp aces.  

F igu re 6 :  A  V iew of L ak e A shinok o as S een from the 
T op  of M t.  K amiy ama.  

F igu re 7 :  A  V iew of M t.  K amiy ama as S een from the 
Op p osite S id e of L ak e A shinok o.  



The research in cel l u l ar st ru ct u red  sp aces in 
t echno l o g ical  ap p l icat io ns has t o  g o  t hro u g h caref u l  case  

 
 
 
 
 
 
st u d ies and  inv est ig at io ns t hat  w il l  al so  req u ire sig nif icant  
am o u nt  o f  b asic research in m at hem at ics.  There is a 
sig nif icant  p ro b l em  in d ev el o p ing  cu rricu l u m s and  
co u rsew are t o  ed u cat e and  t rain st u d ent s and  t echno l o g ical  
p ro f essio nal s in al l  ap p l icat io n d o m ains.    
 
F. Differential topological design:  Morse 

th eoretical m odel and R eeb  graph  m odel 
 
D ef init io n   A crit ical  p o int  x  o f  f is cal l ed  

n o n de g e n e r a t e  if  d2f is n o n d eg enerat e at  t hat  p o int . This is 
eq u iv al ent  t o  t he co nd it io n d et  d2f ≠  0  at  x. The i n de x o f  x  
is t he ind ex  o f  d2f at  x. The n u l l i t y  o f  x  is t he nu l l it y  o f  d2f 
at  x. 

These d ef init io ns d o  no t  d ep end  o n t he cho ice o f  a 
l o cal  co o rd inat e sy st em .  I n t his p ap er w e w il l  d eal  m o st l y  
w it h no nd eg enerat e crit ical  p o int s. 
D ef init io n   A sm o o t h f u nct io n o n a sm o o t h m anif o l d  is 
cal l ed  a M o r s e  fu n c t i o n  if  al l  it s crit ical  p o int s are 
no nd eg enerat e. 
I t  can b e p ro v ed  u sing  S ard ’ s t heo rem   t hat  M o rse 

f u nct io ns ex ist  o n any  sm o o t h m anif o l d .  I n f act ,  any  
sm o o t h f u nct io n o n a sm o o t h m anif o l d  can b e 
ap p ro x im at ed  as cl o sel y  as d esired  b y  a M o rse f u nct io n.  

N o nd eg enerat e crit ical  p o int s are i s o l a t e d ( t hat  is,  t here 
canno t  b e a seq u ence o f  no nd eg enerat e crit ical  p o int s 
co nv erg ing  t o  a no nd eg enerat e crit ical  p o int );  in p art icu l ar,  
a M o rse f u nct io n o n a co m p act  m anif o l d  has o nl y  f init el y  
m any  crit ical  p o int s,  and  t hey  are iso l at ed . 

The f act  t hat  no nd eg enerat e crit ical  p o int s are iso l at ed  
f o l l o w s f ro m  t his resu l t . w hich is p ro v ed  in [ 1 1 ],  f o r 
ex am p l e:  

L em m a ( M o rse’ s L em m a). I f x0 i s  a  n o n de g e n e r a t e  
c r i t i c a l  p o i n t  o f a  fu n c t i o n  f o n  a  m a n i fo l d M ,  t h e r e  i s  
s o m e  o p e n  n e i g h b o r h o o d o f x0  in M  a n d a  s e t  o f l o c a l  
c o o r di n a t e s  x1,  …, xn s u c h  t h a t ,  i n  t h e s e  c o o r di n a t e s ,  f 
h a s  t h e  fo r m  
f( x) =  f( x0) - ( x1)2 - ... - ( xλ)2 + ( x λ + i ) 2  + …  + ( xn)2,  

w h e r e  λ i s  t h e  i n de x o f t h e  c r i t i c a l  p o i n t .  
Thu s,  it  is al w ay s p o ssib l e t o  cho o se l o cal  co o rd inat es 

in t he neig hb o rho o d  o f  a no nd eg enerat e crit ical  p o int  so  
t hat  t he f u nct io n in t his neig hb o rho o d  is a d iag o nal iz ed  
q u ad rat ic f u nct io n w hen ex p ressed  in t hese co o rd inat es. 
N o t e t hat  w e are d eal ing  here w it h an ex act  eq u al it y :  t here 
are no  ad d it io nal  hig her-o rd er t erm s.   

