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Preface

Flooding of information on the Earth through various comput er networks such
as the Internet characterizes the world situation we live. Information worlds
often called virtual spaces and cyber spaces have been formed on computer
networks. The complexity of information worlds has been increasing almost ex-
ponentially through the exponential growth of computer networks. Such nonlin-
earity in growth and in span characterizes information worlds. In other words,
the characterization of nonlinearity is the key to understand, utilize and live
through the 
ooding of information. The characterization a pproach is by char-
acteristic points such as peaks, pits and passes according to the Morse theory.
Another approach is by singularity signs such as folds and cusps. Atoms and
molecules are the other fundamental characterization approach. Topology and
geometry including di�erential topology serve as the framework of the char-
acterization. Topological Modeling for Visualization is a textbook for people
interested in the characterization to understand how to do it and what it is.
Understanding is the key to utilize information worlds and to live through the
changes of the real world on the Earth.

Writing this textbook paused the authors careful preparation. There are
heavy mathematical stu� that requires the design of writing style for easy un-
derstanding and for strong attraction. To realize the style, we set the main
goal of this book to establish a link between the theoreticalaspects of modern
geometry and topology, on the one hand, and experimental computer geome-
try, on the other. There are many excellent books on modern geometry and
topology (roughly speaking, \theory"), and many excellent books on modern
computer and experimental geometry. But as far as we know, there is no book
that bridges the gap between these two branches of modern science, that is,
between \theory" and \practice". We have tried to �ll this ga p. Our intention
was to write a book that will be useful to both communities of scientists. Of
course, we realize that this separation between \theoretical science" and \exper-
imental science" is not clear-cut, and we use this language and images only for
faster description of our main idea. We collect in the book some basic elements
of theoretical geometry and topology that are used today in di�erent branches
of experimental computer geometry. We do not give detailed proofs because of
lack of space, but we give references that can help the reader�nd the proofs.
The advantage of such a style is this: We collect in one book a short description
of the most powerful theoretical tools, and experts in experimental science can
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use this material in their concrete work. Certainly, as we know from our own
experience, modern topological methods can improve the results of experimen-
tal computer geometry. On the other hand, experts in theoretical geometry and
topology can �nd in our book possible applications of those �elds to very in-
teresting computer experiments in the world of geometricalcomputer methods,
medicine, cars industry, architecture, and so on. Many puremathematicians
will also �nd here material for development of a new theoretical ideas. Each
chapter consists of two layers: �rst theoretical ideas, then applications to the
di�erent branches of modern experimental computer geometry. We've tried to
make chapters as independent as possible, to help to the reader use each chapter
as an individual research tool, without a complete study of other sections of the
book. As a consequence, sometimes we repeat in some chaptersa summary of
material from another section, to recall important notions.

Anatoly T. Fomenko
Tosiyasu L. Kunii
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Chapter 1

Curves

1.1 Curves and Coordinate Systems

Smooth curves and length in a Euclidean coordinate system. We
consider Euclidean spaceRn and de�ne in it the standard Euclidean scalar
product

h�; � i = � 1� 1 + � � � + � n � n ;

for any vectors � and � . With each vector � we associate a real number, called
its length and de�ned as

j� j = h�; � i
1
2 :

This is the length (in the usual sense) of the vector going from the origin 0 to
the point � in Rn . The distance between two points� and � is the length of
the vector � � � . The angle ' between two vectors� and � can be expressed in
terms of the scalar product as

cos' =
h�; � i
j� j j � j

:

All the fundamental properties of Euclidean geometry are based on this
notion of Euclidean scalar product. In this sense, the scalar product is the
foundation of Euclidean geometry. When de�ning other geometrical concepts
we shall often proceed from the scalar product of vectors.

De�nition 1.1.1. A smooth curve 
 (t) in Euclidean space is a vector-valued
function of the form


 (t) =
�
x1(t); : : : ; xn (t)

�
;

where the components represent Cartesian coordinates in space, andx1(t); : : : ;
xn (t) are smooth functions of the time parameter t, which runs through either
the entire real axis or a segment [a; b]. More precisely, what we have just intro-
duced is theparametric form (or parametric representation) of a smooth curve

 .

3



4 CHAPTER 1. CURVES

Remark. A smooth function is one that has continuous derivatives of any order.

We stress that the concept of a smooth parametrized curve includes the
notion of a time parameter along the curve. The same set of thepoints (tra-
jectory) can be parametrized in di�erent ways, leading in general to di�erent
smooth parametrized curves. In other words, any change in time along the
trajectory changes the parametrized curve.

When the time parametrization is not important for an applic ation, we can
ignore the time t and consider the curve simply as a set of points in the ambient
space (without parametrization).

De�nition 1.1.2. The vector

_
 (t) =
�

dx1

dt
(t); : : : ;

dxn

dt
(t)

�

is called the velocity vector of the smooth curve 
 (t), or the tangent vector to

 (t). We call a smooth curve
 (t) regular if its tangent vector is nonzero at any
point of the curve (Figure ??).

Figure 1.1:

If the tangent vector of a smooth curve 
 is nonzero at some point
 (t0),
it follows from the implicit function theorem that locally, near this point, the
trajectory of 
 is a smoothone-dimensional manifold, without singularities and
cusps. By contrast, at points where the velocity vector of a smooth curve
vanishes, the curve may have acusp and abruptly change its direction.

The existence of a cusp on a smooth curve at parameter values where the
velocity vector vanishes by no means contradicts the condition that the curve
is smooth, according to De�nition ??. Figure ?? gives an example of a smooth
curve with a cusp, with cusp angle�= 2. It is also very simple to

construct a smooth (but nonregular) curve with a cusp angle of � at the
singular point (Figure ??). We suggest to the reader an exercise: Write a para-
metric representation for the curve in Figure ?? and decide whether this curve
can be de�ned by means of analytic functionsx(t) and y(t) in the Euclidean
plane.



1.1. CURVES AND COORDINATE SYSTEMS 5

Figure 1.2:

Figure 1.3:

Remark. In our book we will consider mainly smooth regular curves, and because
of this we will usually omit the term regular. Thus, when we speak about a
smooth curve, we assume it regular.

De�nition 1.1.3. The length of a curve 
 (t) from the point 
 (a) to the point

 (b) (that is, from the parameter value t = a to t = b) is the integral of the
length of the velocity vector of 
 :

l (
 ) =
Z b

a
h_
 (t); _
 (t)i

1
2 dt =

Z b

a
j _
 j dt:

In coordinates,

l (
 ) =
Z b

a

� � dx1

dt
(t)

� 2
+ � � � +

� dxn

dt
(t)

� 2
� 1

2

dt:

Proposition 1.1.4. The length of a smooth curve does not depend on the choice
of smooth parametrization of the curve.

To rephrase this more precisely, consider a smooth curve
 (t) and two points

 (a) and 
 (b) corresponding to the parameter valuest = a and t = b. Let
t = t(� ) be an arbitrary smooth transformation of the time parameter t into
a new one� satisfying dt=d� > 0 for every � (Figure ??). Then the length of
the curve remains unchanged, that is,the length of 
 (t) from t = a to t = b is
equal to the length of
 (t(� )) from � = � to � = � , where a = t(� ) and b = t(� )
(Figure ??).
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Figure 1.4:

The proof follows from a straightforward calculation (check it!). Exercise:
what happens if we consider time transformationst = t(� ) where the derivative
dt=d� can change its sign whent runs along the time interval?

Now assume that we have two smooth curves
 1(t) and 
 2(t) intersecting at
a point P, as in Figure ??.

Figure 1.5: Figure 1.6.

De�nition 1.1.5. The angle ' between the two smooth curves
 1 and 
 2 at P
is de�ned by

cos' =
h_
 1; _
 2i
j _
 1 j j _
 2j

;

provided that _
 1 and _
 2 are both nonzero atP.

This formula de�nes not one, but two angles di�ering by a sign. If, however,
we are working in two dimensions and we assume that the order in which the
curves are given matters, we can de�ne a notion oforiented angle, by decreeing
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that the angle is positive if and only if j
 1j needs to be rotated counterclockwise
by ' 2 (0; � ) in order to point in the direction of 
 2.

Curvilinear coordinate systems in Euclidean space. Cartesian coor-
dinates are not always the most convenient ones to use in solving analytically
many problems in physics and other �elds of science. We oftendeal with smooth
curves (say, trajectories of a particle in a force �eld) whose equations in Carte-
sian coordinates are rather cumbersome. For example, the Cartesian equation

(x2 + y2)
1
2 � exp(� (tan � 1(y=x))) = 0

in the plane determines thespiral shown in Figure ??. This equation could be
written in the simpler form r = exp( �' ) in the polar coordinate system(r; ' ).
The polar equation clearly demonstrates the character of the trajectory. Thus,
the introduction of such curvilinear coordinates is not a caprice of mathemati-
cians. We demonstrate this further with an important example.

The motion of a particle in the plane can be described in polarcoordinates
by two functions, r = r (t) and ' = ' (t). Kepler's second law, published by
Johannes Kepler in 1609 as a result of his studies on the motion of planets
around the Sun, says that when a material particle moves in a central force �eld
the quantity r 2 _' is conserved. This law is much easier to state in polar than in
Cartesian coordinates.

The solution of particular problems in �elds such as mechanics, chemistry,
and computer geometry has called for the invention of other curvilinear coordi-
nate systems: cylindrical, spherical, and so on.

We now give a formal de�nition of a curvilinear coordinate system. Consider
an arbitrary domain in Euclidean spaceRn . (A domain or open set in Rn is a
subsetC � Rn such that every point P of C is the center of some ball that is
entirely contained in C: see Figure??.)

Suppose we associate with each pointP of C an ordered set ofn real num-
bers, orcoordinates. The simplest way to do this is to use Cartesian coordinates,
which come from the de�nition of Rn itself. However, any scheme for associating
n-tuples of real numbers to points can be considered instead.Clearly, any such
scheme gives rise to a set ofn functions x1(P); : : : ; xn (P) de�ned in C. We can
consider x1; : : : ; xn as Cartesian coordinates in another copyRn

1 of Euclidean
space (Figure??). We will usually require these functions to becontinuous and
evensmooth. Continuity means that a small change in the position of P should
lead to a small change in its coordinate values. Smoothness means that this
dependence should be di�erentiable to any order (this will soon be explained
more precisely).

Thus, we are formally considering two copies of Euclidean space:

Rn , with Cartesian coordinates y1; : : : ; yn , and

Rn
1 , with Cartesian coordinates x1; : : : ; xn .

The domain C lies in Rn .
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Figure 1.7:

De�nition 1.1.6. A continuous coordinate systemin C � Rn is an n-tuple of
continuous functions

x1 = x1(y1; : : : ; yn ); : : : ; xn = xn (y1; : : : ; yn )

that maps C bijectively and continuously in both directions onto some domain
A of Euclidean spaceRn

1 . In other words, the map f de�ned by

f (P) =
�
x1(P); : : : ; xn (P)

�

is a homeomorphismof C onto A (recall that this means a bijective map that is
continuous and has a continuous inverse; two spaces arehomeomorphic if there
is a homeomorphism between them). The valuesx1(P); : : : ; xn (P) are called
the coordinates of P relative to the coordinate map f : C ! A (Figure ??); the
component functions x1; : : : ; xn of f are the coordinate functions.

Sometimes we shall write a pointP with coordinates x1(P); : : : ; xn (P) in
the short form P(x1; : : : ; xn ), assuming that the coordinate mapf has already
been �xed.

Among all continuous coordinate maps, we are especially interested insmooth
ones, namely those for which the functionsx i (y1; : : : ; yn ) and the inverse func-
tions yi (x1; : : : ; xn ) are smooth (have continuous partial derivatives of all or-
ders). Let f : C ! A be a smooth map de�ned by the coordinate functions

x1(y1; : : : ; yn ); : : : ; xn (y1; : : : ; yn ):

De�nition 1.1.7. The Jacobian matrix df = @x=@yof f is the functional
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Figure 1.8:

matrix 0

B
B
B
B
@

@x1

@y1
� � �

@x1

@yn
...

...
@xn

@y1
� � �

@xn

@yn

1

C
C
C
C
A

whose entries are the partial derivatives of the functionsx i (y1; : : : ; yn ). The
determinant of this matrix is denoted by J (f ) and called the Jacobian of f .

The Jacobian matrix is associated with a linear approximation to the map
f that is a natural extension of the di�erential of a smooth fun ction of one
variable. The notation df is applied to this linear map, as well as to Jacobian
matrix.

The entries of the Jacobian matrix are functions ofP, so we may think of
df as a smooth matrix-valued function on the domainC. The Jacobian J (f ) is
a smooth (real-valued) function on C.

De�nition 1.1.8. A regular smooth coordinate systemin a domain C of Eu-
clidean spaceRn is an n-tuple of smooth functions

x1(y1; : : : ; yn ); : : : ; xn (y1; : : : ; yn )

such that the map f = ( x1; : : : ; xn ) is a smooth bijection from C onto a domain
A in Euclidean spaceRn

1 , and such that the Jacobian J (f ) is nonzero at all
points of C.

The condition that the Jacobian does not vanish anywhere inC means that
the inverse map f � 1 is not only continuous, but also smooth. This follows
immediately from the well-known implicit function theorem . In other words, f
is a di�eomorphism betweenC and A.
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A regular smooth coordinate system in a domainC is also called acurvilinear
coordinate systemin C.

Every curvilinear coordinate system inC speci�es families ofcoordinate lines
de�ned as follows: the i -th coordinate line 
 i going through a point P0 is the
curve formed by points P = P(t) such that

x i (P) = t; x j (P) = x j (P0) for j 6= i:

Here t is a parameter; as it varies, the corresponding pointP(t) describes a
smooth trajectory in C (Figure ??), naturally parametrized by t. Thus, n
smooth trajectories go through each pointP0 in C. For another point P0, we
obtain another family of n coordinate lines, varying smoothly with P0 (Fig-
ure ??).

Figure 1.9: Figure 1.10.

Example 1.1.9. In the Cartesian coordinate system, the coordinate lines are
straight lines through P0, parallel to the coordinate axes.

In computer geometry and in the graphic representation of a curvilinear co-
ordinate system it is often useful to draw coordinate lines (for example on the
screen of a computer). In particular, the transformation to a curvilinear coordi-
nate system is especially clear if the coordinate network isdepicted (Figure ??).

We now turn to some basic examples of curvilinear coordinatesystems in
the Euclidean plane and in Euclidean three-space.

Polar coordinates on the plane. The polar coordinate system(r; ' ) is related to
the Cartesian coordinatesx and y on the plane by the formulas

x = r cos'; y = r sin ';

(see Figure ??). According to the preceding de�nition, this is not a regula r
coordinate system on the whole Euclidean planeR2. Indeed, if we setf (r; ' ) =
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Figure 1.11:
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Figure 1.12: Figure 1.13.

�
x(r; ' ); y(r; ' )

�
, a direct calculation shows that the Jacobian matrix and the

Jacobian of f are

df =
�

cos' sin '
� r sin ' r cos'

�
; J (f ) = r:

Thus, the Jacobian is zero at the origin, contradicting the condition in De�ni-
tion ??. And this is not the only disadvantage of the polar system: the map f
is not a bijection of R2, since the points (r; ' ) and (r; ' + 2 � ) are transformed
into the same point.

We can restrict the domain of the polar coordinate system so that it becomes
regular, as follows. In the (r; ' )-plane, let C be the in�nite strip f (r; ' ) : r >
0; 0 < ' < 2� g, as shown in Figure??. Then the image A of C in the (x; y)-
plane is the entire plane minus the rayx > 0, y = 0. Figure ?? shows the
coordinate lines of the polar system and the transformationof a few coordinate
lines of the Cartesian coordinate system.

Cylindrical coordinates in three-dimensional space. The cylindrical coordinate
system (r; '; t ) is related to the Cartesian coordinatesx; y; z in three-space by
the relations

x = r cos'; y = r sin '; z = t:

It is a regular coordinate system on the domainC given by f (r; '; � ) : r > 0; 0 <
' < 2�; �1 < t < + 1g , as shown in Figure??. The domain A is R3 minus
the half-plane x = 0, y > 0. The Jacobian matrix is

df =

0

@
cos' sin ' 0

� r sin ' r cos' 0
0 0 1

1

A ;

and the JacobianJ (f ) is equal to r .
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Figure 1.14:

Spherical coordinates in three-dimensional space. Spherical coordinates are usu-
ally denoted by (r; �; ' ), and the transformation formulas are

x = r sin � cos'; y = r sin � sin '; z = r cos�:

To make the coordinate system regular, we can take 0< � < � , 0 < ' < 2� ,
r > 0. The domains C and A is shown in Figure ??. The Jacobian J (f ) is
r 2 sin � . The Jacobian matrix is

df =

0

@
sin� cos' r cos� cos' r sin � sin '
sin � sin ' r cos� sin ' r sin � cos'

cos� � r sin � 0

1

A :

Figure ?? shows� - and ' -coordinate lines for a �xed r . These angular parame-
ters are associated with the usual notions oflatitude and longitude on the globe:
the longitude is ' , and the latitude is 90� � � .

Length of a curve and metric form in curvilinear coordinates . Con-
sider a regular curvilinear coordinate system in a Euclidean domain C, and let

 (t) be a regular curve in C. What is the length of the curve in this coordi-
nate system? Assume thatx1; : : : ; xn are the Cartesian coordinates and that
y1; : : : ; yn are the curvilinear coordinates, that is, x i = x i (y1; : : : ; yn ). Recall
that

dxi

dt
=

@xi

@y1
dy1

dt
+

@xi

@y2
dy2

dt
+ � � � +

@xi

@yn
dyn

dt
=

nX

k=1

@xi

@yk
dyk

dt
:

Since the length of the curve in Cartesian coordinates is

l (
 ) =
Z b

a

� � dx1

dt
(t)

� 2
+ � � � +

� dxn

dt
(t)

� 2
� 1

2

dt;
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Figure 1.15:

Figure 1.16:
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we obtain, by direct calculation, the following formula for the length of the
smooth curve in curvilinear coordinates:

l (
 ) =
Z b

a

� X

m;p

gmp (y)
dym

dt
dyp

dt

� 1
2

dt; where gmp (y) =
X

i

@xi

@ym
@xi

@yp
:

Obviously, the latter sum is symmetric in m and p, that is, gmp = gpm . Con-
sequently, they give rise to a symmetric matrix G = ( gmp ). For example, for
n = 2 we have

G =
�

g11 g12

g21 g22

�
:

This matrix depends on the curvilinear coordinate system, and it is useful to
know how it varies under coordinate transformations. In other words, what
is the law of transformation for G? Take another coordinate transformation
y ! z, that is, consider regular coordinate functionsyi = yi (z1; : : : ; zn ), where
z1; : : : ; zn are new regular curvilinear coordinates in a region of Euclidean space.
Then a simple direct calculation shows that the resulting formula is

gkl (z) =
X

m;p

@ym

@zk
gmp (y)

@yp

@zl
: (1.1.10)

In terms of the corresponding matrices, this becomesG(z) = AG(y)AT , where
A is the Jacobian matrix for the coordinate transformation y ! z.

Important Convention. To simplify the notation, we adopt the Einstein sum-
mation convention: In an expression such as

P
i ai bi , where the sum is taken

over an index that appears once as a subscript and once as a superscript, we
omit the symbol

P
and write ai bi . The implicit summation can be over more

than one symbol; for example, formula (??) becomes, in this convention,

gkl (z) =
@ym

@zk
gmp (y)

@yp

@zl
:

Sometimes we shall distinguish between an old and an new coordinate sys-
tems by using primed indices| i 0, j 0, and so on|for the new one. Thus, for
example, formula (??) will be written as

gk 0q0 =
@yk

@zk 0 gkq
@yq

@zq0 or gk 0q0 =
@yk

@zk 0

@yq

@zq0 gkq :

Consider the special case when the initial coordinatesx1; : : : ; xn are Carte-
sian and we transform them into new regular curvilinear coordinates y1; : : : ; yn .
Formula (??) becomes

gkl (y) =
@xm

@yk
gmp (x)

@xp

@yl
:
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But gmp (x) = � mp , where� mp = 0 if m 6= p and � mp = 1 if m = p. Consequently,

gkl (y) =
X

m

@xm

@yk
@xm

@yl
:

The functions gij give us the Euclidean metric in curvilinear coordinates.
They have a clear geometric meaning. Consider an arbitrary point P in the
domain C, and let 
 1(t); : : : ; 
 n (t) be the coordinate lines through P of the
curvilinear coordinate systemy1; : : : ; yn (Figure ??). Assume that P has coor-
dinates y1 = c1; : : : ; yn = cn , so that 
 i has equation

yi = t; y j = cj (P0) for j 6= i;

where t is the time parameter along
 i .

