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Preface

Flooding of information on the Earth through various computer networks such
as the Internet characterizes the world situation we live. hformation worlds
often called virtual spaces and cyber spaces have been forth@n computer
networks. The complexity of information worlds has been inceasing almost ex-
ponentially through the exponential growth of computer networks. Such nonlin-
earity in growth and in span characterizes information worlds. In other words,
the characterization of nonlinearity is the key to understand, utilize and live
through the ooding of information. The characterization a pproach is by char-
acteristic points such as peaks, pits and passes according the Morse theory.
Another approach is by singularity signs such as folds and csps. Atoms and
molecules are the other fundamental characterization apppach. Topology and
geometry including di erential topology serve as the framework of the char-
acterization. Topological Modeling for Visualization is a textbook for people
interested in the characterization to understand how to do t and what it is.
Understanding is the key to utilize information worlds and to live through the
changes of the real world on the Earth.

Writing this textbook paused the authors careful preparation. There are
heavy mathematical stu that requires the design of writing style for easy un-
derstanding and for strong attraction. To realize the style, we set the main
goal of this book to establish a link between the theoreticalaspects of modern
geometry and topology, on the one hand, and experimental coputer geome-
try, on the other. There are many excellent books on modern gemetry and
topology (roughly speaking, \theory"), and many excellent books on modern
computer and experimental geometry. But as far as we know, tkre is no book
that bridges the gap between these two branches of modern smice, that is,
between \theory" and \practice”. We have tried to Il this ga p. Our intention
was to write a book that will be useful to both communities of sientists. Of
course, we realize that this separation between \theoretial science" and \exper-
imental science" is not clear-cut, and we use this languageral images only for
faster description of our main idea. We collect in the book sme basic elements
of theoretical geometry and topology that are used today in derent branches
of experimental computer geometry. We do not give detailed poofs because of
lack of space, but we give references that can help the readend the proofs.
The advantage of such a style is this: We collect in one book ah®rt description
of the most powerful theoretical tools, and experts in expeimental science can
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use this material in their concrete work. Certainly, as we krow from our own
experience, modern topological methods can improve the refts of experimen-
tal computer geometry. On the other hand, experts in theoreical geometry and
topology can nd in our book possible applications of those elds to very in-
teresting computer experiments in the world of geometricalcomputer methods,
medicine, cars industry, architecture, and so on. Many puremathematicians
will also nd here material for development of a new theoretical ideas. Each
chapter consists of two layers: rst theoretical ideas, then applications to the
di erent branches of modern experimental computer geomety. We've tried to
make chapters as independent as possible, to help to the readuse each chapter
as an individual research tool, without a complete study of dher sections of the
book. As a consequence, sometimes we repeat in some chaptarsummary of
material from another section, to recall important notions.

Anatoly T. Fomenko
Tosiyasu L. Kunii
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Chapter 1

Curves

1.1 Curves and Coordinate Systems

Smooth curves and length in a Euclidean coordinate system. We
consider Euclidean spaceR" and de ne in it the standard Euclidean scalar
product

h: i= 1 l+ + hon.

for any vectors and . With each vector we associate a real number, called
its length and de ned as

N

ji=h; i
This is the length (in the usual sense) of the vector going fran the origin 0 to
the point in R". The distance between two points and is the length of

the vector . The angle' between two vectors and can be expressed in
terms of the scalar product as

. _
COS = ——:

All the fundamental properties of Euclidean geometry are baed on this
notion of Euclidean scalar product. In this sense, the scalaproduct is the
foundation of Euclidean geometry. When de ning other geomérical concepts
we shall often proceed from the scalar product of vectors.

De nition 1.1.1. A smooth curve (t) in Euclidean space is a vector-valued
function of the form
(t)= xMt);x" ()

x"(t) are smooth functions of the time parameter t, which runs through either
the entire real axis or a segmentd; b]. More precisely, what we have just intro-
duced is the parametric form (or parametric representation) of a smooth curve



4 CHAPTER 1. CURVES

Remark. A smooth function is one that has continuous derivatives of any order

We stress that the concept of a smooth parametrized curve inades the
notion of a time parameter along the curve. The same set of thegoints (tra-
jectory) can be parametrized in di erent ways, leading in general to di erent
smooth parametrized curves. In other words, any change in the along the
trajectory changes the parametrized curve.

When the time parametrization is not important for an applic ation, we can
ignore the time t and consider the curve simply as a set of points in the ambient
space (without parametrization).

De nition 1.1.2. The vector
dx?! dx"

W(t); e L))

= -

is called the velocity vector of the smooth curve (t), or the tangent vector to
(t). We call a smooth curve (t) regular if its tangent vector is nonzero at any
point of the curve (Figure ?7?).

c}}(t) o
J(t)

/

If the tangent vector of a smooth curve is nonzero at some point (to),
it follows from the implicit function theorem that locally, near this point, the
trajectory of is a smoothone-dimensional manifold without singularities and
cusps. By contrast, at points where the velocity vector of a sooth curve
vanishes, the curve may have ausp and abruptly change its direction.

The existence of a cusp on a smooth curve at parameter valueshare the
velocity vector vanishes by no means contradicts the condion that the curve
is smooth, according to De nition ??. Figure ?? gives an example of a smooth
curve with a cusp, with cusp angle = 2. It is also very simple to

construct a smooth (but nonregular) curve with a cusp angle & at the
singular point (Figure ?7?). We suggest to the reader an exercise: Write a para-
metric representation for the curve in Figure ?? and decide whether this curve
can be de ned by means of analytic functionsx(t) and y(t) in the Euclidean
plane.