The M o rse l em m a and  t he R eeb  g rap h are p o w erf u l  
t o o l s t o  ab st ract  t he charact erist ics o f  3 D  shap es.  The 
f ig u res b el o w  sho w  so m e ex am p l es.  K erg o sien [ 1 2 ] has 
b een p io neering  researches in t his area incl u d ing  m ed ical  
ap p l icat io ns.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

F ig u re 8 :  An E x am p l e o f  a G u id e M ap  o f  L ak e 
Ashino k o  and  M t . K am iy am a Area in t he H ak o ne 
S cenic S it es.   



 

 
 
4 .  C o n c l u s i o n s  
 

I n  d e a l i n g  w i th  to p o l o g i c a l  g r a p h i c s , y o u  m a y  a l r e a d y  
h a v e  n o ti c e d  th a t a  c e l l u l a r  s p a ti a l  s tr u c tu r e  i n c l u d i n g  
C W -c o m p l e s  i s  a n  e x te n s i o n  o f  th e  c o n c e p t o f  a  poset ( a  
p a r ti a l l y  o r d e r e d  s e t);  a  p o s e t i s  i ts e l f  a n  e x te n s i o n  o f  th e  
c o n c e p t o f  a  g r a ph .   I n  c o m p u te r  s c i e n c e , s e t th e o r y  a s  
s e e n  i n  th e  Z  s y s te m  f o r  s o f tw a r e  d e s i g n  s p e c i f i c a ti o n , 
g r a p h  th e o r y  i n  th e  e n ti ty -r e l a ti o n s h i p  d a ta  m o d e l s , a n d  
p o s e ts  i n  c o m m u n i c a ti o n  n e tw o r k  d e s i g n  a r e  s o  f a r  
a m o n g  th e  a d v a n c e d  a p p r o a c h e s .    

F o r  w e b -b a s e d  g r a p h i c s , b e c a u s e  o f  th e i r  e x tr e m e  
c o m p l e x i ty , w e  n e e d  to  u s e  f a r  m o r e  g e n e r a l  m o d e l i n g  
a p p r o a c h  th a n  th o s e  w i d e l y  u s e d  s o  f a r  s u c h  a s  c e l l u l a r  
s p a ti a l  s tr u c tu r e s .   P e o p l e  c a n  w o r k  l o c a l l y  w i th i n  e a c h  
c e l l  i n s te a d  o f  g e tti n g  th e i r  v i e w s  s c a tte r e d  b y  th e  g l o b a l  
w o r l d ;  a  c e l l u l a r  m o d e l i n g  b a s e d  o n  c e l l u l a r  s p a ti a l  
s tr u c tu r e s  p r o v i d e  e n o u g h  a s s u r a n c e  to  g e t th e  c e l l s  p u t 
to g e th e r  f o r  g l o b a l  i n te g r a ti o n  i n  a  w e l l  d e s i g n e d  m a n n e r .   
O n  m y  h o m e p a g e  h ttp : / / w w w . k u n i i . tv  I  h a v e  p o s te d  tw o  
a p p l i c a ti o n s  o f  c e l l u l a r  m o d e l i n g  [ 1 3 , 1 4 ] .    

T h e  r e s e a r c h  r e p o r te d  h e r e  i s  s ti l l  a t a n  e a r l y  s ta g e  
a f te r  o v e r  a  d e c a d e  o f  i n te n s i v e  w o r k .   T h e  a r e a  i s  w i d e  
o p e n  to  a n y b o d y  i n te r e s te d  i n  th e  g l o b a l  w o r l d  o n  th e  
w e b .    
 