Figure 1.17:

The velocity vector ai = _
 i of the coordinate curve
 i has coordinates

ai =
� @x1

@yi
; : : : ;

@xn

@yi

�
;

where x1; : : : ; xn are Cartesian coordinates in the domainC. Since

gij (y) =
X

m

@xm

@yi
@xm

@yj
;

we obtain the simple and important formula

gij (y) = hai ; aj i ;

where ai and aj are the velocity vectors of the coordinate curves
 i and 
 j .
We recall that in this formula the scalar product is Euclidean, that is, it is a
characteristic of the ambient space. Thus, we proved the following statement.

Lemma 1.1.11. The functions gij (y) representing the Euclidean metric with
respect to a curvilinear coordinate system in a domainC are the scalar products
of the velocity vectors of the corresponding coordinate lines 
 i and 
 j passing
through the point under consideration.
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Thus, we see that under a coordinate transformation the matrix G(y) trans-
forms as the matrix of a quadratic form. In particular, if the initial coordinates
are Cartesian, G is the identity matrix ( � ij ) = E , so that in any other (curvi-
linear) coordinate system it can be written as G(y) = AEA T , where A is the
Jacobian matrix of the coordinate transformation.

Let's write explicit explicit formulas for the length of a sm ooth curve and
for the matrix G in various curvilinear coordinate systems. These formulasare
used in di�erent problems of computer geometry and applications.

Polar coordinates in the plane. If r and ' are polar coordinates, the matrix G
of the Euclidean metric has the form

G(r; ' ) =
�

1 0
0 r 2

�
:

Hence the length of a curve
 (t) = ( r (t); ' (t)) is

l (
 ) =
Z b

a

� � dr
dt

� 2
+ r 2

� d'
dt

� 2
� 1

2

dt:

Cylindrical coordinates in three-dimensional space. In cylindrical coordinates
r; '; z , we have

G(r; '; z ) =

0

@
1 0 0
0 r 2 0
0 0 1

1

A :

Thus the length of a curve 
 (t) = ( r (t); ' (t); z(t)) is

l (
 ) =
Z b

a

� � dr
dt

� 2
+ r 2

� d'
dt

� 2
+ dz2

� 1
2

dt:

Spherical coordinates in three-dimensional space. In spherical coordinatesr; �; ' ,
we have

G(r; �; ' ) =

0

@
1 0 0
0 r 2 0
0 0 r 2 sin2 �

1

A :

Hence the length of a curve
 (t) = ( r (t); � (t); ' (t)) is

l (
 ) =
Z b

a

� � dr
dt

� 2
+ r 2

� d�
dt

� 2
+ r 2 sin2 �

� d'
dt

� 2
� 1

2

dt:

It is sometimes convenient to deal with the elementdl of arclength instead
of the whole arclength. In the examples considered above these elementary
di�erentials squared are of the form

dl2 = dr2 + r 2 d' 2 (polar coordinates on the plane),
dl2 = dr2 + r 2 d' 2 + dz2 (cylindrical coordinates in three-space),
dl2 = dr2 + r 2 d� 2 + sin 2 � d' 2 (spherical coordinates in three-space).
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1.2 Metric Properties of Plane Curves: Frenet
Formulas

Consider the Euclidean plane with Cartesian coordinatesx and y. A smooth
curve r (t) in it is determined by its two components x(t) and y(t), which are
smooth functions: r (t) =

�
x(t); y(t)

�
. The velocity vector r 0 at time t is v(t) =

r 0(t) =
�
x0(t); y0(t)

�
.

�
As usual, f 0(t) denotes the derivative df=dt of a function

f (t):
�

We are assuming that our curves are regular, sov(t) 6= 0 for all t. Recall
that jv(t)j denotes the length of the velocity vector in the Euclidean metric.

Let s denote the length of the arc going from a �xed point on the curve to
another, variable, point. This length increases monotonically as the variable
endpoint moves in the direction of increasing time parameter, so we may uses
to reparametrize the curve. We call s the natural parameter of the curve. The
vector-valued function

r (s) =
�
x(s); y(s)

�

is the natural parametrization of the curve, and we say that the curve isparam-
etrized by arclengthwhen we use this parametrization.

Lemma 1.2.1. The velocity vector of a curve parametrized by arclength has
constant length1.

This follows from the identity dl =
�
�
�
dr
dt

�
�
� dt, because forl = s we obtain

jv(s)j =

�
�
�
�
dr
ds

(s)

�
�
�
� = 1 :

Thus, motion along a curve parametrized by arclength occursat constant speed.
It is convenient to distinguish di�erentiation with respec t to arclength s and

with respect to an arbitrary parameter t. We will denote the former by a dot,
so that v(s) = _r (s); and we will continue to write r 0(t) for di�erentiation with
respect to an arbitrary parameter t.

With each point on a curve we can associate, besides the velocity vector, the
acceleration vector

v0(t) =
dv
dt

(t);

which depends smoothly ont. For a curve parametrized by arclength, it is easy
to see that v0 is always orthogonal to v:

Lemma 1.2.2. Let p(t) be a vector-valued function such thatjp(t)j = 1 for all
t. Then p0(t) is always orthogonal top(t).

Indeed, hp(t); p(t)i = 1; after di�erentiation with respect to t we obtain
hp0; pi = 0 for all t, i.e., the vectorsp0 and p are orthogonal.

Thus, each point of a smooth curver (s) parametrized by arclength has two
associated orthogonal vectors: the velocityv(s) = _r (s), and the acceleration
_v(s) = •r (s) (Figure ??).
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Figure 1.18: Figure 1.19.

The acceleration need not have unit length: indeed, it may bezero. In
order not to have to treat this case separately, it is convenient to de�ne the unit
normal vector to the curve for a given value ofs as the unit vector n(s) such
that e(s) =

�
v(s); n(s)

�
is a positively oriented frame. (A frame is an ordered

orthonormal basis of the ambient space, here the planeR2. When a frame is
ordered so that it can be made to coincide with the standard frame (x; y) by
means of a rigid motion, we say that it is positively oriented.) In other words,
the vector n(s) is obtained from v(s) by a counterclockwise 90� rotation. If
_v(s) 6= 0, we naturally have

n(s) = �
_v(s)

j _v(s)j
;

the positive sign being chosen if and only if the curve's velocity vector is turning
counterclockwise. We calle(s) the Frenet frame of the curve at the given value
of s. As s changes, we obtain along the curve a smooth �eld of framese(s) =�
v(s); n(s)

�
.

Giving a positively oriented frame is the same as giving a rotation of a plane
about the origin (rotate the standard frame (x; y) to match the given frame:
see Figure??). Therefore the Frenet frame �eld along a curve de�nes a smooth
map from the parameter interval into the group of orthogonal matrices, that is,
the group of rotations of the plane. Put another way, the original curve in the
plane gives rise to an associated curve in the orthogonal group, whose points
are represented as orthogonal 2� 2 matrices.

De�nition 1.2.3. Let r (s) be a smooth plane curve parametrized by arclength.
The signed curvatureof the curve at parameter values is the real number k(s)
such that _v(s) = k(s)n(s). The unsigned curvature (or simply curvature is
jk(s)j, and the curvature radius is R(s) = 1 =jk(s)j.
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It is easy to see from the de�nition that unsigned curvature is the magnitude
of the acceleration of a point moving along the curve (with constant speed
j _r (s)j = 1); thus we have, in terms of the componentsx(s) and y(s) of the
vector r (s):

jk(s)j = (•x2 + •y2)1=2:

Example 1.2.4.

(a) The curvature of a straight line is equal to zero.

(b) The curvature of a circle of radius r is equal to 1=r.

In many speci�c problems, the curve is not given as a functionof arclength,
and it may be di�cult or impossible to reparametrize it expli citly by arclength.
It is useful, therefore, to have formulas for the curvature in terms of an arbitrary
parameter t.

Proposition 1.2.5. Let r (t) be a curve parametrized by an arbitrary parameter
t. Then the curvature for a given value of the parameter is

k =
x00y0 � y00x0

(x02 + y02)3=2
;

where x0, x00, y0, y00denote derivatives with respect tot.

Consider the motion of the frame e(s) =
�
v(s); n(s)

�
when the arclength

parameter s varies. It turns out that the derivatives of the frame vector s satisfy
simple relations, called theFrenet formulas.

Theorem 1.2.6. For a plane curve parametrized by arclength,

_v(s) = k(s)n(s); _n(s) = � k(s)v(s):

You can �nd the proof in [ ?][?] [?][?], for example.
We can also write the Frenet formulas in matrix form. Writing the frame

e(n) as a column vector, each of whose entries is a vector in the plane, we have
�

_v
_n

�
= X

�
v
n

�
; where X =

�
0 k

� k 0

�

is a skew-symmetric matrix. This can be written also as _e(s) = X (s)e(s), where
Xe denotes the result of the action of the matrix X on the frame e.

We now give an extremely useful geometrical interpretationof the Frenet
formulas (Figure ??). Consider the Frenet frame e = ( v; n) at a point s, and
again at a point s + � s in�nitesimally distant from s. After translating the
frame e(s+ � s) back so it's based ats, we can compare the two framese(s) and
e(s + � s) at s. Now, e(s + � s) must be obtained from e(s) by some rotation,
whose (in�nitesimal) angle we call � ' . That is, e(s) and e(s + � s) are related
by an orthogonal transformation:

e(s + � s) = g(� s)e(s); where g(� ' ) =
�

cos � ' sin � '
� sin � ' cos � '

�
:
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Figure 1.20:

Expanding the functions cos � ' and sin � ' in the small increment � ' and
neglecting terms of the second order and higher in �' , we get

g(� ' ) =
�

1 0
0 1

�
+

�
0 � '

� � ' 0

�
+ � � � ;

that is,

e(s + � ' ) = e(s) +
�

0 � '
� � ' 0

�
e(s) + � � � :

It follows from these simple calculations that

_e(s) =
�

0 _'
� _' 0

�
e(s);

where _' = _' (s) is the derivative of the angle of rotation of the Frenet frame
when the point moves along the curve. On the other hand, we know that

_e(s) = X (s)e(s):

The comparison of these two formulas give us the relation _' = k, wherek is the
signed curvature. We have proved the following important theorem.

Theorem 1.2.7. The curvature k(s) of a smooth plane curve is the derivative
of the rotation angle of the Frenet frame, when the point moves along the curve
with constant velocity. In symbols,

k(s) =
d'
ds

(s):
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Thus, if jkj is large, the Frenet frame is turning very fast at this point; if
k = 0, it is not turning at all.

The following important result, whose proof can be found in [?], for example,
says that we can recover a plane curve from its curvature function.

Proposition 1.2.8. Given a smooth functionk(s), de�ned for a � s � b, there
exists a smooth plane curver (s) having s as its arclength parameter andk(s)
as its signed curvature. Any two such curves can be made to coincide by means
of a rigid motion; that is, the solution is unique up to a rigid motion.

A rigid motion of the plane (or of three-space) can be expressed as a rotation
followed by a translation.

It is easy to prove that if the curvature of a plane curve is identically zero,
the curve is a straight line.

1.3 Metric Properties of Curves in Three-Space

Consider a smooth regular curve in three-dimensional space, given by its Carte-
sian coordinate functions: r (t) =

�
x(t); y(t); z(t)

�
. Just as in the two-dimen-

sional case, we can take the velocityv(t) = r 0(t), which is everywhere nonzero
by the regularity assumption. If, moreover, the acceleration vector v0(t) and
the velocity v(t) are linearly independent for every t|that is, if v0(t) is never a
scalar multiple of v(t), for any value of t|we say that the curve is biregular. In
this case we can de�ne a Frenet frame that varies smoothly with the parameter.

For simplicity, assume that the curve is parametrized by arclength. Then the
velocity vector v(s) = _r (s) has length 1, and the acceleration _v(s) is orthogonal
to it, by Lemma ??. The biregularity condition then simply says that _v(s) = •r (s)
is nonzero. Therefore we can de�ne thenormal vector

n(s) =
_v(s)

j _v(s)j
;

which also has length 1. (This is also called theprincipal normal .) Now de�ne
a third unit vector b(s), orthogonal to both v(s) and n(s), and such that the
frame

e(s) =
�
v(s); n(s); b(s)

�

is positively oriented (that is, it can be made to match the standard frame
(x; y; z) by applying a rigid motion). In other words, set b(s) = v(s) � n(s),
where � is the cross product of vectors in three-space. See Figure??. We call
b(s) the curve's binormal vector, and e(s) its Frenet frame (for the given value
of s).

De�nition 1.3.1. The curvature of the curve at s is k(s) = j _v(s)j, that is, the
magnitude of the acceleration vector (for a curve parametrized by arclength).
Obviously, _v(s) = k(s)n(s). The radius of curvature is R(s) = 1 =k(s).
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Figure 1.21:

Theorem 1.3.2. The velocity, normal, and binormal vectors of a biregular
smooth curve parametrized by arclength are connected by therelations

_v(s) = k(s)n(s); _n(s) = � k(s)v(s) + � (s)b(s); _b(s) = � � (s)n(s);

where � (s) is a real-valued function of s. In matrix form,
0

@
_v
_n
_b

1

A =

0

@
0 k 0

� k 0 �
0 � � 0

1

A

0

@
v
n
b

1

A ; or _e = Xe;

where the skew-symmetric3 � 3 matrix X is de�ned by

X =

0

@
0 k 0

� k 0 �
0 � � 0

1

A

and Xe denotes the result of its action on the Frenet framee.

De�nition 1.3.3. The function � = � (s) is called the torsion of the curve.
The relations in Theorem ?? are called the Frenet formulas, and the matrix
X = X (s) is the Frenet matrix .

For a curve contained in a plane in space, the binormal vectoris constant: It
does not change as we move along the curve. In particular, thetorsion is zero.
In fact, zero torsion characterizes plane curves:A curve in three-space lies in a
plane if and only if its torsion is identically zero.

We turn to the geometric interpretation of torsion (Figure ??). Consider the
Frenet frame e = ( v; n; b) at s, and again at s + � s, where � s is in�nitesimal.
Translate e(s + � s) back so it's based ats, and comparee(s + � s) with e(s).
More precisely, project the framee(s+ � s) onto the plane spanned byn(s) and
b(s), called the normal plane. The Frenet formulas say that the the projection
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Figure 1.22:

of v(s + � s) is zero to �rst-order approximation, and that the variatio n in n(s)
and b(s) is given by

dn
ds

= �b;
db
ds

= � �n; that is,
�

_n
_b

�
=

�
0 �

� � 0

� �
n
b

�
:

But this means that the motion of the projections (n; b) in the normal plane is
a rotation with angular velocity � . In other words, n and b are being rotated
about v, with angular velocity � . This explains why � is called the torsion.

Consider, for example, the familiarcircular helix , which winds round a cylin-
der (Figure ??). An arclength parametrization for this curve is

x = R coss; y = R sins; z = s:

It is easy to see that its curvature and torsion are constant (check it!).
It is an important fact that the curvature and torsion of a spa ce curve com-

pletely determine the curve, so long as the curvature does not vanish. More
precisely, we have the following three-dimensional counterpart to Statement ??:

Theorem 1.3.4. Given smooth functions k(s) > 0 and � (s), de�ned for a �
s � b, there exists a smooth curver (s) in three-space havings as its arclength
parameter, k(s) as its curvature, and � (s) as its torsion. Such a curve is unique
up to a rigid motion.

See the proof in [?], for example.
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Figure 1.23:





Chapter 2

The Notion of a
Riemannian Metric

2.1 Riemannian Metrics on Domains of Rn

De�nition and simplest properties. In the preceding chapter we associ-
ated with each curvilinear coordinate systemx = ( x1; : : : ; xn ) on a domain C
a smooth functional matrix G(x), and these matrices, at each point, behave as
a quadratic form under a change-of-coordinate transformations. The matrices
G(x) arose from the formula for the element of length of a curve, and we saw
that the length of a curve can be calculated in a curvilinear coordinate system
using the G(x). The property of transforming at each point like a quadrati c
form turns out to be of major importance.

De�nition 2.1.1. Let C be a domain in Rn . Giving C a Riemannian met-
ric means associating to every regular coordinate systemx = ( x1; : : : ; xn ) a
functional matrix G(x) = ( gij (x)), satisfying the following conditions:

(1) the functions gij (x1; : : : ; xn ) are smooth;

(2) the matrices G(x) are symmetric, that is, gij (x) = gji (x);

(3) the matrices G(x) are positive de�nite, that is, vG(x)vT > 0 for any
nonzero vectorv 2 Rn ; and

(4) under a coordinate transformation x ! y the matrix G(x) is transformed
by the rule

G(y) = AG(x)A t ;

where A is the Jacobian matrix of the change of coordinatesx ! y. In
other words, the matrix G(x) must transform like the matrix of a quadratic
form.

27
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Clearly, if we �x one regular coordinate systemx = ( x1; : : : ; xn ) and de�ne
a functional matrix G(x) satisfying conditions (1){(3), there is a unique way to
de�ne a functional matrix G(y) with respect to any other coordinate system in
such a way that condition (4) is satis�ed. Therefore we can de�ne a Riemannian
metric by giving a functional matrix in a particular coordin ate system, so long
as it satis�es conditions (1){(3).

We show explicitly the action of the transformation rule. Assume that the
coordinate transformation is x ! x0. Then

gi 0j 0 =
@xi

@xi 0

@xj

@xj 0 gij ;

or, in matrix form, G0 = AGA t . (Recall the Einstein summation convention
from the preceding chapter.)

Length of a curve. Suppose a Riemannian metricG(x) = ( gij (x)) is given
on a domainC, and let 
 (t) =

�
x1(t); : : : ; xn (t)

�
be a smooth curve given in the

same curvilinear coordinate system.

De�nition 2.1.2. The length of the curve 
 from the point 
 (a) to the point

 (b), with respect to the Riemannian metric G(x), is

l (r ) =
Z b

a

�
gij (x)

dxi

dt
dxj

dt

� 1
2

dt =
Z b

a

�
gij (x) x i 0x j 0� 1

2 dt:

Here 0 means di�erentiation with respect to the time parameter t.

If two smooth curves 
 1(t) and 
 2(t) intersect at a point P, the angle '
between them with respect to the Riemannian metric is de�nedby

cos' =
gij (x) x i 0

1 (t) x j 0
2 (t)

�
gij (x) x i 0

1 (t) x j 0
1 (t)

� 1
2

�
gij (x) x i 0

2 (t) x j 0
2 (t)

� 1
2

:

The de�nition of a Riemannian metric can be formulated in more invariant
terms, without the explicit use of coordinates. Indeed, a Riemannian metric
de�nes at each point of a domain abilinear form h; i G on the set of all tangent
vectors to smooth trajectories passing through that point. To explain this in
more detail, we take two regular curves
 (t) and � (t) such that P = 
 (0) = � (0)
(Figure ??). We consider their tangent vectors (velocity vectors) � = _
 (0)
and � = _� (0), with coordinates (� 1; : : : ; � n ) and (� 1; : : : ; � n ), in the coordinate
system x = ( x1; : : : ; xn ). Then we may consider the bilinear form

h�; � i G = gij (x)� i � j ;

which associates a number to any pair of vectors� and � .

Lemma 2.1.3. The smooth map(�; � ) ! h �; � i G(x ) de�nes a positive de�nite
bilinear form that depends smoothly on the pointx.

See the proof, for example, in [?; ?; ?; ?].
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Figure 2.1:

Invariant de�nition of a Riemannian metric. We therefore arrive at the
following coordinate-free de�nition of a Riemannian metric:

De�nition 2.1.4. Let C be a domain in Rn . Giving C a Riemannian metric
means associating to each point ofC a positive de�nite, symmetric bilinear form
(scalar product) on vectors tangent to smooth curves through that point. This
form should depend smoothly on the point.

Lemma ?? shows that this de�nition is equivalent to De�nition ??. The
lemma implies, in particular, that the length of a smooth curve with respect to a
Riemannian metric is well-de�ned, that is, it does not depend on the coordinate
system used in De�nition ??.

The standard Euclidean scalar product provides an example of a Riemannian
metric, called the Euclidean metric. If x1; : : : ; xn are Cartesian coordinates in
Rn , then G(x) = ( � ij ) is the identity matrix. In any other curvilinear coordinat e
system y obtained from x by a regular transformation, we have

G(y) = AG(x)A t = AA t ;

where A is the Jacobian matrix of this transformation.

De�nition 2.1.5. A Riemannian metric G de�ned in a domain C is called
Euclidean if there exists a coordinate systemy in C such that G(y) is the
identity matrix.