Figure 1.1:
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Figure 1.2:

—

Figure 1.3:

Remark. In our book we will consider mainly smooth regular curves and because
of this we will usually omit the term regular. Thus, when we speak about a
smooth curve, we assume it regular.

De nition 1.1.3.  The length of a curve (t) from the point (a) to the point
(b) (that is, from the parameter value t = a to t = b) is the integral of the
length of the velocity vector of

zZ, . zZ,
()= h (t); (t)izdt= j_jdt
a a
In coordinates,
Z b 1
dx! 2 dx” 2 2
| = —(t + + t dt:
O=  FO 5 (®

Proposition 1.1.4.  The length of a smooth curve does not depend on the choice
of smooth parametrization of the curve.

To rephrase this more precisely, consider a smooth curve(t) and two points
(a) and (b) corresponding to the parameter valuest = a andt = h. Let
t = t( ) be an arbitrary smooth transformation of the time parameter t into
a new one satisfying dt=d > O for every (Figure ??). Then the length of
the curve remains unchanged, that is,the length of (t) fromt= atot= bis
equal to the length of (t( )) from = to = ,wherea=1t( )andb=t()
(Figure ??).
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?

Figure 1.4:

The proof follows from a straightforward calculation (ched it!). Exercise:
what happens if we consider time transformationst = t( ) where the derivative
dt=d can change its sign whert runs along the time interval?

Now assume that we have two smooth curves(t) and »(t) intersecting at
a point P, as in Figure ??.

A

Figure 1.5: Figure 1.6.

De nition 1.1.5.  The angle' between the two smooth curves ; and , at P
is de ned by
. _ has i
j il 2l
provided that _; and _, are both nonzero atP.

Ccos

This formula de nes not one, but two angles di ering by a sign. If, however,
we are working in two dimensions and we assume that the ordemi which the
curves are given matters, we can de ne a notion obriented angle by decreeing
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that the angle is positive if and only if j 1j needs to be rotated counterclockwise
by ' 2 (0; ) in order to point in the direction of 5.

Curvilinear coordinate systems in Euclidean space. Cartesian coor-
dinates are not always the most convenient ones to use in sdhg analytically
many problems in physics and other elds of science. We oftedeal with smooth
curves (say, trajectories of a particle in a force eld) who® equations in Carte-
sian coordinates are rather cumbersome. For example, the Ceesian equation

(x2+y?)E  exp( (tan *(y=x))) =0

in the plane determines thespiral shown in Figure ??. This equation could be
written in the simpler form r = exp( ' ) in the polar coordinate system(r;" ).
The polar equation clearly demonstrates the character of tie trajectory. Thus,
the introduction of such curvilinear coordinates is not a cgrice of mathemati-
cians. We demonstrate this further with an important example.

The motion of a particle in the plane can be described in polarcoordinates
by two functions, r = r(t) and ' = ' (t). Kepler's second law published by
Johannes Kepler in 1609 as a result of his studies on the motioof planets
around the Sun, says that when a material particle moves in a entral force eld
the quantity r2'_is conserved. This law is much easier to state in polar than in
Cartesian coordinates.

The solution of particular problems in elds such as mechants, chemistry,
and computer geometry has called for the invention of other arvilinear coordi-
nate systems: cylindrical, spherical, and so on.

We now give a formal de nition of a curvilinear coordinate system. Consider
an arbitrary domain in Euclidean spaceR". (A domain or open setin R" is a
subsetC R" such that every point P of C is the center of some ball that is
entirely contained in C: see Figure??.)

Suppose we associate with each poirP of C an ordered set ofn real num-
bers, orcoordinates The simplest way to do this is to use Cartesian coordinates,
which come from the de nition of R" itself. However, any scheme for associating
n-tuples of real numbers to points can be considered insteadClearly, any such

space (Figure??). We will usually require these functions to be continuous and
evensmooth Continuity means that a small change in the position of P should
lead to a small change in its coordinate values. Smoothness eans that this
dependence should be di erentiable to any order (this will ®on be explained
more precisely).

Thus, we are formally considering two copies of Euclidean sgce:

The domain C lies in R".
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Figure 1.7:

De nition 1.1.6. A continuous coordinate systemin C R" is an n-tuple of
continuous functions

that maps C bijectively and continuously in both directions onto some domain
A of Euclidean spaceR]. In other words, the map f de ned by

is a homeomorphismof C onto A (recall that this means a bijective map that is
continuous and has a continuous inverse; two spaces atemeomorphicif there

been xed.
Among all continuous coordinate maps, we are especially interested ismooth

ders). Letf : C! A be a smooth map de ned by the coordinate functions
xHyhiiny™) o xRy

De nition 1.1.7. The Jacobian matrix & = @x=@wf f is the functional



1.1. CURVES AND COORDINATE SYSTEMS 9

—

= ';E, —_

Figure 1.8:
matrix
Cex er?
E} @y @y g
ex  @x
@y @y

determinant of this matrix is denoted by J(f ) and called the Jacobian of f .

The Jacobian matrix is associated with a linear approximation to the map
f that is a natural extension of the dierential of a smooth function of one
variable. The notation df is applied to this linear map, as well as to Jacobian
matrix.

The entries of the Jacobian matrix are functions of P, so we may think of
d as a smooth matrix-valued function on the domainC. The JacobianJ(f) is
a smooth (real-valued) function onC.