5.  R e f e r e n c e s  
 
[ 1 ]  A .  T .  F o m e n k o , D i f f er en ti a l  T opol og y  a n d  

G eom etr y , P l e n u m  P u b l i s h i n g , N e w  Y o r k ;     

1 9 8 7 .    
[ 2 ]  T .  L .  K u n i i , Y .  T s u c h i d a , Y .  A r a i , H .  M a ts u d a , 

M .  S h i r a h a m a , S .  M i u r a , “A  m o d e l  o f  h a n d s  a n d  
a r m s  b a s e d  o n  m a n i f o l d  m a p p i n g s ”, i n  
C om m u n i c a ti n g  w i th  V i r tu a l  W or l d s, N .  M .  
T h a l m a n n  a n d  D .  T h a l m a n n  ( e d s . ), S p r i n g e r -
V e r l a g , T o k y o  a n d  H e i d e l b e r g ;  1 9 9 3 , p p .  3 8 1 -
3 9 8 .    

[ 3 ]  A .  T .  F o m e n k o  a n d  T .  L .  K u n i i , T opol og i c a l  
M od el i n g  f or  V i su a l i z a ti on , S p r i n g e r -V e r l a g , 
T o k y o  a n d  H e i d e l b e r g ;  1 9 9 7 .    

[ 4 ]  T .  L .  K u n i i , “C o g n i ti v e  te c h n o l o g y  a n d  
d i f f e r e n ti a l  to p o l o g y :  T h e  i m p o r ta n c e  o f  s h a p e  
f e a tu r e s ”, i n  C og n i ti v e T ec h n ol og y  i n  S ea r c h  of  
H u m a n e I n ter f a c e, B .  G o r a y s k a  a n d  J .  M e y  
( e d s . ), N o r th -H o l l a n d , A m s te r d a m ;  1 9 9 6 , p p .  
3 3 7 -3 4 5 .    

[ 5 ]  T .  L .  K u n i i , T .  N o m a  a n d  K .  J .  L e e , “S Y D E M :  
A  n e w  a p p r o a c h  to  c o m p u te r -a i d e d  d e s i g n  o f  
a s s e m b l i e s  a n d  a s s e m b l a b i l i ty  te s ti n g ”, i n  V i su a l  
c om pu ti n g :  I n teg r a ti n g  C om pu ter  G r a ph i c s w i th  
C om pu ter  V i si on , T .  L .  K u n i i  ( e d . ), S p r i n g e r -
V e r l a g , T o k y o  a n d  H e i d e l b e r g ,;  1 9 9 2 , p p .  4 6 9 -
4 7 9 .    

[ 6 ]  Y .  S h i n a g a w a  a n d  T .  L .  K u n i i , “T h e  h o m o to p y  
m o d e l :  A  g e n e r a l i z e d  m o d e l  f o r  s m o o th  s u r f a c e  
g e n e r a ti o n  f r o m  c r o s s  s e c ti o n a l  d a ta ”, T h e V i su a l  
C om pu ter  J ou r n a l , v o l .  7 , n o .  2 -3 , 1 9 9 1 , p p .  7 2 -
8 6 .    

[ 7 ]  F .  F r i ts c h  a n d  R .  A .  P i c c i n i n i , C el l u l a r  
S tr u c tu r es i n  T opol og y , C a m b r i d g e  U n i v e r s i ty  
P r e s s , C a m b r i d g e ;  1 9 9 9 0 .     

[ 8 ]  T .  L .  K u n i i , “T h e  3 rd I n d u s tr i a l  R e v o l u ti o n  
th r o u g h  I n te g r a te d  I n te l l i g e n t P r o c e s s i n g  
S y s te m s ”, P r o c e e d i n g s  o f  I E E E  F i r s t 
I n te r n a ti o n a l  C o n f e r e n c e  o n  I n te l l i g e n t 
P r o c e s s i n g  S y s te m s , O c to b e r  2 8 -3 1 , 1 9 9 7 , 
B e i j i n g , C h i n a  ( I C I P S ’ 9 7 ), p p .  1 -6 , T h e  I n s ti tu te  
o f  E l e c tr i c a l  a n d  E l e c tr o n i c s  E n g i n e e r s , N e w  
Y o r k , N Y , U . S .  A .    