There exist non-Euclidean Riemannian metrics, that is, metrics that do not
satisfy De�nition ??. In fact, almost any metric de�ned at random will be non-
Euclidean (except in dimension 1). At the present moment in our exposition
we are unable toprove that some particular metric is non-Euclidean, since we
cannot exclude the possibility that it will take the form

P n
i =1 (dxi )2 in some

coordinate system. It is intuitively clear that to rule out t his possibility one has
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to �nd invariants that are preserved under regular coordinate transformations.
Once these invariants are calculated for two metrics and shown to be distinct,
we will know that the two metrics are not the same. Such invariants do exist
and we shall de�ne them soon.

The Euclidean metric in various coordinate systems. As we see, the
standard Euclidean metric loses its simple \Euclidean form" when written in
an arbitrary curvilinear coordinate system y. We now write down its expression
G(y) in the speci�c curvilinear coordinate systems consideredin the preceding
chapter. Actually what the formulas below express is the squared element of
length,

ds2 = gij (y) dyi dyj ;

which conveys the same information as the matrixG(y) = ( gij (y)) but is shorter
to write down when the matrix has many zero entries.

(1) Euclidean metric in polar coordinates (r; ' ) on the plane:

ds2 = dr2 + r 2d' 2:

(2) Euclidean metric in cylindrical coordinates (r; '; z ) in three-space:

ds2 = dr2 + r 2 d' 2 + dz2:

(3) Euclidean metric in spherical coordinates (r; �; ' ) in three-space:

ds2 = dr2 + r 2 (d� 2 + sin 2 � d' 2):

2.2 Important Example: The Standard Two-Sphere

We start with the Euclidean plane R2, with Cartesian coordinates x and y and
metric

ds2 = dx2 + dy2:

The associated bilinear form is the standard scalar producton the plane:

h�; � i = � 1� 1 + � 2� 2:

Now consider the standard two-dimensional sphere of radiusR in R3. This is,
by de�nition, the set of points that are at distance R from the origin (0; 0; 0);
we denote it by S2. Suppose that a smooth curve
 (t) lies on the two-sphere,
and that we need to calculate the length of
 . Let x; y; z denote the Cartesian
coordinates ofR3. We may consider the curve
 (t) =

�
x(t); y(t); z(t)

�
as part

of ambient three-space, which has the Euclidean metric

ds2 = dx2 + dy2 + dz2;

and calculate the curve's length using De�nition ??.
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Figure 2.2:

In such calculations we use the properties of the Euclidean metric only at
points in the vicinity of S2. In fact, we could restrict the Euclidean metric from
R3 to S2, and express it there in terms of coordinates onS2. Since the sphere
is given in R3 by a single equation, the position of a point on it is determined
by two parameters (one fewer than inR3). This is especially obvious when we
work in spherical coordinates (r; �; ' ) in R3: the sphere of radiusR is de�ned
by the single equation r = R = const, and is parametrized by the remaining
two coordinates.

We now obtain an explicit expression for the scalar product of two vectors
tangent to curves lying on S2. These vectors are tangent to the sphere itself
(Figure ??). Let 
 1(t) =

�
R; � 1(t); ' 1(t)

�
and 
 2(t) =

�
R; � 2(t); ' 2(t)

�
. Then

the velocity vectors are


 0
1(t) =

�
0; � 0

1; ' 0
1

�
and 
 0

2(t) =
�
0; � 0

2; ' 0
2

�
:

The scalar product of the tangent vectors is

h
 0
1; 
 0

2i = R2� 0
1� 0

2 + R2 sin2 � ' 0
1' 0

2:

Thus, we can interpret this value as the scalar product of twotangent vectors
(� 0

1; ' 0
1) and (� 0

2; ' 0
2) relative to a new bilinear form

R2� 0
1� 0

2 + R2 sin2 � ' 0
1 ' 0

2;

corresponding to the metric

R2 d� 2 + R2 sin2 � d' 2:

Note that this quadratic form can be obtained from the Euclidean metric

dr2 + R2 (d� 2 + sin 2 � d' 2)
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Figure 2.3:

in R3 by substituting the equation r = R that determines the two-sphere. The
Riemannian metric R2 (d� 2+sin 2 � d' 2) thus obtained on S2 is said to beinduced
by the ambient Euclidean metric of three-space.

This concrete example will be generalized below, and will illustrate the gen-
eral notion of an induced Riemannian metric|roughly speaking, a metric ob-
tained by restriction to a lower-dimensional space. To formalize this, we �rst
introduce the concept of asurface, something to which the ambient Riemannian
metric can be restricted.

2.3 First De�nition of Surfaces

One de�nition of a surface in Euclidean space is as a sets of points parametrized
by a vector-valued function of several variables, satisfying a natural condition
called nondegeneracyor regularity. To formalize this, consider a smooth map
r : U ! R3, where U is a domain in the Euclidean plane. We can write

r (u; v) =
�
x(u; v); y(u; v); z(u; v)

�
;

where the pair of parameters (u; v) varies in U. We are interested in the set of
points in R3 obtained asu and v vary, as shown in Figure??. Now consider the
vectors

ru =
� @x

@u
;

@y
@u

;
@z
@u

�
and r v =

� @x
@v

;
@y
@v

;
@z
@v

�
:

These vectors are tangent to thecoordinate curvesobtained when we vary the
parameter u with �xed v and when we varyv with �xed u. Nondegeneracyor
regularity means that ru and r v de�ne a plane, for any value of (u; v); this is
the same as saying thatru and r v are linearly independent for any (u; v). In
particular, both should always be nonzero.

De�nition 2.3.1. Suppose thatU is a domain in R2, and that r : U ! R3 is
a smooth map. The image ofr is called a smoothparametrized surface if the
vectors ru and r v are linearly independent for any (u; v).
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Given a parametrized surface, there is an important quadratic form on
it, induced by the ambient Riemannian metric ds2 =

P
gij (p) dpi dpj , where

p1; : : : ; pn are coordinates in R3. It is de�ned by regarding p = r (u; v) as a
point of the surface, and expressing the dependence of this point on u and v in
the formula for ds2. We obtain, as a result, the quadratic form

dl2(u; v) =
X

gij (p(u; v)) dpi (u; v) dpj (u; v):

De�nition 2.3.2. The quadratic form dl2(u; v) is called the Riemannian metric
induced on the parametrized surfacer (u; v) by the metric gij of three-space.

For example, suppose that the ambient metric inR3 is the Euclidean one,

ds2 = dx2 + dy2 + dz2:

Then the induced Riemannian metric is

dl2 = dx(u; v)2 + dy(u; v)2 + dz(u; v)2;

or, using the chain rule,

dl2 = ( x2
u + y2

u + z2
u ) du2 + 2( xu xv + yu yv + zu zv ) du dv + ( x2

v + y2
v + z2

v ) dv2

= hru ; ru i du2 + 2 hru ; r v i du dv + hr v ; r v i dv2:
(2.3.3)

Consider again a sphereS2 of radius R in R3, parametrized by spherical
coordinates � and ' on S2. (This sphere, as a whole, is not a parametrized
surface in the sense of De�nition ??, because the regularity condition is only
satis�ed for 0 < � < 2� , so the poles cannot be included in the parametrization.
However, we can think of a piece of the sphere as a parametrized surface.) In
Section ?? we endowedS2 with the metric induced by the ambient Euclidean
metric of R3, and obtained earlier an explicit expression for this metric with
respect to the spherical coordinates� and ' on S2, namely

dl2 = R2 (d� 2 + sin 2 �d' 2):

We now see that this formula is a particular case of (??).
Spherical coordinates are not the only useful coordinate system on a sphere.

We discuss another one, based on thestereographic projection of the sphereS2

onto the plane R2 (Figure ??). Place the center of the sphere of radiusR at
the origin 0 and consider the coordinate planeR2(x; y) through 0. Let N and
S denote the north and south poles on the sphere, andP an arbitrary point
on S2, di�erent from N . Connect N to P, and extend the segmentNP to the
point Q where it intersects the planeR2(x; y). Now map P to Q. This gives a
map h : S2 ! R2 called stereographic projection. The construction implies that
h is de�ned at all points of the sphere, except at the north poleN . We often
say that h maps the north pole to the \point at in�nity", which is not par t of
the plane, but can be \adjoined" to it.
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Figure 2.4:

Introducing coordinates both on the sphere and on the plane,we can write
the map h in analytic form. Consider, for example, spherical coordinates �; '
on S2, and polar coordinatesr; ' on R2. Because of the way in which we placed
the sphere and the plane inR3, both sets of coordinates are restrictions of the
spherical coordinatesr; �; ' in R3. In particular, stereographic projection h is
easily seen to preserve the coordinate' , and it is su�cient, in order to write h
explicitly, to relate r (on the plane) and � (on the sphere).

Figure 2.5:

Figure ?? shows how to do this. We take the section ofS2 by the plane
containing the points P, Q, and N . Since the angleONT is equal to 1

2 (� � � ),
we obtain from the triangle ONQ that r = R cot(�= 2). Thus, the �nal equations
for the coordinate transformation are

' = ' and r = R cot
�
2

:
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The Jacobian of this transformation is (R=2) sin2(�= 2); consequently, the trans-
formation is regular at all points except at the north pole. Hence, we can intro-
duce on the sphereS2 coordinates induced by polar coordinates on a Euclidean
plane. The induced Riemannian metric on the sphere in these coordinates takes
the form

dl2 =
R2

(R2 + r 2)2 (dr2 + r 2 d' 2):

Note that this Riemannian metric di�ers from the Euclidean m etric on the plane,
expressed in polar coordinates asdr2 + r 2d' 2, only by the a multiplicative factor

4R2

(R2 + r 2)2 :

Metrics that di�er only by a multiplicative scalar function are calledconformally
equivalent.

De�nition 2.3.4. A Riemannian metric gij (y) is called conformal if it is con-
formally equivalent to the Euclidean metric, that is, if the re exists a coordinate
system x = ( x1; : : : ; xn ) such that

gij (x) dxi dxj = � (x)
X

i

(dxi )2;

where � (x) is some smooth positive function.





Chapter 3

Local Theory of Surfaces

3.1 Embedded Surfaces

As a de�nition of a surface, De�nition ?? is not entirely satisfactory, because it
does not cover many objects that we would naturally like to call surfaces, such
as a sphere. Indeed, there are three common ways in which objects that we
consider surfaces inR3 can arise:

Graph representation

As the graph of a smooth function f (x; y) of two variables, that is, the set of
points of the form

�
x; y; f (x; y)

�
. This is illustrated in Figure ??.

Figure 3.1:

37
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Implicit representation

As a zero-set, that is, the set of all points (x; y; z) that satisfy the equation
F (x; y; z) = 0, where F is a smooth function that is assumed to be regular at all
points satisfying F = 0. (A point in the domain of F is called regular, and we
say that F is regular at that point, if at least one of the partial deriva tives Fx ,
Fy , Fz is nonzero there; otherwise the point is calledsingular. Thus, regular is
the same as nonsingular. This is a particular case of De�nition ?? below.) See
Figure ??.

Figure 3.2:

Parametric representation

As a parametrized surface, that is, a set of points of the form

r (u; v) =
�
x(u; v); y(u; v); z(u; v)

�
;

where u and v range over some domain in the plane,r is a smooth map, and
the vectors ru and r v are always linearly independent. This is precisely De�ni-
tion ??. See Figure??.

Relating the three representations

It is clear that a graph can be regarded as a particular case ofan implicitly
de�ned surface, if we takeF (x; y; z) = f (x; y) � z. A graph can also be regarded
as a parametrized surface, withx = u and v = y. Conversely, one can show
using the implicit function theorem says that an implicitly or parametrically
de�ned surface is locally a graph.

To state this more precisely, suppose thatP 2 R3 is any point on some
implicitly de�ned surface. Then there is some domain containing P inside which
we can express one of the coordinates of points on the surfaceas a function of
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Figure 3.3:

the other two coordinates. Thus, inside that domain, the surface is the graph
of some smooth functionz = f (x; y), or x = f (y; z), or y = f (x; z). (The
representationz = f (x; y) is possible if the partial derivative in z of the de�ning
function is nonzero atP; otherwise we may have to resort to one of the other two
possibilities. Since, by our de�nition, some partial derivative is nonzero at any
point on the surface, at least one of the three possibilitiesis always available.)

Similarly, for any ( u0; v0) 2 R2 in the domain of a parametrically de�ned
surface, there is some (perhaps smaller) domain containing(u0; v0), inside which
u and v can be written as functions of two of the coordinatesx, y, z. Substituting
into the equation of the third coordinate, we get a local expression of the surface
as a graphz = f (x; y), or x = f (y; z), or y = f (x; z).

De�nition of an embedded surface. Now we are prepared to generalize our
surfaces toRn , for an arbitrary dimension n. We start by introducing the notion
of a local embedded surfacein Rn , by which we mean essentially a parametrized
surface where the parametrization is a homeomorphism.

Take a domain (open set)U in R2, with Cartesian coordinatesu and v. Con-
sider a smooth vector-valued functionr : U ! Rn , with components x1; : : : ; xn :

r (u; v) = ( x1(u; v); : : : ; xn (u; v)) :

Since the x i are smooth functions, we can form the partial derivatives with
respect to u and v:

ru =
� @x1

@u
; : : : ;

@xn

@u

�
; r v =

� @x1

@v
; : : : ;

@xn

@v

�
:

De�nition 3.1.1. The imager (U) in Rn is called a (smooth, regular)embedded
local surface in Rn if r is a homeomorphism as a map fromU to r (U), and if ru

and r v are linearly independent for any (u; v) 2 U.
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De�nition 3.1.2. A set M � Rn is called a (smooth)embedded surfaceif, for
any point P of M , there is an open ballB � Rn containing P and such that the
intersection M \ B is a local embedded surface. A smooth embedded surface is
also called anembedded two-manifold.

The standard two-sphere in R3, minus the north pole, is a local embedded
surface; the role ofr may be played by stereographic projection. We essentially
showed this on page??, when we introduced stereographic projection, although
we didn't check there that r is a homeomorphism. Likewise, the sphere minus
the south pole is a local embedded surface. Therefore the whole sphere is an
embedded surface, since any point of it lies in one set or the other.

In fact, an implicitly de�ned surface in R3 is always an embedded surface
according to this de�nition, because near any point it looks like a graph, which
is a local embedded surface. See page??.

3.2 The Tangent Plane to a Surface

Consider an embedded local surfaceM in R3, given by the map r = r (u; v). By
assumption, for any givenu; v, the two vectors

ru = ( xu ; yu ; zu ) and r v = ( xv ; yv ; zv )

are linearly independent, and so determine a plane. We denote this plane by
TP M , where P = r (u; v).

De�nition 3.2.1. The tangent vector (velocity vector) at P of any smooth
curve contained in M and going through P is called a tangent vector to M at
P. The tangent plane to M at P is the set of all tangent vectors toM at P.

The reader should check thatru and r v are tangent vectors atP (think of the
coordinate curves); that any linear combination of ru and r v is also a tangent
vector at P; and that any tangent vector at P can be expressed as a linear
combination of ru and r v . Therefore the tangent plane really is a plane|in
fact, none other than TP M .

Next we consider implicitly de�ned surfaces. Let M be de�ned by the equa-
tion F (x; y; z) = 0, where F is everywhere regular onM . We de�ne tangent
vectors and the tangent plane at a pointP 2 M exactly as in De�nition ??.

Lemma 3.2.2. The tangent plane toM at P is given by the equation

Fx (P)x + Fy (P)y + Fz (P)z = 0 ;

where Fx , Fy , and Fz are the partial derivatives of F at P. In other words, a
vector (x; y; z) is tangent to the surface atP if and only if Fx x + Fy y + Fzz = 0 .

Proof. Consider a smooth curve
 =
�
� (t); � (t); � (t)

�
on M with 
 (0) = P.

BecauseF = 0 on M , we have

F
�
� (t); � (t); � (t)

�
= 0 for all t.
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Di�erentiating with respect to t we obtain Fx � 0(t) + Fy � 0(t) + Fz � 0(t) = 0.
Substituting t = 0, this becomes Fx (P)� 0(0) + Fy (P)� 0(0) + Fz (P)� 0(0) = 0.
But

�
� 0(0); � 0(0); � 0(0)

�
is the tangent vector to 
 at P. Since 
 was arbitrary,

this shows that any tangent vector at P satis�es the equation in the lemma.
Conversely, if (�; �; � ) is a vector satisfying the equation in the lemma, we

want to �nd a curve through P such that (�; �; � ) is the tangent vector to the
curve at P. We use the local expression ofM as a graph (see page??); for
instance, if Fz (P) 6= 0 we write z = f (x; y). We make our curve go through
P =

�
x0; y0; f (x0; y0)

�
at t = 0, and vary the x- and y-coordinates linearly:


 (t) =
�
x0 + t�; y 0 + t�; f (x0 + t�; y 0 + t� )

�
:

So the velocity vector is _
 (0) = ( �; �; f x � + f y � ). Now, it is well-known (and can
easily be checked by �xing y = y0) that f x = � Fx =Fz ; similarly f y = � Fy =Fz .
Therefore the z-component of _
 (0) is � (Fx � + Fy � )=Fz , which equals� because
Fx � + Fy � + Fz � = 0 by assumption and Fz 6= 0.

The equation Fx x + Fy y + Fz z = 0 has an interesting interpretation in
terms of the gradient gradF . The gradient of a function is really a covector,
not a vector. But because we are working in Cartesian coordinates x; y; z, we
can identify grad F with the vector ( Fx ; Fy ; Fz ), and we shall do so. (Important
remark: In general curvilinear coordinates this is no longer valid.) The preceding
discussion says that

gradF =
�
Fx (P); Fy (P); Fz (P)

�

is orthogonal to every tangent vector to M at P, and therefore is orthogonal to
TP M . See Figure??.

Figure 3.4:
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Since gradF is normal to the surface and nonzero, we can de�ne theunit
normal to M at P as

n(P) =
gradF
jgradF j

=
�

Fx

(F 2
x + F 2

y + F 2
z )

1
2

;
Fy

(F 2
x + F 2

y + F 2
z )

1
2

;
Fz

(F 2
x + F 2

y + F 2
z )

1
2

�
:

This is very useful for the geometric description of surfaces in three-space.

3.3 Higher-Dimensional Manifolds in Rn

De�nitions ?? and ?? formalized the notion of surface that we will be primarily
concerned with. These de�nitions can be easily extended tok-dimensional ob-
jects, called k-manifolds, for k > 2. It is su�cient to replace a domain U 2 R2

by a domain U 2 Rk , with coordinates u1; : : : ; uk , and require that the vectors
ru1 ; : : : ; ru k form a linearly independent set.

De�nition 3.3.1. A subset M � Rn is a k-dimensional embedded manifold, or
simply k-manifold , if it has the following property. For any point P 2 M , there
is a domain U � Rk and a smooth mapr : U ! M satisfying these conditions:

(1) r (U) is an open set inM (that is, the intersection of M with some domain
of Rn ), and it contains P;

(2) r is a homeomorphism when considered as a map fromU to r (U);

(3) the partial derivatives ru1 ; : : : ; ru k , whereu1; : : : ; uk are Cartesian coordi-
nates onU, form a linearly independent set of vectors inRn .

We say that the u1; : : : ; uk are a set oflocal coordinates around P, and that r
is a coordinate chart.

Remark. The word embeddedmeans that the object in question is included in a
larger space (hereRn ) in a nice way (see Section??). It is possible to de�ne the
notion of manifolds abstractly, so that they are not embedded anywhere. This
will be done in Chapter ??. Until then, we will simply say k-manifold to refer
to a k-dimensional embedded manifold.

When we want to make practical use of ak-manifold, or prove facts about
it, or de�ne things on it, we typically need to employ local coordinates.

In later chapters another notion will be necessary, that of manifolds with
boundary. A manifold with boundary M is not a manifold in the sense of
De�nition ??, because it includes points beyond whichM does not extend.
A formal de�nition will be given in Chapter ??, but the concept is probably
familiar, at least in the case of surfaces, and will be used informally in the next
chapter. Two familiar examples of surfaces with boundary are the closed unit
disk f (x; y) 2 R2 : x2 + y2 � 1g, and the cylinder

S1 � [0; 1] = f (x; y; z) 2 R3 : x2 + y2 = 1 and 0 � z � 1g:
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In the �rst case the boundary is the unit circle S1. In the second case the bound-
ary consists of two circles,S1 � f 0g and S1 � f 1g. If we replace the inequalities
� by < in these formulas, we get surfaces in the sense of De�nition??, and
unless we use the words \with boundary" that's the de�nition we will have in
mind when we talk about a surface or manifold.

3.4 The Di�erential of a Map. Embeddings and
Immersions

Recall also that tangent vectors to M at P are the linear combinations of the
vectors ru1 ; : : : ; ru k . We say that a tangent vector a 2 TP M has components
a1; : : : ; ak in local coordinates if a =

P
ak ru k . This expression is unique, since

the ru i form a basis of the tangent space. We usually writea = ( a1; : : : ; ak ).