De nition 1.1.8. A regular smooth coordinate systemin a domain C of Eu-
clidean spaceR" is an n-tuple of smooth functions
xHySony™s s xTyhiny™)

A in Euclidean spaceR?, and such that the JacobianJ(f) is nonzero at all
points of C.

The condition that the Jacobian does not vanish anywhere inC means that
the inverse map f ! is not only continuous, but also smooth This follows
immediately from the well-known implicit function theorem . In other words, f
is a di eomorphism betweenC and A.
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A regular smooth coordinate system in a domairC is also called acurvilinear
coordinate systemin C.

Every curvilinear coordinate system inC speci es families ofcoordinate lines
de ned as follows: thei-th coordinate line ; going through a point Pq is the
curve formed by points P = P(t) such that

X' (P)=t x)(P)= x(Po) forj 6 i

Here t is a parameter; as it varies, the corresponding pointP (t) describes a
smooth trajectory in C (Figure ??), naturally parametrized by t. Thus, n
smooth trajectories go through each pointPy in C. For another point Py, we
obtain another family of n coordinate lines, varying smoothly with Py (Fig-
ure ??).

Figure 1.9: Figure 1.10.

Example 1.1.9. In the Cartesian coordinate system, the coordinate lines a&
straight lines through Pg, parallel to the coordinate axes.

In computer geometry and in the graphic representation of a arvilinear co-
ordinate system it is often useful todraw coordinate lines (for example on the
screen of a computer). In particular, the transformation to a curvilinear coordi-
nate system is especially clear if the coordinate network islepicted (Figure ?7?).

We now turn to some basic examples of curvilinear coordinatesystems in
the Euclidean plane and in Euclidean three-space.

Polar coordinates on the plane The polar coordinate system(r;' ) is related to
the Cartesian coordinatesx and y on the plane by the formulas

X=rcos; y =rsin’

(see Figure??). According to the preceding de nition, this is not a regular
coordinate system on the whole Euclidean plandR?. Indeed, if we setf (r;' ) =
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Figure 1.11:
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Figure 1.12: Figure 1.13.

x(r;" ); y(r;" ) , a direct calculation shows that the Jacobian matrix and the
Jacobian off are

cos sin'

d = . Co
rsin' r cos

Jf)=r

Thus, the Jacobian is zero at the origin, contradicting the condition in De ni-

tion ??. And this is not the only disadvantage of the polar system: the map f
is not a bijection of R?, since the points (;' ) and (r; ' +2 ) are transformed
into the same point.

We can restrict the domain of the polar coordinate system sohat it becomes
regular, as follows. In the (;' )-plane, let C be the in nite strip f(r;" ):r >
0;0<'< 2 g, as shown in Figure??. Then the image A of C in the (x;y)-
plane is the entire plane minus the rayx > 0, y = 0. Figure ?? shows the
coordinate lines of the polar system and the transformationof a few coordinate
lines of the Cartesian coordinate system.

Cylindrical coordinates in three-dimensional space The cylindrical coordinate
system(r;';t ) is related to the Cartesian coordinatesx;y;z in three-space by
the relations

X=rcos; y =rsin'; z =t
Itis a regular coordinate system on the domainC given by f(r;'; ):r> 0;0<
'< 2; 1 <t< +1g, as shown in Figure??. The domain A is R® minus
the half-plane x =0, y > 0. The Jacobian matrix is

0 , 1
cos' sint 0

d=@ rsin' r cos O0A:
0 0 1

and the JacobianJ(f) is equal tor.
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A(r,;{,z)

Figure 1.14:

Spherical coordinates in three-dimensional spaceSpherical coordinates are usu-
ally denoted by (r; ;' ), and the transformation formulas are

X=rsin cos; y =rsin sin', z =rcos:

To make the coordinate system regular, we can take & < ,0<'< 2,
r > 0. The domainsC and A is shown in Figure ??. The Jacobian J(f) is
r?sin . The Jacobian matrix is

1
sin cos' r cos cos' r sin sin'

d = @sin sin' r cos sin' r sin cos A:
cos r sin 0

Figure ?? shows - and' -coordinate lines for a xed r. These angular parame-
ters are associated with the usual notions ofatitude and longitude on the globe:
the longitude is ' , and the latitude is 90

Length of a curve and metric form in curvilinear coordinates . Con-
sider a regular curvilinear coordinate system in a Euclidea domain C, and let
(t) be a regular curve in C. What is the length of the curve in this coordi-

dX _ @kdy' | @kdy* . @kdy" X @kdy*.

dt ~ @y dt @y dt @y d  _ @Y dt’
Since the length of the curve in Cartesian coordinates is
VA b 1 2 n 2 3
0= To'+r o+ Lo’ w

. dt dt
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Figure 1.15:

Figure 1.16:
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we obtain, by direct calculation, the following formula for the length of the
smooth curve in curvilinear coordinates:

Zy X dy™ dyP 3 X @k @k
()= . e V) g ¢ 96 where gmp(y) = @y ay
Obviously, the latter sum is symmetric in m and p, that iS, gmp = Gom. Con-
sequently, they give rise to a symmetric matrix G = (gmp). For example, for
n =2 we have

Ou Qw2
O21 022

This matrix depends on the curvilinear coordinate system, ad it is useful to
know how it varies under coordinate transformations. In other words, what
is the law of transformation for G? Take another coordinate transformation
y ! z, thatis, consider regular coordinate functionsy' = y'(z%:::;z"), where
; z" are new regular curvilinear coordinates in a region of Eucﬂean space.
Then a simple direct calculation shows that the resulting famula is

@y 9

o (1.1.10)

X
ga (2) = @5 I (y)

m;p

In terms of the corresponding matrices, this become$(z) = AG(y)AT, where
A is the Jacobian matrix for the coordinate transformationy ! z.