[ 9 ]  T .  L .  K u n i i  a n d  S .  T a k a h a s h i , A r e a  G u i d e  M a p  
M o d e l i n g  b y  M a n i f o l d s  a n d  C W -C o m p l e x e s , I n :  
M o d e l i n g  i n  C o m p u te r  G r a p h i c s  (  P r o c e e d i n g s  
o f  I F I P  T C 5 / W G 5 . 1 0  S e c o n d  W o r k i n g  
C o n f e r e n c e  o n  M o d e l i n g  i n  C o m p u te r  G r a p h i c s , 
J u n e  2 8  - J u l y  2 , 1 9 9 3 , G e n o a , I ta l y  ), B .  
F a l c i d i e n o  a n d  T .  L .  K u n i i  ( e d s . ), p p .  5 -2 0 , 
S p r i n g e r -V e r l a g , B e r l i n  H e i d e l b e r g , 1 9 9 3 .  

[ 1 0 ]  S .  T a k a h a s h i  a n d  T .  L  K u n i i , M a n i f o l d -b a s e d  
m u l ti p l e -v i e w p o i n t C A D :  A  C a s e  S tu d y  o f  
M o u n ta i n  G u i d e -M a p  G e n e r a ti o n , C o m p u te r  
A i d e d -D e s i g n  J o u r n a l , V o l . 2 6 , N o . 8 , A u g u s t 
1 9 9 4 , p p . 6 2 2 -6 3 1 , B u tte r w o r th -H e i n e m a n n .    

[ 1 1 ]  V .  G u i l l e m i n  a n d  A .  P o l l a c k , “D i f f e r e n ti a l  
T o p o l o g y ’ ’ , p p .  4 2 1 9 7 4 , P r e n ti c e -H a l l , 1 9 7 4 .    



[12] Y .  L .  K e r g o s i e n , “T o p o l o g y  a n d  V i s u a l i z a t i o n :   
F r o m  G e n e r i c  S i n g u l a r i t i e s  a n d  C o m b i n a t o r i a l  
S h a p e  M o d e l i n g ” i n  M o d e r n  G e o m e t r i c  
C o m p u t i n g  f o r  V i s u a l i z a t i o n , T .  L .  K u n i i  a n d  Y .  
S h i n a g a w a  ( e d i t o r s ) , p p .  3 1-5 4 , S p r i n g e r , 19 9 2.    

[13 ] T .  L .  K u n i i , “V a l i d  c o m p u t a t i o n a l  s h a p e  
m o d e l i n g :   d e s i g n  a n d  i m p l e m e n t a t i o n ”, 
I n t e r n a t i o n a l  J o u r n a l  o f  S h a p e  M o d e l i n g , W o r l d  
S c i e n t i f i c , V o l .  5 , N o .  2, p p .  123 -13 3 ,D e c e m b e r  
19 9 9 .  

[14 ] T .  L .  K u n i i  a n d  H .  S .  K u n i i , “A  C e l l u l a r  M o d e l  
f o r  I n f o r m a t i o n  S y s t e m s  o n  t h e  W e b  - I n t e g r a t i n g  
L o c a l  a n d  G l o b a l  I n f o r m a t i o n -”, 19 9 9  
I n t e r n a t i o n a l  S y m p o s i u m  o n  D a t a b a s e  
A p p l i c a t i o n s  i n  N o n -T r a d i t i o n a l  E n v i r o n m e n t s  
( D A N T E ' 9 9 ) , N o v e m b e r  28 -3 0 ,19 9 9 , H e i a n  
S h r i n e , K y o t o , J a p a n , O r g a n i z e d  b y  R e s e a r c h  
P r o j e c t  o n  A d v a n c e d  D a t a b a s e s , i n  c o o p e r a t i o n  
w i t h  I n f o r m a t i o n  P r o c e s s i n g  S o c i e t y  o f  J a p a n , 
A C M  J a p a n , A C M  S I G M O D  J a p a n , p p .  19 -24 , 
I E E E  C o m p u t e r  S o c i e t y  P r e s s , L o s  A l a m i t o s , 
C a l i f o r n i a , U .  S .  A .  