De�nition 3.4.1. Let f : M ! N be a map from a smoothm-manifold M into
a smoothn-manifold N . We say that f is smooth if it is smooth when expressed
in local coordinates, by which we mean the following. Suppose P 2 M . Tak-
ing local coordinatesx1; : : : ; xm in a neighborhood ofP and local coordinates
y1; : : : ; yn in a neighborhood off (P), we can write the map f in the form

y1 = y1(x1; : : : ; xm ); : : : ; yn = yn (x1; : : : ; xm ):

Saying that f is smooth at P is saying that the functions y1; : : : ; yn are smooth
at P. If f is smooth at all points, it is a smooth map between manifolds.

Assume from now on that f is smooth. The di�erential of f at P is a linear
map df P : TP M ! Tf (P ) N from the tangent space toP into the tangent space
of f (P), de�ned in local coordinates by the Jacobian matrix of f . Recall that
the Jacobian matrix is the matrix of partial derivatives

df =

0

B
B
B
B
@

@y1

@x1
� � �

@yn

@x1
...

...
@y1

@xm
� � �

@yn

@xm

1

C
C
C
C
A

(note that we use the same symbol for this matrix and the di�erential of the
map). If a = ( a1; : : : ; am ) 2 TP M is a tangent vector to M at P, its image
df (a) under df is the vector b 2 Tf (P )N having components

bi =
X

j

@yi

@xj
aj :

This formula de�nes the linear map df explicitly.

De�nition 3.4.2. Let f : M ! N be a smooth map. A point P of M is called
a regular point of f if the di�erential

df P : TP M ! TQ N
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is surjective, that is, if its image is all of Tf (P ) N . In particular, for regular
points to exist we must have dimM � dim N . A point Q 2 N is called aregular
value of f if all points of the inverse imagef � 1(Q) are regular points of f . In
particular, any point in the complement of the image of M is automatically a
regular value of f , since the condition is vacuously satis�ed. A point or value
that is not regular is called singular or critical .

Saying that the di�erential is onto at P is saying that the Jacobian matrix
at P has rank n (recall that the rank of a matrix is the number of linearly
independent columns, that is, the dimension of the image of the corresponding
linear map).

The following theorem is very important.

Theorem 3.4.3. Let f : M ! N be a smooth map of smooth manifolds, and let
Q 2 f (M ) be a regular value off . Then the inverse imagef � 1(Q) is a smooth
manifold of dimension dim f � 1(Q) = dim M � dim N = m � n.

This, too, follows from the implicit function theorem. A pro of is given in [?,
p. 21]; see also [?; ?; ?; ?].

De�nition 3.4.4. A smooth map f : M ! N is called animmersion if at any
point P from M the di�erential

df P : TP M ! Tf (P ) N

is injective, that is, no nonzero vector maps to zero. If, moreover,f is a home-
omorphism when considered as a map fromM to f (M ), we say that f is em-
bedding.

If we have two smooth manifolds inRn contained in one another, the smaller
one is called asubmanifold of the larger one. If f : M ! N is a smooth map,
Theorem?? says that the inverse image of a regular value is a submanifold of M ,
and De�nition ?? says that f (M ) is a submanifold of N if f is an embedding.

Figure ??(a) shows an immersion of the circleS1 into R2; Figure ??(b) shows
an embedding ofS1 into R2.

3.5 The First Fundamental Form. Isothermal
Coordinates. Area

We now go back to surfaces in Euclidean space. Consider inR3, with coordinates
x; y; z, an embedded surfaceM given locally by

r (u; v) =
�
x(u; v); y(u; v); z(u; v)

�
;

where ru and r v are of course linearly independent for any (u; v).

De�nition 3.5.1. The Riemannian metric induced onM by the ambient Eu-
clidean metric is called the �rst fundamental form of M .
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Figure 3.5:

According to Equation (??), the �rst fundamental form is

ds2 = E du2 + 2 F du dv + G dv2;

where
E = hru ; ru i = x2

u + y2
u + z2

u ;

F = hru ; r v i = xu xv + yu yv + zu zv ;

G = hr v ; r v i = x2
v + y2

u + z2
v :

We can write the same expression as

ds2 = gij dxi dxj ;

where g11 = E, g12 = g21 = F , g22 = G, x1 = u, x2 = v.
If the surface is given as a graphz = f (x; y), we can setu = x and v = y,

and the formulas can be written more simply in local coordinates x; y as

g11 = 1 + f 2
x ; g12 = g21 = f x f y ; g22 = 1 + f 2

y :

If the surface is given implicitly by the equation F (x; y; z) = 0, we can write
the induced metric as follows. Assume thatFz , say, is nonzero at the point
of interest, and write the surface locally as the graph of a smooth function
z = f (x; y), just as in the proof of Lemma ??. Using the formulas f x = � Fx =Fz

and f y = � Fy =Fz , we obtain

g11 = 1 +
F 2

x

F 2
y

; g12 = g21 =
Fx Fy

F 2
z

; g22 = 1 +
F 2

y

F 2
z

in local coordinatesx; y. These formulas should be modi�ed in the obvious way
if we must choose insteady; z or x; z as local coordinates.
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Isothermal or conformal coordinates on a surface. Consider an embed-
ded surfaceM � R3 with local coordinates denotedu = x1 and v = x2. We will
be considering onM an arbitrary smooth Riemannian metric ds2, not necessar-
ily the one induced by the Euclidean metric ofR3. Saying that the Riemannian
metric is smooth means that it has the expressionds2 = gij dxi dxj , where the
gij are smooth functions ofx1 and x2.

De�nition 3.5.2. The local coordinates are calledconformal or isothermal for
the given Riemannian metric if

g11 = g22 = �; g 12 = g21 = 0 ;

where � is a positive smooth function. Equivalently, we can write

ds2 = � (u; v)(du2 + dv2):

The following theorem says that isothermal coordinates exist around any
point of a surface. It follows from the existence of solutions for the so-called
Beltrami's equation; a proof can be found in [?]. See also [?; ?; ?].

Theorem 3.5.3. Let M be a surface inR3, with a Riemannian metric ds2. For
any point P 2 M , we can introduce isothermal local coordinates in a neighbor-
hood of P; that is, we can choose a parametrizationr (u; v) of this neighborhood
in such a way that

ds2 = � (u; v)(du2 + dv2):

Note that the coordinatesu and v serve, generally speaking, only for a certain
neighborhood of the given point.

In isothermal coordinates u; v, the coordinate curvesu = constant and v =
constant are orthogonal with respect to the given Riemannian metric. Indeed,
the scalar product of the tangent vectorsru and r v is g12 = g21, which is zero
by assumption.

Area of a surface. We continue to consider an arbitrary smooth Riemannian
metric on M , with expression ds2 = gij dxi dxj . We form the smooth function
g = det( gij ), which is everywhere positive because of the de�nition of aRie-
mannian metric (the matrix ( gij ) is positive de�nite). Let U be a region onM
bounded by some smooth or piecewise smooth curve
 on the surfaceM . We
assume that the closure ofU is a compact set, and that it is entirely contained
in a single coordinate neighborhood, as illustrated in Figure ??. (The closure of
a subsetU of a topological spaceX is the smallest closed subset ofX containing
U.)

De�nition 3.5.4. The area of U with respect to the metric ds2 is

� (U) =
Z Z

p
g dx1 dx2;

where the integral is taken over the inverse image ofU in the (x1; x2)-plane.
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Figure 3.6:

We introduce the useful abbreviated expression

d� =
p

g dx1 dx2;

called the element of area or di�erential of area of the surface (or of the Rie-
mannian metric gij ).

The next theorem gives explicit local formulas for the area of a surface inR3

in graph, implicit, or parametric representation, with respect to the Riemannian
metric induced from the Euclidean metric of R3. These formulas follow easily
from the corresponding expressions forgij given at the beginning of this section
(page ??).

Theorem 3.5.5. (a) For a surface given as a graphz = f (x; y), the area of
a region U on the surface that projects to a regionV of the (x; y)-plane is

� (U) =
Z Z

V

q
1 + f 2

x + f 2
y dx dy:

(b) For a surface given byF (x; y; z) = 0 , the area of a region that has a
one-to-one orthogonal projection onto the regionV of the (x; y)-plane is

� (U) =
Z Z

V

q
F 2

x + F 2
y + F 2

z

jFz j
dx dy;

provided that Fz 6= 0 for all points in U.

(c) For a surface given parametrically byr = r (u; v), the area of the imageU
of a region V of the coordinate plane is

� (U) =
Z Z

V
jru � r v j du dv =

Z Z

V

p
EG � F 2 du dv:

Here � denotes the cross product in Euclidean space, andE; F; G are the
coe�cients of the �rst fundamental form.

Figure ?? illustrates the three cases.
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Figure 3.7:

3.6 The Second Fundamental Form. Mean and
Gaussian Curvatures

Mean and Gaussian curvatures of the surface. Consider an embedded
surface M in R3, and suppose that at the point P 2 M the tangent plane is
orthogonal to the z-axis, as shown in Figure??. In fact, any point can be made
to satisfy this condition after an orthogonal change of coordinates: Just de�ne
the z-direction to be normal to the surface, and choose mutually perpendicular
directions in the tangent plane to be the x- and y-directions. Now M may be
given locally, in the neighborhood ofP, by an equation z = f (x; y). By means
of a translation we can also assume thatP = (0 ; 0; 0).

Figure 3.8:

Because the (x; y)-plane is tangent to the surface atP, the partial derivatives
f x and f y of f vanish at (0; 0). Now consider the partial derivatives of second
order. We have d2f = f xx dx2 + 2 f xy dx dy + f yy dy2. The matrix of this
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quadratic form,

HP f =
�

f xx f xy

f yx f yy

�
;

is called the Hessian of f .

De�nition 3.6.1. Still in the same notation, the principal curvatures of the
surface at P are the eigenvalues� 1 and � 2 of Hpf , which are real because the
Hessian is a symmetric matrix. The mean curvature H of the surface at P is
the trace of HP f , which equals

H = f xx + f yy = � 1 + � 2:

(Remark: Some other texts de�neH as half this value.) TheGaussian curvature
K of the surface atP is the determinant of HP f , which equals

K = f xx f yy � f 2
xy = � 1� 2:

The Theorema Egregiumof Gauss states that what we now call the Gauss-
ian curvature is an intrinsic invariant , that is, it depends only on the internal
metric properties of the surface. To appreciate the import of this statement,
imagine slicing o� a segment of a beach ball. The plastic piece you get can be
deformedisometrically in R3, that is, without subjecting the plastic to stretch-
ing or compression. (An isometry is a map that preserves distances.) Gauss's
theorem says that the product of the principal curvatures at a point does not
change at all during this distortion. The mean curvature H , by contrast, is not
invariant under isometries; it depends on the concrete embedding of the surface
in three-space.

We formulated our de�nition of principal, mean, and Gaussian curvatures in
terms of special local coordinates on the surface. Sometimes this is inconvenient,
so now we will approach the same notions in terms of arbitrarylocal coordinates.

The second fundamental form. Let the surfaceM be given in parametric
form by r (u; v). The unit normal vector m to M at the point of interest P is
given by

m =
ru � r v

jru � r v j
;

becausem is normal to the vectors ru and r v that determine the tangent plane
TP M . Now let (u(t); v(t)) be a smooth curve in the parameter plane, mapped
by r to a curve 
 (t) = r

�
u(t); v(t)

�
in M that goes through P at t = 0, say.

Di�erentiating the expression of 
 we obtain 
 0 = ru u0+ r v v0, and consequently


 00= ( ruu u02 + 2 ruv u0v0+ r vv v02) + ( ru u00+ r v v00):

We are interested in the component of the acceleration
 00(0) normal to the
surface, because intuitively this measures how much the surface is warped, as
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Figure 3.9:

indicated in Figure ??. Taking the scalar product of the preceding equality with
m and using the orthogonality of m with ru and r v , we get

h
 00; mi = hruu ; mi u02 + 2 hruv ; mi u0v0+ hr vv ; mi v02;

where all derivatives are evaluated att = 0. This is a quadratic form in u0 and
v0, whose coe�cients are traditionally denoted by L = hruu ; mi , M = hruv ; mi ,
N = hr vv ; mi . We have proved the following result:

Lemma 3.6.2. The normal component of the acceleration vector of a curve

 (t) = r

�
u(t); v(t)

�
at P is a quadratic form in the componentsu0 and v0 of the

velocity of the curve at P. This is called the second fundamental form of the
surface at P, and is given by the matrix

Q =
�

L M
M N

�
;

where L , M , N are the normal components of the vectorsruu , ruv , r vv .

This matrix is symmetric but not necessarily nondegenerate. A surface may
even haveQ = 0, as in the case of a plane parametrized linearly, where all
derivatives ruu ; ruv ; r vv are identically zero.

Note that the coe�cients L; M; N of the second fundamental form depend
only on the point P on the surface and not on the curve
 (t).

Curvature of curves on a surface. Now suppose that the smooth curve

is parametrized by arclength; as usual, we denote the parameter by s instead
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of t. It follows from the Serret{Frenet formulas (see also Figure ??) that

•r =
d2r
ds2 = kn;

where n is the principal normal to the curve 
 (s) and k(s) is its curvature.
Consequently, we obtain

h•r; m i = khn; mi = k cos�;

where � is the angle between the unit vectorsm and n (Figure ??).

Figure 3.10:

Hence,

k cos�ds 2 = h•
; m i ds2 = L du2 + 2 M du dv + N dv2:

Comparing this formula with the expression derived earlierfor ds2, we get

k cos� =
L du2 + 2 M du dv + N dv2

E du2 + 2 F du dv + G dv2 =
qij dxi dxj

gij dxi dxj ;

where on the right-hand side we have setq11 = L , q12 = q21 = M , q22 = N ,
x1 = u, x2 = v (the gij were de�ned earlier).

Note that we can now write for any curve 
 (t) = r
�
x1(t); x2(t)

�
(not just

one parametrized by arclength)

k cos� =
qij x i 0x j 0

gij x i 0x j 0:

The preceding discussion has shown the following result:
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Theorem 3.6.3. The curvature at a point P of a curve 
 (t) on a surface in
R3, multiplied by the cosine of the angle between the normal to the surface atP
and the principal normal to the curve at P, is the ratio between the second and
�rst fundamental forms, evaluated at P in the direction of the curve.

An important particular case is when the curve is obtained by intersecting
the surface with a plane normal to the surface atP. Then n = � m, so that
cos� = � 1.

Theorem 3.6.4. If the curve is a cross-section of the surface by a plane normal
to the surface ofP, the corresponding normal curvature of the curve atP is given
by

� k =
qij x i 0x j 0

gij x i 0x j 0;

where the minus sign corresponds to the case whenm and n have opposite di-
rections.

Recall that here the x i 0 denote the components of the velocity vector for the
curve at the point in question.

Thus we have associated with each pointP of a surfaceM in R3 two qua-
dratic forms

ds2 = gij dxi dxj and h•r; m i dt2 = qij dxi dxj ;

the �rst of which is positive de�nite. These forms have matri ces

G =
�

g11 g12

g21 g22

�
; Q =

�
q11 q12

q21 q22

�
:

Eigenvalues of the fundamental forms. Gaussian and mean cur va-
tures. We consider the equation det(Q� �G ) = 0 in � . SinceG is positive de�-
nite, and therefore invertible, this equation is equivalent to det( G� 1Q� �I ) = 0,
where I is the identity matrix, so the roots are the eigenvalues ofG� 1Q. Ac-
cording to the theory of quadratic forms, these eigenvaluesare real becauseG
and Q are symmetric andG is positive de�nite.

De�nition 3.6.5. The roots � 1 and � 2 of det(Q � �G ) = 0 are called the
principal curvatures of the surface at the point P. They are the eigenvalues of
G� 1Q. The product K = � 1� 2 is called the Gaussian curvature of the surface
at P, and the sum H = � 1 + � 2 is called the mean curvature. Thus,

K = det( G� 1Q) =
det Q
det G

; H = trace( G� 1Q):

Clearly, a vector e1 2 TP M satis�es (Q � � 1G)e1 = 0 if and only if it is
a � 1-eigenvector ofG� 1Q. The space of these vectors determines theprincipal
direction at P associated with� 1. The principal direction associated with � 2 is
de�ned likewise. If the principal curvatures � 1 and � 2 are the same,Q and G
are proportional, and all directions are principal. We then call P an umbilic, or
umbilical point .
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We now compare this general de�nition of the Gaussian and mean curvatures
with De�nition ??, which applied to surfaces in the special form of Figure??.
Recall that, in that special case, M is given by z = f (x; y) with f (0; 0) = 0,
f x = 0 and f y = 0 at the point P = (0 ; 0; 0), so that TP M is the xy-plane.
Putting x = u and y = v, we get at the point P the values g11 = 1, g22 = 1,
and g12 = g21 = 0, so that G is the identity matrix I . We also have atP the
equalities

L = q11 = hruu ; mi = f xx ;

M = q12 = hruv ; mi = f xy ;

N = q22 = hr vv ; mi = f yy

;

if we assume that the unit normal m is in the direction of the positive z-axis.
Consequently, the second fundamental form atP is

L dx 2 + 2 M dx dy + N dy2 = f xx dx2 + 2 f xy dx dy + f yy dy2 = d2f:

BecauseG = I , the principal curvatures are the eigenvalues� 1 and � 2 of

�
f xx f xy

f yx f yy

�
;

which is the Hessian of the functionf .
Thus, the Gaussian curvatureK is simply f xx f yy � f 2

xy (the determinant of
the Hessian) and the mean curvature isf xx + f yy (the trace of the Hessian). We
see that De�nition ?? agrees with De�nition ??.

A direct calculation shows that, for a surface M given in R3 as the graph
z = f (x; y), the mean curvature H is given at any point by

H = div
�

f xp
1 + f 2

x + f 2
y

;
f yp

1 + f 2
x + f 2

y

�
: (3.6.6)

(Recall that, in Cartesian coordinates, the divergence of aplane vector �eld
v = ( v1; v2) is the function div v = @v1=@x1 + @v2=@x2.)

Now we calculate the Gaussian and mean curvatures for the standard sphere
of radius R. It is clear that all normal cross-sections are the circles of radius
R on the sphere, calledgreat circles. Thus, the normal curvature is everywhere
and in all directions just the constant R� 1. Hence the two principal curvatures
are both equal to R� 1 everywhere, so that the Gaussian curvature isK = R� 2

and the mean curvature isH = 2 R� 1.
A surface whose Gaussian curvature is positive at every point is strictly

convex.

Euler's formula. Consider a basise1; e2 in TP M consisting of eigenvectors
of G� 1Q. It is an important fact about quadratic forms that, if � 1 6= � 2, such a
basis orthogonalizesG and Q simultaneously; in other words, if A is the matrix
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Figure 3.11:

with columns e1; e2, the matrices G0 = A t GA and Q0 = A t QA are diagonal.
Evaluating both forms at e1 and e2 shows that

Q0 = G0
�

� 1 0
0 � 2

�
:

Note that, by construction, the o�-diagonal entry of G0 is the scalar product
(according to G) of e1 and e2, so the principal directions are orthogonal with
respect to this scalar product, and therefore also with respect to the Euclidean
scalar product in R3. This can also be arranged if� 1 = � 2, for then all vectors
in TP M are eigenvectors ofG� 1Q, and we are free to picke1 and e2 orthogonal.
In any caseG0 and Q0 are diagonal, and related as above.

Now arrange the surface as in De�nition??, with the normal m at P pointing
toward the positive z-axis. Rotate the xy-plane so that e1 becomes a multiple of
the unit x-vector and e2 a multiple of the unit y-vector. In the local coordinates
x and y, we know that G is the identity matrix at P; the preceding discussion
shows that then

Q =
�

� 1 0
0 � 2

�
:

Thus, the �rst fundamental form at P is dx2 + dy2, and the second fundamental
form is � 1dx2 + � 2dy2.

Consider the cross-section ofM by a normal plane at P (a plane containing
the normal vector). It follows from Theorem ?? that the curvature k of the
cross-section atP is

k =
� 1x02 + � 2y02

x02 + y02 = � 1 cos2 � + � 2 sin2 �; (3.6.7)
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where � is de�ned by

cos2 � =
x02

x02 + y02 ; sin2 � =
y02

x02 + y02

and depends only on the plane chosen for the cross-section. Equation ?? is
called Euler's formula , and k is called the normal curvature of the surface (in
the direction of the plane). The dependence of the curvaturek = k(� ) on the
angle � is shown in Figure ??. It is clear that � 1 and � 2 are the minimal and
maximal values for k(� ).