Important Convention. To simplify the nota'gon we adopt the Einstein sum-
mation convention: In an expression such as ; a'ly, where the sum is taken
over an index tha appears once as a subscrlpt and once as a @nscript, we
omit the symbol ~ and write a'by. The implicit summation can be over more
than one symbol; for example, formula (?) becomes, in this convention,

O (2) = @z Omp (y) @9

Sometimes we shall distinguish between an old and an new cadinate sys-

tems by using primed indiceg i% j° and so onlfor the new one. Thus, for
example, formula (??) will be written as

@ @ @
Okogo = @ngkq @29 or Okoqo = @Zj @; Okq -

Formula (??) becomes

b
g (¥) = %Qmp (X)%y3
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But gmp (X) = mp,wWhere np, =0if m6 pand np =1if m = p. Consequently,

X @% @%.

g (y) = @—y@

m

The functions g; give us the Euclidean metric in curvilinear coordinates.
They have a clear geometric meaning. Consider an arbitrary pint P in the
domain C, and let 1(t);:::; n(t) be the coordinate lines through P of the

dinatesy; = ¢; :::; ¥n = Cn, SO that ;| has equation
y=t y =d(Po) forj6i

wheret is the time parameter along ;.

Figure 1.17:
The velocity vector a; = _;j of the coordinate curve | has coordinates
aj @—* e @—R :
@y’ ey’
where x;:::;x" are Cartesian coordinates in the domainC. Since
gi (¥) = : %%;
m

we obtain the simple and important formula
gj (y) = hay;qji;

where & and g are the velocity vectors of the coordinate curves ; and ;.
We recall that in this formula the scalar product is Euclidean, that is, it is a
characteristic of the ambient space. Thus, we proved the fdbwing statement.

Lemma 1.1.11. The functions g; (y) representing the Euclidean metric with
respect to a curvilinear coordinate system in a domainC are the scalar products
of the velocity vectors of the corresponding coordinate lies ; and ; passing
through the point under consideration.
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Thus, we see that under a coordinate transformation the matix G(y) trans-
forms as the matrix of a quadratic form. In particular, if the initial coordinates
are Cartesian, G is the identity matrix ( ) = E, so that in any other (curvi-
linear) coordinate system it can be written asG(y) = AEA T, where A is the
Jacobian matrix of the coordinate transformation.

Let's write explicit explicit formulas for the length of a smooth curve and
for the matrix G in various curvilinear coordinate systems. These formulagre
used in di erent problems of computer geometry and applicaions.

Polar coordinates in the plane If r and' are polar coordinates, the matrix G
of the Euclidean metric has the form

Hence the length of a curve (t) = (r(t);" (1)) is

Z b 1
dr 2 d 2 2
()= —  +r? = :
S T
Cylindrical coordinates in three-dimensional space In cylindrical coordinates
r,';z , we have 0 1
1 0 O
G(r;hz )= @0 r2 0A:
0 0 1
Thus the length of a curve (t) = (r(t);" (t);z(t)) is
Z b 1
dr 2 d 2 2
I( )= — 4?2 = +dZ dt
() ) o r i dz© dt
Spherical coordinates in three-dimensional spaceln spherical coordinatesr; ;'
we have 0 1
10 0

G(r; ;' )= @0 r2 0o A:
0 0 r2sin?

Hence the length of a curve (t) = (r(t); (t);' (1)) is
z b

dr 2 d 2 ) d 2 2
+r2 =—  +7r?sin?

T at R

IC)=

It is sometimes convenient to deal with the elementdl of arclength instead

of the whole arclength. In the examples considered above tlse elementary
di erentials squared are of the form

diz=dr?+ r2d ? (polar coordinates on the plane),
diz=dr?+ r2d 2+ dz? (cylindrical coordinates in three-space),
di2=dr2+ r2d 2+sin? d' 2 (spherical coordinates in three-space).
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1.2 Metric Properties of Plane Curves: Frenet
Formulas

Consider the Euclidean plane with Cartesian coordinatesx and y. A smooth
curve r(t) in it is determined by its two components x(t) and y(t), which are
smooth functions: r(t) = x(t);y(t) . The velocity vector r° at time t is v(t) =
rot) = x%t);yqt) . As usual, f (t) denotes the derivative df=dt of a function
f (t): We are assuming that our curves are regular, s@(t) 6 0 for all t. Recall
that jv(t)j denotes the length of the velocity vector in the Euclidean méric.

Let s denote the length of the arc going from a xed point on the curve to
another, variable, point. This length increases monotonially as the variable
endpoint moves in the direction of increasing time paramete, so we may uses
to reparametrize the curve. We calls the natural parameter of the curve. The
vector-valued function

r(s) = x(s);y(s)

is the natural parametrization of the curve, and we say that the curve isparam-
etrized by arclengthwhen we use this parametrization.

Lemma 1.2.1. The velocity vector of a curve parametrized by arclength has
constant length1.

dr

This follows from the identity dl = gt

dt, because forl = s we obtain
. . dr
v(s)i = d—S(S) =1:

Thus, motion along a curve parametrized by arclength occursat constant speed.
It is convenient to distinguish di erentiation with respec t to arclength s and
with respect to an arbitrary parameter t. We will denote the former by a dot,
so that v(s) = r(s); and we will continue to write r%t) for di erentiation with
respect to an arbitrary parameter t.
With each point on a curve we can associate, besides the velibcvector, the
acceleration vector

oy AV o
vA(t) = a(t).

which depends smoothly ont. For a curve parametrized by arclength, it is easy
to see thatv® is always orthogonal tov:

Lemma 1.2.2. Let p(t) be a vector-valued function such thajp(t)j = 1 for all
t. Then pYt) is always orthogonal top(t).