Figure 3.12:

Since the manipulations that led to this formula can be applied to any point
P, and since the formula does not involve a particular coordinate system, we
see that it holds at any point on any surface. Thus we have proved:

Theorem 3.6.8. The normal curvature at a point on a surface is given by
k = � 1 cos2 � + � 2 sin2 � , where � 1 and � 2 are the principal curvatures at that
point, and � is the angle between the tangent vector to the normal sectionand
the principal direction corresponding to � 1. If � 1 > � 2, then � 1 and � 2 are
respectively the largest and smallest values of the normal curvature at the point.

The geometric meaning of the Gaussian curvature. We once more as-
sume that the surface is given (in some domain) byz = f (x; y), and that the
normal at P = (0 ; 0; 0) points up. We have seen that the Gaussian curvature at
P is

K = f xx f yy � f 2
xy :

We discuss the geometric interpretation of the sign ofK . We need to consider
three cases, illustrated in the three parts of Figure??.
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(a) K > 0, � 1 > 0, � 2 > 0. According to Euler's formula k = � 1 cos2 � +
� 2 sin2 � , all normal curvatures K are positive, that is, at the point P
the surface bends upwards in all directions. Hencef (x; y) has a local
minimum at P.

(b) K > 0, � 1 < 0, � 2 < 0. By the same token,f (x; y) has a localmaximum
at P.

(c) K < 0, so that � 1 and � 2 have di�erent signs. Some cross-sections curve
up, and some curve down. The functionf is saddle-shapedat P.

Figure 3.13:

In coordinate-free language, we have this result, illustrated in Figure ??:

Theorem 3.6.9. If the Gaussian curvatureK is positive at P, there is a neigh-
borhood P throughout which the surface lies on one side of the tangent plane
TP M . If K is negative, the surface intersectsTP M , and the intersection is
homeomorphic to two smooth segments that cross atP.

Figure 3.14:

3.7 Surfaces of Constant Mean Curvature

The Poisson{Laplace Theorem. The mean curvature H = � 1 + � 2 occurs
naturally in many physical problems. As an example, we present the Poisson{
Laplace theorem.
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Theorem 3.7.1. Suppose a smooth surfaceM in R3 is the interface (separation
surface) between two 
uid media that are in equilibrium. Let p1 and p2 be the
pressures in the media. Then the mean curvatureH of the surfaceM is equal
to

H = h(p1 � p2);

where the constanth is determined by the physical properties of the media and
p1 � p2 is the pressure di�erence (see Figure??). In particular, if p1 and p2 are
uniform throughout the respective media, the interface is asurface of constant
mean curvature (that is, the mean curvature is independent of the point on the
surface).

Figure 3.15:

Soap �lms. We apply this theorem to well-known physical objects: soap
bubbles and soap �lms. They arise, for example, when we dip a wire contour
into a soap solution and pull it out slowly. We discuss two cases, shown in the
two parts of Figure ??:

(a) a closed soap bubble, that is, a soap �lm without boundary, and

(b) a soap �lm bounded by a wire contour.

In case (a) the soap �lm separates two media with di�erent pressures. As a
model, we can take a soap bubble made by blowing through a tube(Figure ??).
Consequently, here we have

H = h(p1 � p2) > 0;

with an appropriate choice of direction for the normal to the surface. If we ne-
glect gravity, Theorem ?? says that the mean curvature is constant throughout
the whole surface of the bubble. A di�cult theorem proved by A leksandrov in
1955 says that any embedded surface inR3 that has constant mean curvature
and is homeomorphic to a sphere is in fact around sphere (by which we mean
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Figure 3.16:

Figure 3.17:
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a standard sphere of some radius; often we loosely call a sphere a space that
is just homeomorphic to S2). Details can be found in [?], for example. Single
soap bubbles in equilibrium, therefore, must be spherical.

Remark. Hopf [?] strengthened Aleksandrov's theorem to show that anyim-
mersion of the spherein R3 having constant mean curvature is a round sphere.
That is, allowing self-intersections does not change the picture as far as surfaces
modeled on the sphere are concerned. However, if we allow other topological
types, there are other immersed surfaces of constant mean curvature R3, whose
construction is far from trivial; this is currently an area o f active research. The
�rst examples of such surfaces were theWente tori [?].

Minimal surfaces. Turning now to the case of Figure ??(b), we see that
when the �lm has a boundary, it does not disconnect space, so the medium
on both sides of the �lm is, in fact, the same, and the pressuremust be the
same as well. See Figure??, where the arc represents a cross-section of the
two-dimensional �lm. Therefore in this case H = 0: the surface has zero mean
curvature.

Figure 3.18:

Surfaces of zero mean curvature are also known asminimal surfaces because
they are locally area-minimizing, in the following sense.

Consider all possible small enough perturbations of the surfaceM in R3 that
do not move the boundary of the surface (Figure??). We call a perturbation
small if it is small in amplitude and localized inside a small region in space (that
is, outside a certain small ball the surface remains unchanged).

De�nition 3.7.2. A surface in three-space is calledlocally minimal if no small
perturbation of it decreases its area.

Theorem 3.7.3. A surface M in Euclidean three-space is locally minimal if
and only if its mean curvature is identically zero.

Corollary 3.7.4. A soap �lm in R3 bounded by some wire contour is a locally
minimal surface.
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Figure 3.19:

Analytic expression for the local minimality of a surface. From the
de�nition of mean curvature H we have

H =
GL � 2MF + EN

EG � F 2 ;

where ds2 = E du2 + 2 F du dv + G dv2 is the �rst quadratic form and L du2 +
2M du dv + N dv2 is the second. According to Theorem??, we can (locally)
choose conformal coordinatesu and v; in such coordinates we haveE = G and
F = 0. Consequently, in these coordinates the conditionH = 0 is equivalent to
the identity

L + N = 0 :

From this it follows that
@2r
@u2

+
@2r
@v2

= 0 ;

wherer = r (u; v) is the parametrization of the surface inR3. Thus, in conformal
coordinates we have

� r = 0 ;

where � is the Laplace operator. By de�nition, this means that r is a harmonic
vector-valued function with respect to the conformal coordinates. Hence, the
equality H = 0 can be regarded as thedi�erential equation of the minimal
surface.

Expanding Equation ?? we see that, for a surface given locally as a graph
z = f (x; y), the minimality condition is

(1 + f 2
x )f yy � 2f x f y f xy + (1 + f 2

y )f xx = 0 :

Simplest examples of minimal surfaces.

Example 3.7.5. A plane in R3 is obviously a minimal surface.

Example 3.7.6. Consider in R2 the curve given by the equation

y = a cosh
x
a

= 1
2 a(ex=a + e� x=a );



3.7. SURFACES OF CONSTANT MEAN CURVATURE 61

wherea is a constant (Figure ??). This curve is called acatenary, because it is
the shape taken by a chain (in Latin, \catena") of uniform wei ght hanging from
two points, such asA and B in Figure ??. The surface of revolution formed
by rotating the catenary about the x-axis, shown in Figure ??, is a minimal
surface (prove it!), called a catenoid. An implicit equation for the catenoid in
Cartesian coordinates is

a2(x2 + y2) = cosh2(az);

where a is a constant andz is the axis of symmetry.

Figure 3.20: Figure 3.21.

Example 3.7.7. The helicoid is given in R3 by the equation

x cosz = y sinz;

locally we can write z = arctan x=y. Geometrically, this surface is obtained when
a straight line A that intersects orthogonally a vertical straight line B moves
up B at constant speed, while also turning at constant speed. SeeFigure ??.

Example 3.7.8. Scherk's surfaceis given by the equation

z =
1
a

ln
cos(ay)
cos(ax)

; or eaz =
cos(ay)
cos(ax)

;

where a is a constant.

Singular points of minimal surfaces. Plateau principles. Soap bubbles
in practice are typically not single embedded surfaces; they usually consist of
pieces of embedded surfaces that join together along curves. For instance, when
two spherical bubbles coalesce into a double bubble, we get three pieces of
spheres, that join together along a circle, giving rise to the local situation shown
in Figure ??.
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Figure 3.22:

Figure 3.23: Figure 3.24.



3.7. SURFACES OF CONSTANT MEAN CURVATURE 63

The points where the bubble is not an embedded surface are called singular
points, and they form the bubble's singular locus. Often we talk about such
con�gurations as surfaces of constant mean curvature with singular points.

The singular locus can be complicated. Singular points are not isolated:
they form arcs, which can meet together and form complicatedskeletons. The
local structure of a minimal surface near such singular points is described by
the Plateau principles:

Smoothness Principle. Energy-minimizing surface con�gurations, such as soap
�lms, consist of fragments of smooth surfaces of constant mean curvature meet-
ing at a singular locus.

Branching Principle . The singular locus can have only two local con�gurations:
three smooth sheets meeting along a smooth curve at 120� angles (Figure??), or
six smooth sheets (along with four singular curves) converging in a vertex, the
angles between the curves being equal to arcsin 2

p
2=3 � 109� 280 (Figure ??).

Remark. Joseph Plateau (1801{1883) was a Belgian physicist, professor of physics
and anatomy, who experimented extensively with soap �lms and other physical
surfaces. The principles that bear his name were formulatedas a result of phys-
ical experiments; although they were published over a century ago [?], it was
not until much later that they were proved mathematically. S ee the Scienti�c
American article [?].

It is convenient to visualize the situation of Figure ?? as follows: take a
regular tetrahedron and place the sextuple point in its center; then connect this
point with the vertices and span the four edges by six triangles.

From the mathematical point of view, there exist surfaces whose mean cur-
vature vanishes almost everywhere (at all nonsingular points), but that have
more than three sheets meeting at an edge: for example, two orthogonal planes
meeting in a straight line (Figure ??). Nevertheless, attempts to construct a
real soap �lm with more than three sheets meeting along a singular line fail. It
turns out that any surface of zero curvature with self-intersections of multiplicity
more than three is unstable.

Figure 3.25:

An informal argument that makes this fact plausible is easy to give. Con-
sider, for example, two planes meeting in a straight line. Ifthe planes are not
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orthogonal, we can decrease the total area by splitting the singular line into
two, as in Figure ??. But even when the planes are orthogonal, one can see
that the total area can be decreased by taking a section by a plane orthogonal
to the singular line, as shown in Figure??. This gives two orthogonal lines in

Figure 3.26:

the plane. An easy calculation shows that the total lengths of the segments
decreases if the quadruple point is split into two triple points, as shown in the
�gure. The same idea in one dimension higher serves to decrease the total area
of the con�guration in Figure ??. It also applies to con�gurations where more
than four surfaces meet, as in Figure??.

Figure 3.27:

Minimal surfaces in nature. Many concrete problems in physics, chemistry,
and biology can be reduced to the analysis of minimal surfaces. We illustrate
with a biological example. Minimal �lms are realized as the most economical
surfaces forming the tiny sea animals known as radiolarians.

Radiolarians consist of small blobs of protoplasm inside foam-like forms sim-
ilar to soap �lms or bubbles. Since these organisms are fairly complex, the
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Figure 3.28:

minimal �lms involved typically have many branch points and triple edges, on
which the organism's 
uids are mostly concentrated. The concentration of 
uid
leads to the deposit of salts along these edges, and this is what builds the an-
imal's skeleton. After death, the soft tissues vanish gradually, and the hard
skeleton remains. The skeleton therefore represents the singular locus of the
animal's membranes (some of which have constant positive mean curvature).
Three skeletons are drawn in Figure??; their shapes are strikingly similar to
those of certain actual soap �lm clusters, based on a regulartetrahedron, cube,
and triangular prism, respectively (Figure ??). See also the books [?] and [?].
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(a)

Figure 3.29:
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(b)
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(c)

(a) (b) (c)

Figure 3.30:



Chapter 4

The Classi�cation of
Surfaces

4.1 The Canonical Fundamental Polygon of a
Surface

In this chapter we study embedded surfaces (two-manifolds)in Rn that are
compact and connected. We recall the meaning of these concepts.

First, a subset of Rn is called closed if its complement is an open set (also
known as a domain; see Chapter??). Another, often useful, characterization, is
this: If X � Rn is closed, and a sequence of pointsx1; : : : ; xn ; : : : in X converges
to a limit point in Rn , this limit is also in X . Conversely, anyX � Rn with this
property is closed.

A subset ofRn is calledcompact if it is closedand bounded(a set is bounded
if it is contained in some Euclidean ball of �nite radius; seeFigure ??).

A sphere in R3 is a compact surface. The closed unit ball inR3, that is, the
set of points at distance less at most 1 from the origin, is a compact subset of
R3. The corresponding open ball, that is, the closed ball minusthe bounding
sphere, is not compact, because it is not closed: one can havea sequence of
points in the ball converging to a point on the unit sphere, which is not in the
open ball. A plane in R3 is not compact, because it is not bounded.

A surface is calledconnected(in full, path-connected) if any two points in it
can be connected by a continuous curve that is contained in the surface. See
Figure ??.

We are interested in studying the possibletopological typesof compact, con-
nected surfaces. By this we mean that we consider all possible surfaces, and
regard as equivalent those that are homeomorphic. The natural question arises:
How to describe the topological types of surfaces? In other words, how can we
classify all surfacesup to homeomorphism? The answer, given in Theorem??,
turns out to be very simple; it has been known for over a century, and has been

69
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Figure 4.1: Figure 4.2.

proved in di�erent ways.
The proof we give here is one of the earliest. It is intuitive and easy to

visualize; moreover, its combinatorial approach can easily be used in computer
geometry. This allows us to use the computer to recognize concrete surfaces
given, for example, by some equation in three-space.

Remark. We could instead consider the classi�cation of surfacesup to di�eo-
morphism. But it turns out that the answer is the same: there is no di�er ence
between homeomorphism types and di�eomorphism types of surfaces. This is a
consequence of the following theorem:

Theorem 4.1.1. If two smooth surfaces are homeomorphic, they are also dif-
feomorphic (of course, the converse statement is also valid).

First step: Triangulating the surface. The tool that we will use to perform
the classi�cation of surfaces istriangulations. Roughly speaking, triangulating
a surface means dividing it into (curvilinear) triangles, in such a way that every
point either is in a triangle, or is in an edge between two triangles, or is a point
where several triangles meet. To formalize this, we de�ne atriangle on the
surfaceM as the image of an embeddingf : � ! M , where � is a standard
closed triangle in R2|say the set determined by the conditions x � 0, y � 0,
and x + y � 1. By an embeddingwe mean that f is a smooth map de�ned
in an open set ofR2 containing �, that it is an immersion, and that it is a
homeomorphism from � to f (�). These conditions ensure that f (�) really
matches our intuitive notion of a triangle on the surface. The edgesof f (�) are
the images of the edges of �, and are thereforearcs (embedded curves), whose
endpoints are thevertices of f (�).
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De�nition 4.1.2. Let M be a compact, connected surface. Atriangulation
of M consists of a �nite number of points Pi 2 M , called vertices, a �nite
number of arcs
 � � M , called edges, and a �nite number of triangles � p � M ,
satisfying these conditions:

(a) any point of M belongs to some triangle � p;

(b) each edge has as endpoints two distinct vertices, and contains no other
vertex;

(c) each triangle has as edges three distinct arcs, and its interior intersects no
arc and contains no vertex;

(d) any two triangles either do not intersect, or intersect at one common
vertex, or intersect along one common edge.

Figure ?? shows examples of the three situations in (d). Figure?? shows
con�gurations that are forbidden by the conditions of the de�nition.

Figure 4.3:

Figure 4.4:
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Theorem 4.1.3. Any smooth compact two-manifold admits a triangulation(in
fact, in�nitely many) .

See the proof in [?], for example.

Second step: Cutting up the surface. To carry out our classi�cation, we
will take an arbitrary compact, connected surfaceM and reduce it to a standard
form. The �rst step in this process is to �x some triangulatio n of M . Then we
mark each edge of the triangulation with a letter, without repetition. We also
assign an arbitrary orientation to each edge; this corresponds to drawing an
arrow along the edge, pointing one way or the other (Figure??).

Figure 4.5:

Next we cut the surface along all the edges, decomposing it into a �nite
set of triangles, each side of which is marked with a letter and provided with
an arrow, as shown in Figure??. Each letter appears in the set of triangles
exactly twice, because each edge of the triangulation was contained in exactly
two triangles (this is a consequence of our de�nition of surface: no boundary
edges are allowed).

Our aim is to glue again all these triangles in such a way as to obtain a plane
polygon (more exactly, a polygonal region). We may considerall these triangles
as plane triangles because only the marking of edges will be important, not the
concrete form of triangle. We begin the procedure by choosing a triangle, say
� 1. Consider any side of this triangle: it has a letter and an orientation. Since
each letter appears in the entire collection of sides exactly twice, the other edge
with the same letter can be found in another triangle, say � 2. It can't be the
same triangle, by condition (c) of De�nition ??. We now glue � 1 and � 2 along
the common edge in such a way that the arrows point in the same direction, as
shown in Figure ??.
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Figure 4.6:

(More precisely, we choose triangles �01 and � 0
2 in the plane that share an

edge and that map to � 1 and � 2, making the maps agree along the common
edge. This gives a plane representation of the piece ofM consisting of � 1 and
� 2. From now on we will not mention explicitly the fact that we ar e building a
map from a plane polygon to M , but simply think of the triangles � 1; � 2; : : :
sometimes as part ofM , and sometimes as lying in the plane.)

We thus obtain a plane polygon W , whose edges are marked with letters
and arrows. We erase the inner diagonal, coming from the edgewhere we glued
(b in Figure ??).

Now we have two possibilities: either all letters on edges around W occur
twice, or there is at least one letter without a match. In the � rst case, we claim
that there are no other triangles in the triangulation. Inde ed, suppose there
were; then, becauseM is connected, we could draw an arc inM from a point
in the interior of W to a point in the interior of a triangle outside W . This arc
would have to go out ofW at some point; but any curve getting out of W must
do so through a vertex or an edge ofW , and it is easy to show that, if W has
no unpaired edges, no edge or vertex ofW is shared by a triangle outsideW .

In the remaining case, we choose an unpaired edge inW , and �nd the triangle
where the same letter occurs again, say �3. We glue this triangle to W along
the edge in question, as shown in Figure??. By the same reasoning of the
preceding paragraph, we can continue this process until we have glued together
all the triangles � i . (Note that we can always �nd room to add triangles in the
plane, because we can choose the triangles as narrow as necessary.)

The result is a plane polygonW with the following properties:
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Figure 4.7:

Figure 4.8:
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(1) The boundary @Wconsists of an even number of edges, each having a
letter and an arrow; each letter appears in the boundary exactly twice.

(2) If we identify boundary edges ofW having the same letter, respecting the
arrows, we obtain a space homeomorphic to the initial surface M .

A polygon having these properties is said torepresent M . Of course,W is
not determined uniquely (even for a �xed triangulation).

Now we �x an orientation for W and go around its boundary, starting from
an arbitrary vertex P, and writing successively all the letters we encounter along
the way. If our direction of motion coincides with the arrow of the edge we're
on, we write the letter to the power +1; otherwise, we write the letter to the
power � 1. When we come back to the initial point P we will have written some
word

W = a" 1
i 1

a" 2
i 2

: : : a" N
i N

;

where " � = � 1. This word, or code, expressesW from the combinatorial point
of view. Figure ?? shows an example.

Figure 4.9:

Summary. We have associated with a triangulated surfaceM a word W whose
symbols are the edges of the triangulation. This word can be considered as a
code for M . This encoding is not unique: in�nitely many codes correspond to
a singleM .

Third step: Putting W in canonical form. We will simplify W in several
steps, always preserving the property that it representsM .

In the following lemmas, the symbolsa and b can represent either a letter
assigned to an edge or its inverse.
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Lemma 4.1.4. Assume thatW has the form

W = aa� 1 ;

where the dashes represent arbitrary subwords, not both of which are empty.
Then the word obtained fromW by deletingaa� 1 also representsM .

The proof follows from Figure ??.

Figure 4.10:

By repeated application of this lemma, we can assume that ourwords have
no cancelable pairsaa� 1 (unless the word is such a pair by itself, a case that
we leave aside for now). We make this assumption from now on. If any of
the subsequent constructions introduce cancelable pairs,we delete them before
proceeding, without a�ecting the conclusions of the lemmas.

Lemma 4.1.5. The word W can be transformed to a word representingM
and such that all the vertices of the new polygon become a single point under
reconstruction (by which we mean the gluing of all the edges, yieldingM ).

Proof. We separate the vertices ofW into equivalence classes, each class con-
sisting of all the vertices that become a particular vertex under reconstruction.
If there is only one class of vertices, there is nothing to prove. So letW contain
at least two classes, and consider one such classP. Then there exists an edgea
connecting a vertexP in classP to a vertex Q in a di�erent class Q. We take
the edgec adjacent to a at P (Figure ??, left).