Indeed, hp(t); p(t)i = 1; after dierentiation with respect to t we obtain
hp®% pi = 0 for all t, i.e., the vectorsp® and p are orthogonal.

Thus, each point of a smooth curver (s) parametrized by arclength has two
associated orthogonal vectors: the velocityv(s) = r(s), and the acceleration
v(s) = «(s) (Figure ?7?).
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Figure 1.18: Figure 1.19.

The acceleration need not have unit length: indeed, it may bezero. In
order not to have to treat this case separately, it is convengnt to de ne the unit
normal vector to the curve for a given value ofs as the unit vector n(s) such
that e(s) = v(s);n(s) is a positively oriented frame. (A frame is an ordered
orthonormal basis of the ambient space, here the plan&k?. When a frame is
ordered so that it can be made to coincide with the standard fame (x;y) by
means of a rigid motion, we say that it is positively oriented.) In other words,
the vector n(s) is obtained from v(s) by a counterclockwise 90 rotation. If
v(s) 6 0, we naturally have

v(s) .
jv(s)j’

the positive sign being chosen if and only if the curve's veloity vector is turning
counterclockwise. We calle(s) the Frenet frame of the curve at the given value
of s. As s changes, we obtain along the curve a smooth eld of frameg(s) =
v(s);n(s) .

Giving a positively oriented frame is the same as giving a roation of a plane
about the origin (rotate the standard frame (x;y) to match the given frame:
see Figure??). Therefore the Frenet frame eld along a curve de nes a smoth
map from the parameter interval into the group of orthogonal matrices, that is,
the group of rotations of the plane. Put another way, the original curve in the
plane gives rise to an associated curve in the orthogonal gup, whose points
are represented as orthogonal 2 2 matrices.

n(s) =

De nition 1.2.3.  Let r(s) be a smooth plane curve parametrized by arclength.
The signed curvature of the curve at parameter values is the real number k(s)
such that v(s) = k(s)n(s). The unsigned curvature (or simply curvature is
jk(s)j, and the curvature radius is R(s) = 1 5k(s)j.
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It is easy to see from the de nition that unsigned curvature is the magnitude
of the acceleration of a point moving along the curve (with costant speed
jr(s)j = 1); thus we have, in terms of the componentsx(s) and y(s) of the
vector r(s):

jk(s)j = (x* + y?) 7%

Example 1.2.4.
(a) The curvature of a straight line is equal to zero.
(b) The curvature of a circle of radius r is equal to 1=r.

In many speci c problems, the curve is not given as a functionof arclength,
and it may be di cult or impossible to reparametrize it expli citly by arclength.
It is useful, therefore, to have formulas for the curvature in terms of an arbitrary
parametert.

Proposition 1.2.5.  Let r(t) be a curve parametrized by an arbitrary parameter
t. Then the curvature for a given value of the parameter is

XO@O yO(a(O
T (X@ + y®@)3=2’
where x% x% y® y®denote derivatives with respect ta.

Consider the motion of the frame e(s) = v(s);n(s) when the arclength
parameter s varies. It turns out that the derivatives of the frame vector s satisfy
simple relations, called theFrenet formulas.

Theorem 1.2.6. For a plane curve parametrized by arclength,
v(s) = k(s)n(s); n(s)= k(s)v(s):

You can nd the proof in [ ?][?] [?][?], for example.
We can also write the Frenet formulas in matrix form. Wkiting the frame
e(n) as a column vector, each of whose entries is a vector in the ahe, we have

_ v _ 0 k
—Xn, where X = K 0

=<

is a skew-symmetric matrix. This can be written also ase(s) = X (s)e(s), where
Xe denotes the result of the action of the matrix X on the framee.

We now give an extremely useful geometrical interpretationof the Frenet
formulas (Figure ??). Consider the Frenet framee = (v;n) at a point s, and
again at a point s+ s innitesimally distant from s. After translating the
frame e(s+ s) back so it's based ats, we can compare the two frame(s) and
e(s+ s)ats. Now, e(s+ s) must be obtained from g(s) by some rotation,
whose (in nitesimal) angle we call ' . Thatis, e(s) and e(s+ s) are related
by an orthogonal transformation:

cos ' sin

e(s+ s)=g( s)e(s);  where g( ')= sin cos
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Figure 1.20:
Expanding the functions cos ' and sin ' in the small increment ' and
neglecting terms of the second order and higher in ', we get
. 10 0 '
g( ) - O 1 + ' 0 + ’
that is,
s+ =ee+ O o 9+
It follows from these simple calculations that
- 0 "_ :
dS) - -_ O E(S),
where' = "' (s) is the derivative of the angle of rotation of the Frenet frame

when the point moves along the curve. On the other hand, we kne that

e(s) = X (s)e(s):

The comparison of these two formulas give us the relation = k, wherek is the
signed curvature. We have proved the following important theorem.

Theorem 1.2.7. The curvature k(s) of a smooth plane curve is the derivative
of the rotation angle of the Frenet frame, when the point mowe along the curve
with constant velocity. In symbols,

k(s) = %(s):
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Thus, if jkj is large, the Frenet frame is turning very fast at this point; if
k =0, it is not turning at all.