If c = a, we are in the case of the preceding lemma (the case of one arrow
pointing into P and one pointing out is impossible, for this would mean that
Q is in the same class of vertices asP). Using the lemma to make vertex P
disappear, we reduce the number of vertices in classP by one.

If c 6= a, we transform W by the procedure shown in Figure??. That is,
we cut the polygon along the arcb, which corresponds to some arc inM (not
necessarily part of the original triangulation), and then glue the two pieces back
together along c and its match. As a result, classP loses one vertex, and class
Q gains one vertex.
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Figure 4.11:

In either case the number of elements ofP decreases. We can repeat the
procedure (changing the classQ as needed) untilP is exhausted, thus decreasing
the number of classes by one. Continuing inductively, we seethat we can reduce
the number of classes to one.

We assume from now on that the conclusion of the lemma is satis�ed. The
subsequent lemmas will not a�ect this property, since no newvertices will be
created.

Lemma 4.1.6. If W has the form

W = XaY aZ;

where X; Y; Z are arbitrary subwords, the word

XY � 1aaZ

also representsM .

By Y � 1 we mean Y written backwards with all letters replaced by their
inverses. The proof that XY � 1aaZ representsM is illustrated in Figure ??,
where b is a new letter not otherwise present; at the end of the procedure we
replaceb by a.

Two equal letters brought together by this lemma remain together under
further applications of this and subsequent steps. Thus, applying Lemma ??
repeatedly following each subsequent step, we can assume from now on that like
letters are adjacent.

Lemma 4.1.7. If W contains a pair a and a� 1 separated by other letters, there
exists another pair b andb� 1 that alternate with a and a� 1, like this:

W = a b a� 1 b� 1 or W = b� 1 a b a� 1 :
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Figure 4.12:

Proof. Assume, to the contrary, that for any b betweena and a� 1 its match b
or b� 1 appears again betweena and a� 1. Glue W along the two copies ofa, as
in Figure ??. The result is a tube with two boundary components. By assump-
tion, each edge lies in the same boundary component as its match; therefore
reconstruction of the surface leads to at least two verticesin M , contrary to the
assumption made after Lemma??.

Therefore there is somebin the interval from a to a� 1 whose match is outside
that interval. The match cannot be b, by the assumption that like letters are
adjacent. Therefore it must be b� 1, and the lemma is proved.

Figure 4.13:

Lemma 4.1.8. If W has the form

W = XbY aZb� 1Sa� 1T;

where X; Y; Z; S; T are arbitrary subwords, the word

Saba� 1b� 1ZY T X

also representsM .

The proof is illustrated in Figure ??, where c and d are new letters not
otherwise present. At the end of the the procedure we replacec and d by a� 1

and b� 1, respectively.
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Figure 4.14:

Using Lemma??, we can apply Lemma?? repeatedly until any pairs a, a� 1

appear two at a time, in the form of commutators aba� 1b� 1. So far, then, we
have transformedW into the product of commutators and squaresaa. We can
reduce further the case when there are both commutators and squares:

Lemma 4.1.9. If W has the form

W = Xaba� 1b� 1ccZ;

the word
XaabbccZ

also representsM .

Proof. We �rst transform W into XabcbacZ, by applying the procedure of
Lemma ?? in reverse (the role of X is played by Xab, and that of Y by
ba). Another application of Lemma ?? brings together the a's, and gives
Xb� 1c� 1b� 1aacZ. Now we renameb� 1 to b and apply Lemma ?? two more
times, obtaining XcbbaacZ and then Xa � 1a� 1b� 1b� 1ccZ. Finally rename a� 1

to a and b� 1 to b once more.

The upshot is that we can reduceW either to a product of commutators or
to a product of squares. Recalling the caseW = aa� 1, which we set aside after
Lemma ??, we conclude that:

Lemma 4.1.10. The manifold M is can be represented by a word of one of
these forms:

(1� ) W = aa� 1;

(1 ) W = a1b1a� 1
1 b� 1

1 : : : agbga� 1
g b� 1

g ;

(2 ) W = c1c1c2c2 : : : ck ck ;

where g and k are positive numbers.
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De�nition 4.1.11. A plane polygon W representing M and having one the
forms shown in Lemma ?? is called a canonical fundamental polygonof the
given surfaceM . The corresponding system of cuts on the surface also is called
canonical (Figure ??).

Figure 4.15:

4.2 Reconstructing the Surface from the Canon-
ical Polygon

What surfaces correspond to each type of wordW ?

Case 1 � : the sphere. Figure ?? shows that a surface represented byW =
aa� 1 is homeomorphic to a sphere. From now on we usually call any such
surface a sphere, and denote itS2.

Figure 4.16:

Case 1: the torus and spheres with handles. Next consider a surface
represented byW = a1b1a� 1

1 b� 1
1 : : : agbga� 1

g b� 1
b . We start, for simplicity, with

the caseg = 1, so that
W = aba� 1b� 1:
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Figure 4.17:

As we can see from Figure??, the surface is homeomorphic to atorus. We
usually call any such surface a torus as well, and denote itT 2.

When the torus is drawn as in Figure??, the cuts a and bare called aparallel
and ameridian , respectively. Figure?? shows two other ways of drawing a torus,
including the canonical cuts. This �gure shows that the torus can be thought
of as asphere with one handle.

Figure 4.18:

Now consider the case of two commutators:

W = aba� 1b� 1cdc� 1d� 1:

The construction of the surface is demonstrated in Figure??. The cuts a; b; c; d
form the canonical system. Such a surface is called asphere with two handles.
Other representations of it are displayed in Figure??.

Continuing in this way, we see that, for arbitrary g > 0:

Lemma 4.2.1. A surface represented by the canonical fundamental polygon

W = a1b1a� 1
1 b� 1

1 : : : agbga� 1
g b� 1

g

is homeomorphic to a sphere withg handles.

See Figure??. It is intuitively plausible, and can be proved (by using ho-
mology groups, for example: see Corollary??), that g is determined by the
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Figure 4.19:

Figure 4.20:



4.2. RECONSTRUCTING THE SURFACE FROM THE CANONICAL POLYGON 83

Figure 4.21:

homeomorphism type of the surface; that is, a sphere withg handles cannot be
homeomorphic to one with h handles, forg 6= h. The number of handles is also
called the genusof the surface, or of the homeomorphism type.

We can include the sphereS2 in the sequence of spheres with handles, by
putting g = 0. Thus, we can combine the two cases 1� and 1 into a single case:
the sphere with g handles, whereg � 0.

Connected sums. Before continuing the analysis of possible surfaces, we
introduce a useful notion: the connected sumof a two surfacesM and P. This
operation is shown in Figure??. We consider in each surface an embedded closed
disk, and remove the interior of the disk. This leaves the boundary curves of the
disks, which are topologically circles. We then glue these two circles together
using some homeomorphism. This gives a new surfaceK (without boundary),
called the connected sumof M and P, and denoted

K = M # P:

It can be shown that the homeomorphism type ofK does not depend on the
choices made in this construction.

Lemma 4.2.2. The sphere withg handles is a connected sum ofg copies of the
torus T 2:

sphere with g handles = T 2 # � � � # T 2 (g copies):

The proof follows from Figure ??.

The projective plane. We now consider the second type of fundamental
regions,

W = c1c1c2c2 : : : ck ck :

We start from the casek = 1, that is, W = cc = c2.
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Recall that the projective plane RP2 is de�ned as the space of lines inR3

that go through the origin. That is, each point of RP2 comes from one line of
R3, and two points of RP2 are near if the angle between the corresponding lines
is small.

Lemma 4.2.3. The surface with fundamental polygonW = c2 is homeomorphic
to the projective planeRP2.

Proof. The proof is illustrated in Figure ??. Gluing the edges ofW together
amounts to identifying opposite points on the boundary of a disk. The disk
can be deformed into a hemisphere, so the resulting object ishomeomorphic
to a hemisphere with opposite points on its equator identi�ed. This in turn is
homeomorphic to a sphere with opposite points identi�ed (that is, points x and
� x, where x runs over the whole sphere). This last object is homeomorphic to
the set of all straight lines in R3 passing through the origin, since each such
line is uniquely determined by the two opposite points whereit meets the unit
sphere. By de�nition, this is the projective plane.

We can representRP2 also asW = abab. The proof is illustrated in Fig-
ure ??.

We can use this new representation to realize the projectiveplane as a \sur-
face" in R3. We use the quotation marks because it is impossible to embed
RP2 in R3, that is, to realize it as a smooth surface without self-intersections.
(Recall De�nition ??.) The model that we suggest now gives a visual image
of the projective plane, but is not an embedding or even an immersion. (An
immersion will be shown following Lemma??.)

The construction is shown in Figure ??. The result is a \surface" with a
segment of self-intersections, and two singular at the endsof this segment. More
exactly, we have a smooth map fromRP2 to R3 that is regular (an immersion)
except at two points|the points that map to the endpoints of t he double line.
These singular points cannot be eliminated. Figure?? shows the cross-sections
of the model by planes orthogonal to the singular segment, aswe translate the
plane vertically.

Recall that a M•obius band or M•obius strip � is the surface with boundary
represented in Figure??. Its boundary is a circle.

Lemma 4.2.4. The projective plane can be obtained by gluing a M•obius strip
with a disk, by identi�cation of their boundary circles. In symbols,

RP2 = � + D 2:

The proof is illustrated in Figure ??, which decomposes the projective plane
into a union of � and D 2, with boundaries identi�ed. The last step shown is
simply the replacement ofa0ba00by c.

Here is an equivalent formulation of Lemma ??. First, remember that a
sphere minus a small open disk is homeomorphic to a closed disk. Thus, if
we take a sphere, remove an open disk, and glue in its stead a M•obius strip,
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we get RP2. This is shown schematically in Figure??; the wheel with spokes
represents the M•obius strip, glued in place by means of somehomeomorphism
between its boundary circle and the boundary of the removed disk. We cannot
actually embed the M•obius strip in three-space so that its boundary becomes a

at circle; if we could, the construction of Figure ?? would give us an embedding
of the projective plane in RP2. We know that there is no such embedding.

Thus, the wheel with spokes in the �gure is just a mnemonic foran abstract
M•obius strip. The reason we use this diagram it is the following. In the \
at"
model for the M•obius strip, shown in Figure ??, bottom, we see that the strip can
be ruled by vertical line segments, connecting opposite points of the boundary
circle. So, if we have a collection of segments joining antipodal points of a
circle, in such a way that the segments vary continuously anddon't intersect
one another, we have a M•obius strip. This is what is conveyedby the wheel
with spokes (or rather \nonintersecting diameters").

Now, the usual realization of a M•obius strip in three-space(Figure ??, top)
is an embedding, but the boundary circle goes twice around the center line of
the M•obius strip; in particular, it is not a 
at curve. Can we map the M•obius
strip into R3 in any way such that the boundary is a 
at circle?

The answer follows from the equalityRP2 = � + D 2 of Lemma ??. Consider
the model of RP2 in Figure ??, and remove a disk; we should obtain a model of
the M•obius band, becauseRP2 � D 2 = � . The removal of the disk can be con-
veniently carried out by cutting the model of RP2 with a horizontal plane. The
result is seen in Figure??. This \surface" is called a crosscap, and represents a
M•obius strip in R3 with a 
at boundary circle. It is not an embedding, or even
an immersion!

Thus, when we simplify the boundary of a M•obius strip, we pay for it by a
more complex representation of the M•obius strip itself.

The Klein bottle. Now consider the next fundamental polygonW = a2b2,
from the series (2) of Lemma??. It is convenient to representW in the equiva-
lent form W = abab� 1, which we can reach by applying Lemma?? backwards.
The corresponding transformation is shown in Figure??.

Figure ?? shows the construction of the surface corresponding toW . The
result is called aKlein bottle . It is shown here as an immersion in three-space;
it is not an embedding because of self-intersections! It canbe proved that it is
impossible to embed a Klein bottle in three-space.

Lemma 4.2.5. The Klein bottle K has the following representations:

(a) as the result of gluing two M•obius strips along the boundarycircles (K =
� + � );

(b) as the result of removing two disks from the sphere and substituting M•obius
strips or crosscaps;

(c) as the connected sum of two projective planes(K = RP2 # RP2);
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(d) as a cylinder (or annulus) where, for each of the two boundarycircles, we
identify opposite points together.

Proof. The �rst statement follows from Figure ??. The remaining statements
are reformulations of the �rst, because of the arguments demonstrated above
for the case of projective plane; see also Figure??.

Figure ?? shows another representation of the Klein bottle, this time as a
sphere with a handle turned inside out. Figure?? shows yet another, based on
M•obius bands. We cut the usual immersion of a Klein bottle with its plane of
symmetry; it follows from the preceding discussion that we obtain two M•obius
bands, immersed in three-space.

Spheres with many crosscaps. Pursuing further the analysis that led to
the expression of the projective plane and the Klein bottle as a sphere with one
and two crosscaps, we obtain the following result (Figure??).

Lemma 4.2.6. The surface given by the canonical fundamental polygon

W = c1c1c2c2 : : : ck ck

can be obtained by removingk disks from a sphere and replacing each with a
M•obius band, or crosscap. It can also be obtained as the connected sum ofk
copies of the projective planeRP2:

sphere with k crosscaps =RP2 # � � � # RP2 (k copies):

Just as in the case of Lemma??, it can be proved that k is determined by the
homeomorphism type of the surface; that is, a sphere withk crosscaps cannot
be homeomorphic to one withh crosscaps, fork 6= h. The number of crosscaps
is also called thegenusof the surface. Moreover a surface with crosscaps cannot
be homeomorphic to a surface of the �rst type; this will be proved in Lemma ??.

The classi�cation theorem. All this put together implies the following re-
sult, the centerpiece of this section:

Theorem 4.2.7 (Classi�cation Theorem for Surfaces).

(a) Any smooth, compact, connected surface (without boundary)is homeomor-
phic (and di�eomorphic) either to a sphere with g handles, whereg � 0,
or to a sphere withk crosscaps, wherek > 0.

(b) A surface of the �rst type cannot be homeomorphic to one of thesecond
type, nor can surfaces with di�erent values ofg or k be homeomorphic.

Remark. There exist other convenient representations of surfaces.For example,
it can be shown using arguments much the same as the ones abovethat any
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smooth, compact, connected surface (without boundary) canbe represented by
a polygon of the form

W = a1a2 : : : aN � 1aN a� 1
1 a� 1

2 : : : a� 1
N � 1a"

N ;

where " = � 1 if M is a sphere with handles (in which caseN is even), and
" = +1 if M is a sphere with crosscaps (in which caseN is arbitrary).

Transforming a handle and a crosscap into three crosscaps. We showed
in Lemma ?? that a surface represented by a polygon containing both commu-
tators and squares is also represented by one containing squares alone. The
geometric interpretation of this fact is that a handle and a crosscap can com-
bine to form three crosscaps. We now give a visual explanation of this fact,
considering the simplest such surface: a sphere with one handle and one cross-
cap. We recall that a crosscap can be thought of as a M•obius strip plugged in
place of a disk removed from the sphere.

Fix one end of the handle and move the other towards the M•obius strip,
once around the center loop of the M•obius strip, and back. This is the �rst step
in Figure ??, and it is shown in more detail in Figures ?? and ??. After this
motion the handle is no longer outside the sphere: it is a \handle turned inside
out" and di�ers from the ordinary position by the way in which the ends are
glued to the sphere. We already know how a sphere with a handleturned inside
out can be changed into a Klein bottle (Figure??), and hence into a sphere with
two M•obius strips or crosscaps (Figure??). The same sequence of deformations
takes us from the sphere with an inside-out handle and a crosscap to a sphere
with three crosscaps; this is the second step in Figure??.

4.3 Orientability

Consider a smooth connected surfaceM , and �x a point P on it. Consider an
arbitrary loop 
 on the surface, that is, a path 
 (t) that starts at P when t = 0
and returns to P when t = 1 (Figure ??). Consider also a basis (e1; e2) of the
tangent plane TP M to the surface at P. Finally, consider any smooth transport
of this basis along 
 , that is, a deformation of this basis along 
 in such a
way that these vectors remain linearly independent and tangent to the surface
throughout (see Figure ??, bottom). Formally, a smooth transport is a pair
of vector-valued functions (v1; v2) de�ned on the unit interval [0 ; 1], satisfying
these conditions: v1(t) and v2(t) form a basis of T
 ( t )M for each t; we have
e1 = v1(0) and e2 = v2(0); and v1(t); v2(t) vary smoothly with t.

When we return to P, we compare the orientation of the new basis (e0
1; e0

2) =
(v1(1); v2(1)) at P with that of the initial basis ( e1; e2). There are two possi-
bilities: either the two bases have the same orientation, orthey have opposite
orientations.

Note that it doesn't make sense to ask whether a basis at some point Q 6= P
has the same orientation as the initial basis, because the vector spacesTP M
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and TQ M are di�erent, and cannot be identi�ed in any standard way. It is only
when we get back toP that we can compare the orientation of the �nal basis
with that of the initial one.

All smooth (or even continuous) transports along
 must behave in the
same way regarding whether or not the initial and �nal bases have the same
orientation. The reason is the following. Suppose �rst that the two transports
are such that the initial bases have the same orientation. Then it is possible to
deform one into the other through a continuous family of transports (in technical
terms, there is a homotopy between the two transports). In particular, the �nal
basis of the �rst transport can be deformed into the �nal basi s of the second.
But if a basis at a �xed point varies continuously, its orientation cannot change;
therefore the �nal bases of the two transports have the same orientation, like
the initial bases. If we suppose instead that the two given transports have initial
bases with opposite orientations, we reduce to the preceding case by switching
the order of the vectors of one of the transports, thus reversing the orientation
of all its bases.

We thus see that reversing or preserving orientation under transport is a
property of the loop 
 itself. Moreover, this property cannot change if the loop
varies continuously; this is intuitively plausible, and a proof can be given along
the following lines. We look at a small piece of
 at a time, so that we can
pretend (using coordinate charts) that the surface is part of R2. In R2 it does
make sense to compare bases at di�erent points, since the tangent planes are
canonically identi�ed by translation. A basis that varies c ontinuously in R2

cannot change orientation; therefore the orientation of the basis (v1(t); v2(t))
at the point 
 (t) does not change as the loop and the transport are deformed
continuously.

De�nition 4.3.1. A surface M is called orientable if transport of bases along
any loop 
 in M preserves orientation. Conversely,M is called nonorientable if
there exists some loop
 on M such that transport along 
 reverses orientation.

Lemma 4.3.2. Spheres with handles are orientable. Spheres with crosscaps are
nonorientable.

Proof. Consider the fundamental polygon for a sphere with handles,and a loop

 . If 
 does not intersect the boundary ofW , we are inR2, and by moving each
vector parallel to itself we get a transport where the �nal basis coincides with
the initial basis, so orientation is preserved. If 
 does intersect the boundary
of W , we can assume, after a small continuous deformation if necessary, that

 avoids the vertices ofW and that all intersections with edges are transverse.
Fixing a point in the interior of W and again changing
 continuously, we can
assume that
 is composed of one or more loops based atP, each of which goes
out of and back into W exactly once. For a loop of this sort we are in the
situation of Figure ??, right. Parallel transport along 
 brings the basis from
the starting point to one edge a; the matching map between the two edgesa
preserves the orientation of the basis; and parallel transport again brings the
basis back toP, with the same orientation.
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The case of a sphere with M•obius strips attached is even easier: We only need
to show that an orientation-reversing loop exists. Take anyloop 
 that crosses
the boundary of the canonical fundamental polygon only once, in the interior
of an edgea. Parallel transport along 
 brings the basis from the starting
point to a; the matching map between the two edgesa this time reverses the
orientation of the basis; and parallel transport again brings the basis back to
P, with orientation opposite the initial one. Figure ?? illustrates the case of a
M•obius strip.
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Figure 4.22:

Figure 4.23:

Figure 4.24:

Figure 4.25:
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Figure 4.26:

Figure 4.27: Figure 4.28.

Figure 4.29:
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Figure 4.30:

Figure 4.31:

Figure 4.32:
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Figure 4.33:

Figure 4.34:

Figure 4.35:
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Figure 4.36: Figure 4.37.

Figure 4.38:

Figure 4.39:
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Figure 4.40: Figure 4.41.

Figure 4.42:
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Figure 4.43:

Figure 4.44:

It is clear that two di�eomorphic surfaces are either both orientable or both
nonorientable. Thus, Lemma?? and Theorem ?? together imply that a sphere
with handles cannot be di�eomorphic to a sphere with crosscaps, as announced
before Theorem??.

The notion of orientability extends easily beyond two dimensions, to smooth
n-dimensional manifolds.