The following important result, whose proof can be found in [?], for example,
says that we can recover a plane curve from its curvature funton.

Proposition 1.2.8.  Given a smooth functionk(s), de ned for a s b, there

exists a smooth plane curve (s) having s as its arclength parameter andk(s)

as its signed curvature. Any two such curves can be made to cgide by means
of a rigid motion; that is, the solution is unique up to a rigid motion.

A rigid motion of the plane (or of three-space) can be expressed as a rotatio
followed by a translation.

It is easy to prove that if the curvature of a plane curve is identically zero,
the curve is a straight line

1.3 Metric Properties of Curves in Three-Space

Consider a smooth regular curve in three-dimensional spacegiven by its Carte-
sian coordinate functions: r(t) = x(t);y(t);z(t) . Just as in the two-dimen-
sional case, we can take the velocity(t) = rqt), which is everywhere nonzero
by the regularity assumption. If, moreover, the acceleraton vector v{t) and
the velocity v(t) are linearly independent for every t|that is, if vY(t) is never a
scalar multiple of v(t), for any value of tjwe say that the curve is biregular. In
this case we can de ne a Frenet frame that varies smoothly wit the parameter.

For simplicity, assume that the curve is parametrized by ardength. Then the
velocity vector v(s) = r(s) has length 1, and the acceleratiorv(s) is orthogonal
toit, by Lemma ??. The biregularity condition then simply says that v(s) = 1 (s)
is nonzero. Therefore we can de ne thenormal vector

v(s)
n(s) = - -
) jv(s)j
which also has length 1. (This is also called theprincipal normal.) Now de ne

a third unit vector b(s), orthogonal to both v(s) and n(s), and such that the
frame

e(s) = v(s);n(s); b(s)

is positively oriented (that is, it can be made to match the standard frame
(x;y;z) by applying a rigid motion). In other words, set b(s) = v(s) n(s),
where is the cross product of vectors in three-space. See Figurg?. We call
b(s) the curve's binormal vector, and e(s) its Frenet frame (for the given value
of s).

De nition 1.3.1.  The curvature of the curve at s is k(s) = jv(s)j, that is, the
maghnitude of the acceleration vector (for a curve parametrzed by arclength).
Obviously, v(s) = k(s)n(s). The radius of curvature is R(s) = 1 =k(s).
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Figure 1.21:

Theorem 1.3.2. The velocity, normal, and binormal vectors of a biregular
smooth curve parametrized by arclength are connected by thelations

v(s) = k(s)n(s); n(s) = k(s)v(s)+ (s)(s); Bs)=  (s)n(s);

where (s) is a real-valued function ofs. In matrix form,

0 1 O 10 1
V. 0 k O Y
@nA=@ k 0 A@nA; or e= Xe;
b 0 0 b
where the skew-symmetri@ 3 matrix X is de ned by
1
0 k O
X=@ k 0 A
0 0

and Xe denotes the result of its action on the Frenet framee.

De nition 1.3.3. The function = (s) is called the torsion of the curve.
The relations in Theorem ?? are called the Frenet formulas, and the matrix
X = X (s) is the Frenet matrix.

For a curve contained in a plane in space, the binormal vectois constant: It
does not change as we move along the curve. In particular, theorsion is zero.
In fact, zero torsion characterizes plane curvesA curve in three-space lies in a
plane if and only if its torsion is identically zero.

We turn to the geometric interpretation of torsion (Figure ?7?). Consider the
Frenet frame e=(v;n;b) at s, and again ats+ s, where s is in nitesimal.
Translate e(s+ s) back so it's based ats, and comparee(s+ s) with e(s).
More precisely, project the framee(s+ s) onto the plane spanned byn(s) and
b(s), called the normal plane. The Frenet formulas say that the the projection
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Figure 1.22:

of v(s+ s)is zero to rst-order approximation, and that the variatio nin n(s)
and b(s) is given by

dn db . n 0 n

4s - b; 0 n; that is, b - 0 b

But this means that the motion of the projections (n;b) in the normal plane is

a rotation with angular velocity . In other words, n and b are being rotated

about v, with angular velocity . This explains why is called the torsion.
Consider, for example, the familiarcircular helix , which winds round a cylin-

der (Figure ??). An arclength parametrization for this curve is

X = Rcoss; y=Rsins; z=s:

It is easy to see that its curvature and torsion are constant theck it!).

It is an important fact that the curvature and torsion of a spa ce curve com-
pletely determine the curve, so long as the curvature does riovanish. More
precisely, we have the following three-dimensional countpart to Statement ?7?:

Theorem 1.3.4. Given smooth functionsk(s) > 0 and (s), de ned for a

s b, there exists a smooth curver (s) in three-space havings as its arclength
parameter, k(s) as its curvature, and (s) as its torsion. Such a curve is unique
up to a rigid motion.

See the proof in P], for example.
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Figure 1.23:
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Chapter 2

The Notion of a
Riemannian Metric

2.1 Riemannian Metrics on Domains of R"
De nition and simplest properties. In the preceding chapter we associ-

a smooth functional matrix G(x), and these matrices, at each point, behave as
a quadratic form under a change-of-coordinate transformabns. The matrices
G(x) arose from the formula for the element of length of a curve, ad we saw
that the length of a curve can be calculated in a curvilinear @ordinate system
using the G(x). The property of transforming at each point like a quadratic
form turns out to be of major importance.