4.4 Embedding and Immersing Surfaces in Three-
Space

Lemma 4.4.1. Any orientable surface can be embedded inR3. Any non-
orientable surface can be immersed inR3.

Proof. Spheres with handles can be embedded in inR3 as in Figure ??, for
example. As to nonorientable surfaces, they are connected sums of projective
planes, so it is su�cient to prove that RP2 can be immersed inR3.
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Figure 4.45:

Consider the immersion of a M•obius strip in R3 as half of a Klein bottle,
as shown in Figure ??, bottom. If we can attach a disk to the boundary of
this M•obius strip while maintaining the immersion propert y, we will have an
immersion RP2 ! R3.

To do this, imagine the boundary as a curve drawn on a horizontal plane, and
move the plane up while at the same time deforming the curve asin Figure ??.
The surface formed by this stack of closed curves is the immersion of a cylinder.
The bottom edge matches the boundary of the M•obius strip, and the top edge
is a small circle, which we can cap o� with a standard disk, thus obtaining the
immersed disk to be glued to the M•obius strip.

This immersion of RP2 in R3 can be put into a more symmetric position,
shown in Figure ??. In this form it is called Boy's surface.
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Figure 4.46:



Chapter 5

Abstract Manifolds

In Chapter ?? we de�ned manifolds in Rn (see De�nition ??), and we remarked
that a more abstract de�nition is possible, so that a manifold does not have
to exist in any Rn . We introduce this de�nition in this chapter, and also a
technical tool useful in the study of manifolds, calledpartitions of unity . The
chapter closes with an application to the generation of topographic maps.

5.1 De�nition of an Abstract Manifold

As we have seen,coordinate systemsdescribing the position of a point in space
are an important tool in the study of geometrical objects. Using coordinate
systems, we can apply the methods of di�erential and integral calculus.

Even an object as simple as a circle or a sphere, however, cannot be described
by a single coordinate system, which is why we introduced in Chapter ?? the
notion of local coordinates. Thus, in cartography, the sphere (as the surface
of the Earth) is reconstructed from several local charts, ormaps (open disks).
The domain of each chart can be projected separately onto part of the plane.
The whole sphere can then be \constructed" from these maps bygluing them
together according to certain rules. Thus, the sphere is obtained from several
simpler objects by gluing them together along their common parts. This notion
of gluing simple objects together was re�ned over the last decades of the nine-
teenth century and the �rst decades of the twentieth, and eventually led to the
very general concept that we discuss here.

Before stating the de�nition, we recall that a topological spaceX is Haus-
dor� if it has the following property: if x 2 X and y 2 X are distinct points,
there exist disjoint open setsUx and Uy containing x and y, respectively. Most
topological spaces arising from geometric constructions are Hausdor�; in par-
ticular, all metric spaces (sets with an appropriate notion of distance between
any two points) are Hausdor� topological spaces. In fact, readers not very fa-
miliar with topology may substitute \metric space" for \top ological space" in
the following discussion.

99
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De�nition 5.1.1. A Hausdor� topological space M is called ann-dimensional
topological manifold (or simply topological n-manifold or n-manifold ) if any
point of M has a neighborhoodU in M homeomorphic to an open diskD n in
Rn , and a countable collection of such neighborhoods coversM .

This de�nition can be restated in brief as follows: ann-dimensional manifold
M n is locally homeomorphic to an open diskD n . Thus, if M is ann-dimensional
manifold, we can �nd in M a countable system of open setsUi and homeomor-
phisms

' i : Ui ! D n

from Ui onto the disk D n (Figure ??). The domains Ui must together cover
the whole spaceM (that is, M =

S
Ui ); they may intersect one another. Each

open setUi , together with the given homeomorphism' i : Ui ! D n , is called a
chart (in full, coordinate chart). Sometimes eitherUi or ' i is also referred to
as a chart. A collection of charts de�ning the manifold M is called anatlas for
M (or on M ).

Figure 5.1:

Consider an atlas on a manifoldM , and �x two charts ( Ui ; ' i ) and (Uj ; ' j ),
where i 6= j . Let Ui \ Uj be the intersection ofUi and Uj (Figure ??). Consider
two copiesD n , one with coordinates (x1; : : : ; xn ) and the other with coordinates
(y1; : : : ; yn ), corresponding to the image of the charts' i and ' j (Figure ??).

De�nition 5.1.2. The map ' ij : ' i (Ui \ Uj ) ! ' j (Ui \ Uj ) de�ned by

' ij = ' j ' � 1
i

is called the transition map , or gluing map, associated with the charts (Ui ; ' i )
and (Uj ; ' j ).
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Figure 5.2:

Indeed, we are gluing the two local chartsUi and Uj along their common
part by using the function ' ij . It is clear that all these functions ' ij are
homeomorphisms.

The map ' ij can be written in terms of the coordinatesx i and yi as follows:

y1 = y1
ij (x1; : : : ; xn ); : : : yn = yn

ij (x1; : : : ; xn ):

Of course, these functions will be di�erent for di�erent pai rs of local charts Ui

and Uj . This is why we use the pair of indicesij .

De�nition 5.1.3. A topological manifold is called a smooth manifold if all
transition maps ' ij are smooth. In an analogous way we can de�neanalytic
manifolds, and so on.

We now compare the class of objects introduced in De�nition?? with the
old manifolds of Chapter ?? (manifolds embedded inRn ). It is obvious that
any manifold according to the old de�nition is also a manifold according to
De�nition ??. In a sense, the converse is also true for smooth manifolds:

Theorem 5.1.4 (Whitney embedding theorem). Any smooth manifold M k can
be realized as a smoothk-dimensional submanifold ofR2k+1 (that is, as a man-
ifold in the sense of Chapter??).

This is why we prefer most of the time to work with submanifolds of Rn :
We can get essentially the same objects, and the realizationin Rn often makes
it easier to work with the manifold because of the ambient Euclidean geometry.
Also, many manifolds are naturally de�ned as subsets of someRn anyway. In
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other cases it is more natural to de�ne the manifold abstractly, by means of
coordinate charts, and then an embedding into someRn may not be easy to
describe explicitly, although it must exist by Whitney's th eorem. In these cases
the abstract point of view is useful.

De�nition 5.1.5. A Hausdor� topological space M is called ann-dimensional
topological manifold with boundary(or simply n-manifold with boundary) if any
point of M has a neighborhoodU in M homeomorphic to an open subset of the
closed halfspace

Rn � 1 � f xn 2 R : xn � 0g � Rn ;

and a countable collection of such neighborhoods coversM . The boundary of M ,
denoted@M, is the subset ofM consisting of points for which the neighborhood
U cannot be chosen as an open subset of the open halfspace

Rn � 1 � f xn 2 R : xn < 0g:

A topological manifold with boundary is called a smooth manifold with boundary
if it has an atlas such that all transition maps ' ij are smooth.

Thus, manifolds are particular cases of manifolds with boundary (the bound-
ary being empty), but a manifold with boundary is not a manifo ld if the bound-
ary is nonempty. If M is a manifold with boundary, M � @M is a manifold,
sometimes called theinterior of M .

A compact manifold is often called closed, in the sense that it has no bound-
ary and no \open edge"; but this terminology can lead to confusion and we will
avoid it.

5.2 Partitions of Unity

This section is devoted to the concept of partitions of unity, which provide a
technique for the approximation of continuous functions and the further devel-
opment of manifold theory.

De�nition 5.2.1. Let f be a function f : M ! R. The support of f , denoted
suppf , is the closure of the setf x : f (x) 6= 0 g, that is, the smallest closed set
outside of which f vanishes.

Lemma 5.2.2. Let A and B be disjoint closed subsets ofRn , with A bounded.
There exists a smooth function' on Rn taking the value1 on A, the value0 on
B , and values0 � ' (x) � 1 elsewhere.

Note that, becauseB is closed, the condition' = 0 on B can also be written
B \ supp' = ? .

Proof. We start by de�ning a function f : R ! R (for �xed a; b 2 R) by the
equation
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f (x) =

(
e� 1=(x � a) e� 1=(b� x ) if a < x < b;

0 otherwise:

The graph of f is shown in Figure ??, and it is easy to check that f is
smooth.

a b

y

x

y = f(x)

a b

y

x

y = F(x)

Figure 5.3: Figure 5.4.

Next we de�ne F : R ! R by

F (x) =

Z b

x
f (t) dt

Z b

a
f (t) dt

:

It can be seen immediately that F (x) = 0 for x � b, that F (x) = 1 for x � a,
and that F (x) decreases monotonically from 1 to 0 fora � x � b. See Figure??.

Now de�ne a spherically symmetric function  : Rn ! R that radially
behaves likeF :

 (x1; : : : ; xn ) = F (r 2); where r 2 = ( x1)2 + � � � + ( xn )2:

Clearly,  (x) = 0 for r 2 � b,  (x) = 1 for r 2 � a, and  (x) decreases monoton-
ically from 1 to 0 for a � r 2 � b. See Figure??.

We know that A is compact,B is closed, andA \ B = ? . A simple argument
involving the compactness property ofA (every open cover of a compact set has
a �nite subcover) and the Hausdor� property of Rn shows that we can take
�nitely many open balls D1; : : : ; Dm such that A �

S m
i =1 D i and �D i \ B = ? for

all i , where �D i denotes the closure ofD i . Again becauseA is compact, we can
�nd smaller balls D 0

i concentric with D i and such that
S m =1

i D 0
i still contains A.

Now let  i be the function  de�ned earlier, with a and b taken as the squared
radii of D 0

i and D i , and translated so the center of symmetry is the center ofD i .
In other words,  i (x) equals 1 insideD 0

i , it equals 0 outsideD i , and it satis�es
0 �  i � 1 everywhere.
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r2 a

r2 b

yy =   (x)

y

R
n

Figure 5.5:

The desired function ' : Rn ! R can then be taken as

' (x) = 1 �
mY

i =1

(1 �  i (x)) :

It is clear that ' is smooth, that it takes the value 1 wherever some i does, that
it takes the value 0 wherever all i do, and that 0 � ' (x) � 1 everywhere.

Lemma 5.2.3. Let C be a compact subset of a smooth manifoldM and let V be
an open subset ofM containing C. There exists a smooth function' : M ! R
such that 0 � ' (x) � 1 everywhere,' (x) = 1 on C, and ' (x) = 0 outside V .

Proof. Let (U� ; ' � ) be a chart of M , and let S� be a compact subset ofU� .
Since ' (U� ) is open in Rn and ' (S� ) is compact in Rn , Lemma ?? says that
there exists a smooth function f � on Rn such that f (x) = 1 on ' � (S� ) and
suppf � � ' � (U� ). Pull f � back to a function F� on M , that is, set

F� (P) =

(
f � (' � (P)) for P 2 U� ;
0 for P 62U� :

One can see easily thatF� is smooth, F� (P) = 1 on S� , and F� (P) = 0
outside U� .

Now we turn to our attention to the compact set C � V . SinceC is compact,
there exists open setsU1; : : : ; Um and compact setsS1; : : : ; Sm such that S� �
U� , C �

S m
� =1 S� , and

S m
� =1 S� � V . For each � = 1 ; : : : ; m we can �nd a

function F� such that F� is smooth, F� = 1 in S� , and F� = 0 outside U� .
Hence the function F = 1 �

Q m
� =1 (1 � F� ) is smooth, it equals 1 onC, and it

vanishes outside
S m

� =1 U� , as desired.

De�nition 5.2.4. Let M be a smooth manifold, and letf U� g1� � � N be a �nite
family of open sets coveringM . A family of functions ' � : M ! R is a partition
of unity subordinate to the cover f U� g if it satis�es the following conditions:

(1) supp ' � � U� for all � ;
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(2) 0 � ' � (x) � 1 for all x 2 M and all � ; and

(3)
P

� ' � (x) = 1 for all x 2 M .

Lemma 5.2.5 (Existence of a partition of unity) . If M is a compact smooth
manifold and f U� g1� � � m is a �nite cover of M , there exists a partition of unity
subordinate to f U� g.

Proof. There exist open setsV� , for 1 � � � m, such that �V� � U� and
f V� g also coversM . By applying Lemma ?? to each pair ( �V� ; U� ), we can �nd
smooth functions  � such that 0 �  � (x) � 1 everywhere, � (x) = 1 on �V� ,
and  � (x) = 0 outside U� . The function  =

P m
� =1  � is smooth and positive

on M . If we set ' � =  � = , we have the desired partition of unity.

5.3 An Application to Visual Geometry: Moun-
tain Guide Maps

Many ancient and medieval paintings were drawn having multiple viewpoints,
each valid for one or more objects of interest. After the Renaissance, when
the perspective view became dominant as an exact and hence scienti�c way of
drawing, multiple-viewpoint pictures have declined, and have survived only in
limited cases such as mountain guide maps, certain medical drawings, and in
some schools of art, such as cubism.

When we try to understand how machines are con�gured, we drawthem as
seen from di�erent sides. In human visual cognition, multiple-viewpoint pictures
are natural and there is no reason for them to be rejected. Oneillustrative
example is our visual memory: Most of us remember our homeland as we saw
it when traveling around it, and therefore from many viewpoints.

This section is a step toward the science of multiple-viewpoint pictures. We
conducted a case study to test the hypothesis that there is a way to model
multiple-viewpoint pictures exactly (\exactly" in the sen se that we can de�ne
the pictures without ambiguity, and hence can generate themautomatically).
We chose the popular case of mountain guide maps.

In a mountain guide map, mountain peaks, mountain passes, and lakes are
highlighted to characterize land undulations. To represent such land features
clearly, the map is often drawn with multiple viewpoints. Fo r example, consider
the di�erence between an ordinary perspective picture and amountain guide
map, illustrated in Figure ??. Part (a) of the �gure shows an ordinary perspec-
tive picture. The lake is partially hidden by surrounding mountains, while the
mountain skyline is seen clearly. Part (b) shows a mountain guide map where
the viewpoint of the area containing the lake is changed, so that we can see the
whole scene of the lake from a height as well as the mountain skyline as seen
from the foot of the mountain. In this way, a mountain guide map can extract as
much information as possible when projecting a three-dimensional land surface
onto the plane.
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(a) (b)

Figure 5.6:

So far, commercially available mountain guide maps have been drawn with-
out appropriate modeling, and hence include ambiguous representations. Mod-
eling the process of drawing a mountain guide map requires anunderstanding
of the steps involved. The typical steps are these:

� Select areas that include one peak, pass, or lake each.

� Combine the areas together to construct the entire land surface.

� Project each area as seen from a viewpoint, usually a vista point of the
area.

We call peaks, passes and lakescharacteristic points, and the area including
one characteristic point is called acharacteristic area. Figure ?? illustrates the
steps just described. In fact, the steps parallel the construction of a manifold.

We present here some visual examples of images for mountain guide maps,
generated using the concept of manifolds [?; ?]. The method of projecting a land
surface as seen from multiple viewpoints is realized by blending the viewpoints
using a partition of unity.

Figures ?? and ?? are the basic images for the mountain guide maps around
Lake Ashinoko, a famous tourist area with a scenic crater lake in Japan. Here
we see the in
uences on the images when the viewpoint or view direction of the
area including the lake is changed. Figure??(a) is the image under perspective
with one viewpoint, that is, ordinary perspective. Figure ??(b) is the image
under perspective with multiple viewpoints. The viewpoint of the area including
the lake is raised to avoid the surrounding mountains. Figure ??(a) is the
image under parallel projection with one view direction, that is, ordinary parallel
projection. Figure ??(b) is the image under the parallel projection with multiple
view directions. The whole lake is visible because it and thesurrounding area
are seen from a view direction di�erent from the one used for other areas.



5.3. AN APPLICATION TO VISUAL GEOMETRY: MOUNTAIN GUIDE MAPS 107

Mountain top Mountain pass Lake

(a)

(b)

Mountain guide map

(c)

Figure 5.7:
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(a) (b)

Figure 5.8:

(a) (b)

Figure 5.9:



Chapter 6

Critical Points and Morse
Theory

In this chapter we introduce Morse theory, a systematic way of studying certain
features of smooth functions on manifolds. We will primarily consider surfaces
and three-manifolds, because the main applications of Morse theory in computer
geometry are concentrated in these dimensions.

6.1 Critical Points and Morse Functions

Consider a smooth function f on a smooth manifold M of dimension n, with
local coordinates (x1; : : : ; xn ). We will be interested in the critical points of f ;
we recall from Chapter ?? what they are.

The di�erential df x of f : M ! R at x (De�nition ??) is a linear map from
the tangent spaceTx M to the tangent spaceTf (x )R; this latter space can be
identi�ed with R. By De�nition ??, saying that x is a critical point of f is the
same as saying thatdf x is not surjective, and sinceR is one-dimensional this is
the same as saying thatdx f is the zero map.

In coordinates, this has the following translation: x 2 M is a critical point
of f if all partial derivatives @f=@xi = f x i vanish at x.

Also according to De�nition ??, the image of a critical point is a critical
value.

When x is a critical point of f , it is possible to regard the second di�erential
of f as asymmetric bilinear form on Tx M . Indeed, let

d2f =
� @2f (x0)

@xi @xj

�
= ( f x i x j )

be the matrix of second partial derivatives of f . Then, under a regular coor-
dinate transformation x i = x i (y1; : : : ; yn ), where 1 � i � n, the matrix d2f

109
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transforms as follows,if all the �rst derivatives f x i vanish:

f x i x j =
X

p;q

@yp

@xi
@yq

@xj
f y p y q : (6.1.1)

That is, d2f transforms as the matrix of a quadratic form. This can also be
expressed in coordinate-invariant language by regardingd2f as a symmetric
bilinear form d2f : Tx M � Tx M ! R. Explicitly, this bilinear form, when
applied to tangent vectors a and b, yields

d2f (a; b) =
X

i;j

ai f x i x j bj ;

where (a1; : : : ; an ) and (b1; : : : ; bn ) are the expressions ofa and b in the coor-
dinate system (x1; : : : ; xn ). When x is not a critical point, by contrast, Equa-
tion ?? does not hold, and we cannot regard the matrixd2f as an invariant
bilinear form.

Let B be a symmetric bilinear form on a �nite-dimensional vector spaceV ,
and let Q be the corresponding quadratic form. Theindex of B (or of Q) is the
dimension of a maximal linear subspaceW where B is negative de�nite (that
is, such that B (w; w) = Q(w) < 0 for all nonzero w 2 W ). If B is brought to
diagonal form (recall that every symmetric bilinear form can be diagonalized by
a suitable change of coordinates), we see immediately that the index equals the
number of negative eigenvalues. Thenullity of B (or of Q) is the dimension of
the nullspace ofB (that is, the set of w 2 V such that B (v; w) = 0 for all v 2 V ).
The nullity equals the multiplicity of the zero eigenvalue. A form is degenerate
or singular if its nullity is greater than zero, that is, if its determina nt vanishes.

De�nition 6.1.2. A critical point x of f is called nondegenerate if d2f is
nondegenerate at that point. This is equivalent to the condition det d2f 6= 0 at
x. The index of x is the index of d2f at x. The nullity of x is the nullity of d2f
at x.

By the preceding discussion, these de�nitions do not dependon the choice of
a local coordinate system. In this book we will deal mostly with nondegenerate
critical points.

De�nition 6.1.3. A smooth function on a smooth manifold is called aMorse
function if all its critical points are nondegenerate.

It can be proved using Sard's theorem (Theorem??) that Morse functions ex-
ist on any smooth manifold. In fact, any smooth function on a smooth manifold
can be approximated as closely as desired by a Morse function(Theorem ??).
Nondegenerate critical points areisolated (that is, there cannot be a sequence
of nondegenerate critical points converging to a nondegenerate critical point);
in particular, a Morse function on a compact manifold has only �nitely many
critical points, and they are isolated.

The fact that nondegenerate critical points are isolated follows from this
result, which is proved in [?, pp. 42], for example:
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Lemma 6.1.4 (Morse's Lemma). If x0 is a nondegenerate critical point of a
function f on a manifold M , there is some open neighborhood ofx0 in M and
a set of local coordinatesx1; : : : ; xn such that, in these coordinates,f has the
form

f (x) = f (x0) � (x1)2 � � � � � (x � )2 + ( x � +1 )2 + � � � + ( xn )2;

where � is the index of the critical point.

Thus, it is always possible to choose local coordinates in the neighborhood
of a nondegenerate critical point so that the function in this neighborhood is a
diagonalized quadratic function when expressed in these coordinates. Note that
we are dealing here with an exact equality: there are no additional higher-order
terms.

6.2 Level Sets Near Nondegenerate Critical Points

We now consider how the level setsf � 1(a) of a Morse function f change asa
crosses a critical value.