De nition 2.1.1. Let C be a domain inR". Giving C a Riemannian met-

(2) the matrices G(x) are symmetric, that is, gj (X) = g;i (X);

(3) the matrices G(x) are positive de nite, that is, vG(x)v' > 0 for any
nonzero vectorv 2 R"; and

(4) under a coordinate transformation x ! 'y the matrix G(x) is transformed
by the rule
G(y) = AG(x)A';

where A is the Jacobian matrix of the change of coordinatesx ! y. In
other words, the matrix G(x) must transform like the matrix of a quadratic
form.

27
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a functional matrix G(x) satisfying conditions (1){(3), there is a unique way to
de ne a functional matrix G(y) with respect to any other coordinate system in
such a way that condition (4) is satis ed. Therefore we can dene a Riemannian
metric by giving a functional matrix in a particular coordin ate system, so long
as it satis es conditions (1){(3).

We show explicitly the action of the transformation rule. Assume that the
coordinate transformation is x ! x% Then
@k @% .
@r @x I’
or, in matrix form, G°= AGA!. (Recall the Einstein summation convention
from the preceding chapter.)

ginO =

Length of a curve. Suppose a Riemannian metricG(x) = ( g; (x)) is given
onadomainC, and let (t)= x(t);:::;x"(t) be a smooth curve given in the
same curvilinear coordinate system.

De nition 2.1.2.  The length of the curve from the point (a) to the point
(b), with respect to the Riemannian metric G(x), is
Zy ) oL Zy
dx' dx! 2 L1
I(r) = i (X)————  dt= i ()X X% 0 Zdt:
(r) . g"()dt at agu()
Here © means di erentiation with respect to the time parameter t.

If two smooth curves 1(t) and ,(t) intersect at a point P, the angle '’
between them with respect to the Riemannian metric is de ned by

gi () xL A0 x5%t)

cos = - o L - o L
gi ()X AOXT(D) 7 gy XA X (L) 2

The de nition of a Riemannian metric can be formulated in more invariant
terms, without the explicit use of coordinates. Indeed, a Remannian metric
de nes at each point of a domain abilinear form h; i on the set of all tangent
vectors to smooth trajectories passing through that point. To explain this in
more detail, we take two regular curves (t) and (t)suchthatP = (0)= (0)

(Figure ??). We consider their tangent vectors (velocity vectors) = _(0)
and = _(0), with coordinates ( %;:::; ")and ( %;:::; "), in the coordinate
systemx = (x!;:::;x"). Then we may consider the bilinear form

h; ig=g () "7;

which associates a number to any pair of vectors and

Lemma 2.1.3. The smooth map(; )'!'h ; iG(X) de nes a positive de nite
bilinear form that depends smoothly on the poinix.

See the proof, for example, inP; ?; ?; ?].
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Figure 2.1:

Invariant de nition of a Riemannian metric. We therefore arrive at the
following coordinate-free de nition of a Riemannian metric:

De nition 2.1.4. Let C be a domain inR". Giving C a Riemannian metric
means associating to each point o€ a positive de nite, symmetric bilinear form
(scalar product) on vectors tangent to smooth curves throudn that point. This
form should depend smoothly on the point.

Lemma ?? shows that this de nition is equivalent to De nition ??. The
lemma implies, in particular, that the length of a smooth curve with respect to a
Riemannian metric is well-de ned, that is, it does not deperd on the coordinate
system used in De nition ?7?.

The standard Euclidean scalar product provides an example foa Riemannian

R", then G(x) = ( j ) is the identity matrix. In any other curvilinear coordinat e
systemy obtained from x by a regular transformation, we have

G(y) = AG(x)A! = AAY;
where A is the Jacobian matrix of this transformation.

De nition 2.1.5. A Riemannian metric G de ned in a domain C is called
Euclidean if there exists a coordinate systemy in C such that G(y) is the
identity matrix.

There exist non-Euclidean Riemannian metrics, that is, metrics that do not
satisfy De nition ??. In fact, almost any metric de ned at random will be non-
Euclidean (except in dimension 1). At the present moment in ar exposition
we are unable toprove that some particular metric is nonFEucIidean, since we
cannot exclude the possibility that it will take the form {‘:1 (dx')? in some
coordinate system. It is intuitively clear that to rule out t his possibility one has
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to nd invariants that are preserved under regular coordinate transformatims.
Once these invariants are calculated for two metrics and shen to be distinct,
we will know that the two metrics are not the same. Such invariants do exist
and we shall de ne them soon.

The Euclidean metric in various coordinate systems. As we see, the
standard Euclidean metric loses its simple \Euclidean forn{ when written in
an arbitrary curvilinear coordinate system y. We now write down its expression
G(y) in the speci ¢ curvilinear coordinate systems consideredn the preceding
chapter. Actually what the formulas below express is the sqared element of
length, o
ds? = g; (y) dy'dy';
which conveys the same information as the matrixG(y) = ( gj (y)) but is shorter
to write down when the matrix has many zero entries.
(1) Euclidean metric in polar coordinates (r;' ) on the plane:
ds® = dr® + r?d' %
(2) Euclidean metric in cylindrical coordinates (r;';z ) in three-space:
ds? = dr? + r2d' 2+ dz%
(3) Euclidean metric in spherical coordinates ¢; ;' ) in three-space:

ds? = dr? + r?(d 2 +sin? d' ?):

2.2 Important Example: The Standard Two-Sphere

We start with the Euclidean plane R?, with Cartesian coordinatesx and y and
metric
ds? = dx? + dy?:
The associated bilinear form is the standard scalar producbon the plane:
h: i= 1 1+ 2 2:

Now consider the standard two-dimensional sphere of radiu® in R3. This is,
by de nition, the set of points that are at distance R from the origin (0;0; 0);
we denote it by S2. Suppose that a smooth curve (t) lies on the two-sphere,
and that we need to calculate the length of . Let X;y;z denote the Cartesian

coordinates of R3. We may consider the curve (t) = x(t);y(t);z(t) as part
of ambient three-space, which has the Euclidean metric

ds? = dx? + dy? + dz?;

and calculate the curve's length using De nition ?7?.
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Figure 2.2:

In such calculations we use the properties of the Euclidean etric only at
points in the vicinity of S2. In fact, we could restrict the Euclidean metric from
R3 to S?, and express it there in terms of coordinates orS?. Since the sphere
is given in R® by a single equation, the position of a point on it is determired
by two parameters (one fewer than inR3). This is especially obvious when we
work in spherical coordinates ¢; ;' ) in R3: the sphere of radiusR is de ned
by the single equationr = R = const, and is parametrized by the remaining
two coordinates.

We now obtain an explicit expression for the scalar product é two vectors
tangent to curves lying on S2. These vectors are tangent to the sphere itself
(Figure ??). Let 1(t) = R; 1(t); ' 1(t) and ()= R; 2(t); " 2(t) . Then
the velocity vectors are

MW= 0 ' and = 0 '3
The scalar product of the tangent vectors is
h %=R?99%+R2%sin? ' 99

Thus, we can interpret this value as the scalar product of twotangent vectors
9 9yand ( 9;' 9) relative to a new bilinear form

R2 9 9+ RZsin? * 9 9;
corresponding to the metric

R?d 2+ R?sin® d' 2
Note that this quadratic form can be obtained from the Euclidean metric

dr?+ R?(d 2 +sin? d' ?)
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2

Figure 2.3:

in R® by substituting the equation r = R that determines the two-sphere. The
Riemannian metric R2(d 2+sin? d' 2)thus obtained on S? is said to beinduced
by the ambient Euclidean metric of three-space.

This concrete example will be generalized below, and will iustrate the gen-
eral notion of an induced Riemannian metric[roughly speaking, a metric ob-
tained by restriction to a lower-dimensional space. To fornalize this, we rst
introduce the concept of asurface, something to which the ambient Riemannian
metric can be restricted.

2.3 First De nition of Surfaces

One de nition of a surface in Euclidean space is as a sets of jjus parametrized
by a vector-valued function of several variables, satisfyig a natural condition
called nondegeneracyor regularity. To formalize this, consider a smooth map
r:U! R3 whereU is a domain in the Euclidean plane. We can write

r(u;v) = x(u;v); y(u;v); z(u;v) ;

where the pair of parameters (1;v) varies in U. We are interested in the set of
points in R3 obtained asu and v vary, as shown in Figure??. Now consider the

vectors

= @xXO@yQez o, - ©@x0y0@z,

! @u@u@u Y @v@vev’
These vectors are tangent to thecoordinate curvesobtained when we vary the
parameter u with xed v and when we varyv with xed u. Nondegeneracyor
regularity means thatr, and r, de ne a plane, for any value of (u;v); this is
the same as saying thatr, and r, are linearly independent for any u;v). In

particular, both should always be nonzero.

De nition 2.3.1.  Suppose thatU is a domain inR?, and that r : U! R3is
a smooth map. The image ofr is called a smoothparametrized surfaceif the
vectorsr, andr, are linearly independent for any (u;v).
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Given a parametrized surface, there is an imporfant quadraic form on
it, induced by the ambient Riemannian metric ds?> = g (p) dp' dp', where
L..:::p" are coordinates inR3. It is de ned by regarding p = r(u;v) as a
point of the surface, and expressing the dependence of thisomt on u and v in
the formula for ds®. We obtain, as a result, the quadratic form
X
d?(u;iv) = gy (p(u; V) dp'(u;v) dpl (u;v):

De nition 2.3.2.  The quadratic form di?(u; v) is called the Riemannian metric
induced on the parametrized surfacer (u; v) by the metric g; of three-space.

For example, suppose that the ambient metric inR? is the Euclidean one,
ds? = dx? + dy? + dz%:
Then the induced Riemannian metric is
di? = dx(u;v)? + dy(u;v)2 + dz(u;Vv)?;

or, using the chain rule,

diZ = (x2 + y2 + z2) du® + 2( Xy Xy + YuYy + Zuzy) dudv+ (X2 + y2 + z2) dv?

= hry;ryi du? + 2hry;ryi dudv+ bry;ryi dv?:
(2.3.3)
Consider again a sphereS? of radius R in R3, parametrized by spherical
coordinates and ' on S2. (This sphere, as a whole, is not a parametrized
surface in the sense of De nition ??, because the regularity condition is only
satisedfor0 < < 2 , so the poles cannot be included in the parametrization.
However, we can think of a piece of the sphere as a parametridesurface.) In
Section ?? we endowedS? with the metric induced by the ambient Euclidean
metric of R3, and obtained earlier an explicit expression for this metrtc with
respect to the spherical coordinates and' on S?, namely

di? = R?(d 2 +sin? d' ?):

We now see that this formula is a particular case of ?7?).

Spherical coordinates are not the only useful coordinate sstem on a sphere.
We discuss another one, based on thetereographic projection of the sphereS?
onto the plane R? (Figure ??). Place the center of the sphere of radiusR at
the origin 0 and consider the coor