Morse theory of surfaces. We start with the most easily visualizable case:
a Morse function on a surface (two-manifold)M . Then f � 1(a) is also called the
level curveof f corresponding to the valuea. We also considerM a, the subset
of M \bounded above" by a (See Figure??):

M a = f x : f (x) � ag = f � 1(( �1 ; a]):

When a is a regular value of f , we know by Theorem ?? that f � 1(a) is a
smooth submanifold of M . In addition, M a is a two-manifold with boundary,
the boundary being the level setf � 1(a).

If we assume that M is compact, and a is a regular value, f � 1(a) is a
compact one-manifold, and therefore the union of �nitely many smooth circles
(Figure ??), di�eomorphic to the standard circle. What happens to those circles
when we changea?

It is clear that a small change in a does not change the fact thata is regular;
that is, if a0 is close enough toa, then a0 is also regular. Consequently, it is
natural to expect that a small change in the regular valuea does not change
the topological type of the level curvef � 1(a). This is indeed so:

Proposition 6.2.1. Let f be a smooth function on a compact smooth surface
M , and assume that the segment[a; b] (where a < b) contains no critical value
of f , or equivalently that f � 1([a; b]) � M has no critical point of f (Figure ??).
Then:

(a) The level setsf � 1(a) and f � 1(b) are di�eomorphic (in particular, they
consist of the same number of smooth circles di�eomorphic toa standard
circle).

(b) M a and M b are di�eomorphic as two-manifolds with boundary.
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Figure 6.1: Figure 6.2.

(c) Both di�eomorphisms can be realized as shifts along the trajectories of the
vector �eld � gradf on M , for an arbitrary Riemannian metric on M .

Figure 6.3:

Part (c) of Proposition ?? is illustrated in Figure ??. The background to it is
the following. Consider ann-dimensional manifoldM that has been given a Rie-
mannian metric h ; i (see De�nition ?? and the discussion preceding Lemma??).
Then, for any smooth function f on M , we can de�ne the gradient vector �eld
gradf . The value of gradf at x is the unique vector in Tx M with the following
property:

hgradf (x); vi = dx f (v) for all v 2 Tx M:

(In other words, grad f (x) is dual to the di�erential dx f .) Clearly, grad f (x) = 0
if and only if x is a critical point. If nonzero, grad f (x) points to a direction of
increasingf , and is orthogonal to the local submanifoldf � 1(f (x)), with respect
to the Riemannian metric h ; i .

Any smooth manifold can be given a Riemannian metric. For example, we
can embed the manifold in someRn , using the Whitney embedding theorem
(Theorem ??), and then choose the Riemannian metric induced fromRn .
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Given a smooth vector �eld v : U ! Rn , where U is a domain in Rn , we
can de�ne (locally) the 
ow of v as follows. For eachx0 2 U, the di�erential
equation

dx
dt

= v(x) with initial condition x(0) = x0 (6.2.2)

has a unique solutionx(t), for t close enough to 0. By de�nition, the time-t

ow of v, which we denote' t , maps x0 to x(t):

' t (x0) = x(t) where x(t) is a solution of (??).

For eachx0, then, ' t (x0) is de�ned for t close enough to 0, and morevoer' t (x0)
varies smoothly with t and x0. The curvesx(t) are called the trajectories of ' t ,
or of v. A trajectory is tangent to the vector �eld at all its points. Multiplying
the vector �eld by an everywhere positive scalar function does not change the
trajectories, only the speed at which they are traversed.

On a smooth manifold M , the 
ow of a vector �eld v is likewise derived
from the solutions of the equation dx=dt = v(x), which can be regarded as an
equation in Rn using local coordinates. Moreover, whenM is compact, it can
be proved that the 
ow of M is globally de�ned, that is, ' t (x0) exists for any
x0 and any t, and ' t is a di�eomorphism of M for each t.

Proof of Proposition ??. Consider the vector �eld

v(x) =
� gradf (x)

hgradf (x); gradf (x)i
:

This �eld is not de�ned on all of M because gradf (x) vanishes at the critical
points. However, it is de�ned on f � 1([a; b]), since by assumption there are no
critical points there. In order to obtain a smooth vector �el d de�ned on all
of M , we multiply v(x) by a smooth function � (x) on M that equals 0 in a
small neighborhood of each critical point, equals 1 inf � 1([a; b]), and satis�es
0 � � (x) � 1 elsewhere; such a function exists by Lemma??.

Now we take the 
ow ' t of the smooth vector �eld �v . For t > 0, this 
ow
never increasesthe value of f , since the vector �eld points in the direction of
� gradf unless it vanishes. In fact, a simple calculation, which canbe performed
in R2 since it refers to an in�nitesimal property, shows that the value of f along
the trajectories of ' t changes at a rate equal to� � :

df (' t (x0))
dt

= � � (' t (x0)) :

In particular, in the region f � 1([a; b]), the value of f decreases at a unit rate.
This implies that a point of f � 1(b), after being dragged by the 
ow for a time
b� a, ends up onf � 1(a)|that is, ' b� a (f � 1(b)) � f � 1(a). It also implies that
' b� a(M b) � M a (recall that M a = f � 1(( �1 ; a]), and likewise for M b).

Now, ' b� a is a di�eomorphism of M becauseM is compact. Its inverse is
' a� b = ' � 1

b� a . The reasoning of the preceding paragraph shows that' a� b(f � 1(a)) �
f � 1(b), and that ' a� b(M a) � M b. Therefore ' b� a maps M b bijectively to M a ,
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and f � 1(b) bijectively to f � 1(a), proving parts (a) and (b) of our result. Part
(c) also follows since the vector �elds�v and � gradf di�er by a positive scalar
function in f � 1([a; b]), and so have the same trajectories there.

We now turn to the evolution of level curves near a nondegenerate critical
point of f . Let P0 be a nondegenerate critical point off , and assume without
loss of generality that f (P0) = 0, so that 0 is a singular value. By Morse's
lemma, in a su�ciently small neighborhood of P0 we can �nd coordinates x, y
such that f = � x2 � y2 for di�erent combinations of the signs � ; the index � is
the number of negative terms. We consider the possible cases.

(a) P0 is a maximum, that is, f = � x2 � y2, and the index is 2.

(b) P0 is a minimum, that is, f = x2 + y2, and the index is 0.

(c) P0 is a saddle, that is,f = � x2+ y2, and the index is 1 (the casef = x2 � y2

can be reduced to this by interchangingx and y).

We assume for simplicity that f � 1(0) has only one critical point, and consider
what happens to the surface with boundaryM a as a increases past the critical
value 0.

Case 1: P0 is a maximum

If " is a small positive regular value off , the level set f � 1(� " ) has a connected
component nearP0 that is a circle with center P0 (in the Morse coordinates).
This component tends to P0 when " tends to zero, as illustrated in Figure ??.
As we will prove in Proposition ??, M 0 is di�eomorphic to the surface obtained
from M � " by attaching a disk to this component of f � 1(� " ) = @M� " . This
disk is foliated by the level curvesf � 1(a), for � " < a < 0.

Figure 6.4: Figure 6.5.
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Case 2: P0 is a minimum

This is case 1 turned upside down. The connected component ofM " around P0,
for " > 0 small enough, is a disk foliated by the circlesf � 1(a), for 0 < a < " ,
centered at P0. See Figure??.

Case 3: P0 is a saddle

Consider, in the neighborhood ofP0, the three level curvesf � 1(� " ), f � 1(0),
and f � 1(" ), where " > 0 is su�ciently small. These curves are de�ned by the
quadratic equations � x2 + y2 = � "; 0; " , and are shown in Figure??. The curve
f � 1(0) is the union of two lines x = � y that intersect at 0. The curves f � 1(" )
and f � 1(� " ) are hyperbolas. Figure?? displays the evolution of the level set
in the neighborhood of a critical point of index 1.

Figure 6.6:

Figure 6.7:
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Attaching handles

In order to formulate in rigorous terms the change in topology that M a under-
goes asa crosses a critical point, we introduce the notion of ahandle H � of
index � , and the operation of attaching a handleto M a .

De�nition 6.2.3. A (two-dimensional) handleH � of index � is the direct prod-
uct D � � D 2� � , where D p is the closed disk of dimensionp.

Thus, H � is always homeomorphic to a two-dimensional diskD 2, but we
think of H0 and H2 as disks, and ofH1 as a rectangleD 1 � D 1 (Figure ??).

Figure 6.8:

Proposition 6.2.4. Consider a Morse function f on a compact smooth surface
M , and let 0 be a critical value. Assume there is only one critical pointP0 in
f � 1([� "; " ]), and that it has index � . Then M " is homeomorphic to the surface
with boundary obtained by attaching a handle of index� to M � " , by which we
mean the following:

(a) Attaching a handle H2 (the maximum case) is the operation shown in
Figure ??(a). We glue the boundary of the disk to the component of the
boundary of M � " near P0, and the hole disappears.

(b) Attaching a handle H1 (the saddle case) is the operation shown in Fig-
ure ??(b). We glue two opposite edges of the rectangle to the two compo-
nents of the boundary nearP0, without a twist (upper case in the �gure).

(c) Attaching a handle H0 (the minimum case) is the simplest operation: we
simply form the disjoint union of the surface with the diskD 2, thus cre-
ating an additional boundary curve, as shown in Figure??(c).

Proof. We work as in the proof of Proposition ??. Outside a small disk U
around P0, we de�ne the vector �eld �v as before. InsideU, wheref is in Morse
form � x2 � y2, we de�ne � as a smooth function whose value increases from 0
very near P0 to 1 near the edge of the disk. By choosing" small enough, we
can assume thatf takes at least one of the values" and � " inside U.
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(a)

(b)

(c)

Figure 6.9:
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Recall that the 
ow ' 2" decreases the value off by 2" if the trajectory
lies in a region where� = 1. Since there are no critical points apart from P0

in f � 1([� "; " ]), the argument used in the proof of Proposition ?? shows that,
outside U, ' 2" gives a (partial) di�eomorphism between M " and M � " .

To complete the proof we observe thatM " is di�eomorphic to ' 2" (M � " ),
and we compare this latter set with M � " using the explicit form of f inside U:

(a) For � = 0 (a minimum), M " intersects U but M � " does not. We have

' 2" (M " ) = M � " [ ' 2" (M " \ U);

the union being disjoint. The set on the right is a round disk if we make
the 
ow radial. The desired result follows.

(b) For � = 2 (a maximum), M " contains U but M � " does not. We have

' 2" (M " ) = M � " [ U;

and the two sets on the right overlap in an annulus, that is,U is attached
to M � " around the edge.

(c) For � = 1 (a saddle), both f � 1(" ) and f � 1(� " ) intersect U. This time we
write

' 2" (M " ) = M � " [ R;

where R = ' 2" (M " ) � M � " is the dotted region in Figure ??. Because we
can control � , we can ensure thatR really is what it appears to be in the
�gure: a topological rectangle, with adjacent sides tangent.

Morse theory of three-dimensional manifolds. Now consider a Morse
function on a three-dimensional manifoldM . We will follow closely the theory
just developed for surfaces. As before, denote byf � 1(a) the level set of f with
value a, and by M a the part of M \bounded above" by a:

M a = f x : f (x) � ag = f � 1(( �1 ; a]):

When a is a regular value of f , we know by Theorem ?? that f � 1(a) is a
smooth submanifold ofM . In addition, M a is three-manifold with boundary, the
boundary being the surfacef � 1(a). This surface is the union of some number
of smooth, compact, closed surfaces. What happens as we change the value of
a?

As in the two-dimensional case, the topological type off � 1(a) cannot change
unlessa goes through a critical value:

Proposition 6.2.5. Let f be a smooth function on a compact smooth three-
manifold M , and assume that the segment[a; b] (where a < b) contains no
critical value of f . Then:
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Figure 6.10:

(a) The level setsf � 1(a) and f � 1(b) are di�eomorphic.

(b) M a and M b are di�eomorphic as three-manifolds with boundary.

(c) Both di�eomorphisms can be realized as shifts along the trajectories of the
vector �eld � gradf on M , for an arbitrary Riemannian metric on M .

Proof. Literally the same as that of Proposition ??.

We now study the evolution of the level surfaces near a nondegenerate critical
point P0. As before, assume thatf (P0) = 0, and use Morse's lemma to �nd,
in a su�ciently small neighborhood of P0, coordinates x; y; z such that f =
� x2 � y2 � z2 for di�erent combinations of the signs � ; the index � is the
number of negative terms. We consider the possible cases.

(a) P0 is a maximum, that is, f = � x2 � y2 � z2, and the index is 3.

(b) P0 is a minimum, that is, f = x2 + y2 + z2, and the index is 0.

(c) P0 is a saddle of index 1, that is,f = � x2 + y2 + z2.

(d) P0 is a saddle of index 2, that is,f = � x2 � y2 + z2.

We assume for simplicity that f � 1(0) has only one critical point, and consider
what happens to the manifold with boundary M a asa increases past the critical
value 0.
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Case 1: P0 is a maximum

If " is a small positive regular value off , the level set f � 1(� " ) has a connected
component nearP0 that is a sphere S2 with center P0. This component tends
to P0 when " tends to zero, as illustrated in Figure ??. As we will prove in
Proposition ??, M 0 is di�eomorphic to the three-manifold obtained from M � "

by attaching a ball S3 to this component of f � 1(� " ) = @M� " . This ball is
foliated by the level surfacesf � 1(a), for � " < a < 0.

Figure 6.11:

Case 2: P0 is a minimum

Here the connected component ofM " around P0, for " > 0 small enough, is a
ball foliated by the spheresf � 1(a), for 0 < a < " , centered at P0. Figure ??,
going backwards, illustrates this case.

Case 3: P0 is a saddle of index 1

Consider, in the neighborhood ofP0, the three level surfacesf � 1(� " ), f � 1(0),
and f � 1(" ), where " > 0 is su�ciently small. These surfaces are de�ned by
the quadratic equations � x2 + y2 + z2 = � "; 0; " , and are shown in Figure??.
The surfacef � 1(0) is a double cone with vertex at 0. The surfacef � 1(� " ) is a
hyperboloid of two sheets, andf � 1(" ) is a hyperboloid of one sheet.

Case 4: P0 is a saddle of index 2

Here the level surfacesf � 1(� " ), f � 1(0), and f � 1(" ) are de�ned by the quadratic
equations � x2 � y2 + z2 = � "; 0; " ; they, too, are illustrated by Figure ??, if we
interchange " and � " .
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Figure 6.12:

Figure ?? displays the evolution of the level set in the neighborhood of
critical points of di�erent indexes.

Figure 6.13:

De�nition 6.2.6. A (three-dimensional) handle H � of index � is the direct
product D � � D 3� � , where D p is the closed disk (ball) of dimensionp.

Thus, H � is always homeomorphic to a three-dimensional diskD 3, but we
think of H0 and H3 as disks, and ofH1 and H2 as solid cylinders (Figure??).
Moreover, H1 and H2 will be attached di�erently.

Proposition 6.2.7. Consider a Morse function f on a compact smooth three-
manifold M , and let 0 be a critical value. Assume there is only one critical
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Figure 6.14:

point P0 in f � 1([� "; " ]), and that it has index � . Then M " is homeomorphic to
the three-manifold with boundary obtained by attaching a handle of index � to
M � " , by which we mean the following:

(a) Attaching a handle H3 (the maximum case) is the operation shown in
Figure ??(a). We glue the boundary of the ball to the component of the
boundary of M � " near P0, and the hole disappears.

(b) Attaching a handleH2 (case of a saddle of index2) is the operation shown
in Figure ??(b). We glue the lateral wall of the cylinder to the neck of the
one-sheeted hyperboloid.

(c) Attaching a handleH1 (case of a saddle of index1) is the operation shown
in Figure ??(c). We glue the top and bottom of the cylinder to the ex-
tremities of the two-sheeted hyperboloid.

(d) Attaching a handleH0 (the minimum case) consists of forming the disjoint
union of the surface with the ballD 3, thus creating an additional boundary
surface, as shown in Figure??(d).

The proof follows the model of the proof of Proposition??.

6.3 Handle Decomposition of a Compact Smooth
Manifold

We have explained the attachment of handles in the context ofthe study of a
Morse function, in dimensions two and three. We can de�ne thesame operation
in a more general context, and in arbitrary dimension. Let the dimensionn be
�xed. We de�ne an n-handle of index� to be

H � = D � � D n � � ;
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(a) (b)

(c) (d)

Figure 6.15:
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Figure 6.16:

whereD k is the closedk-disk. The handle'sattaching boundary is S� � 1 � D n � � ;
the �rst factor is the boundary of the �rst factor of the H � . Thus, all n-handles
H � are homeomorphic, but, for each index, a di�erent part of the boundary is
special. The case� = 0 relies on the convention that the sphere of dimension
� 1 is the empty set|that is, the attaching boundary is empty.

Now let M be a smooth n-manifold with boundary, and suppose that in
this boundary there exists a submanifold N � @M di�eomorphic to S� � 1 �
D n � � . Attaching a handle of index � to M consists of taking the union M [
H � , and identifying N with the attaching boundary of H � , by means of some
di�eomorphism (of manifolds with boundary).

The result of this process is not obviously a smooth manifoldwith boundary,
but it can be made into one by a process of smoothing, as indicated in Figure ??.
In any case, what interests us most is the topological type ofthe result, so after
the attachment we can also perform other adjustments, as in Figure ??, to make
it easier to visualize further attachments. Note that the topological type of the
result may depend on the subsetN , and also on the identifying di�eomorphism
(if � = 1).

Note that attaching an n-handle of indexn complete closes o� one boundary
component of M (that is, N is a connected component of@N). If, moreover,
there are no other boundary components, the result is a manifold with empty
boundary (what we original de�ned as a manifold).

We say that a manifold M (with or without boundary) has a handle decom-
position if we can build it up by starting with the empty set and attachi ng a
�nite number of handles, in sequence. More formally, there should be a sequence
of manifolds with boundary

? = M 0 � M 1 � � � � � M r = M

such that, for eachi > 0, we can obtainM i from M i � 1 by attaching an n-handle
of some index.

Theorem 6.3.1. Let f be a Morse function on a compact smoothn-manifold
M (without boundary), and set M a = f x : f (x) � ag.

(a) Suppose that0 is a critical value of f , and that there is only one critical
point P0 in f � 1([� "; " ]), with index � . Then M " can be obtained from
M � " by attaching an n-dimensional handle of index� .
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Figure 6.17:

(b) The manifold M can be built by starting with the empty set, and attach-
ing in succession a �nite number of n-dimensional handlesH � , one H �

for each critical point of f of index � . That is, f determines a handle
decomposition ofM .

Sketch of proof. Part (a) is proved following the model of the proof of Proposi-
tion ??. Part (b) follows by considering all the critical points of f in ascending
order of their values; if several critical points have the same value of f , we can
either modify f slightly so they no longer do so, or extend the argument of part
(a) so that several handles can be attached simultaneously,which is easy since
the critical points are isolated.

Note that di�erent Morse functions on M generally determine di�erent han-
dle decompositions.

Because every compact smooth manifold admits a Morse function, as men-
tioned after De�nition ??, the theorem implies the following:

Corollary 6.3.2. Any compact smooth manifold has a handle decomposition.

Moreover, given a handle decomposition of a compact smooth manifold, it is
possible to construct a Morse function that determines thisdecomposition. The
proof of this is not di�cult, but is technical and not very enl ightening; therefore
we omit it.

Remark. Knowing the order and indices of the critical points of a Morse function|
equivalently, knowing the order and indices of the handles of a handle decomposition|
is not enough, in general, to allow one to reconstruct the manifold up to home-
omorphism. The point is that the topology of the result may depend on what
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boundary component(s) the handle is glued to, on the homotopy class of the
gluing map, and so on. The handle decomposition allows us to reconstruct only
the \rough structure" of the manifold; the \�ne structure" i s based onhow the
handles are glued. The �ne structure is important for higher dimensions. We
will see in Chapter 8 that in the case of surfaces it is possible to reconstruct the
surface just from combinatorial information about critica l points.

Theorem?? has the following consequence (homotopy equivalences and CW-
complexes will be de�ned in Chapter 10).

Theorem 6.3.3. Let f be a Morse function on a compact smooth manifoldM .
Then M is homotopically equivalent to a �nite CW-complex containing one cell
of dimension � for each critical point of f of index � .

In general, di�erent Morse functions de�ne di�erent CW-dec ompositions of
M .

6.4 Homology and the Morse Inequalities

Consider a compactn-dimensional manifold M , and take the real homology
groups H k (M ) of M , for k = 0 ; 1; : : : ; n (homology groups will be de�ned in
Chapter 10). The dimension ofH k (M ) as a real vector space is called thek-th
Betti number of M , and is denoted by � k (M ). It is, of course, a nonnegative
integer.

If f is a Morse function on M , the k-th Morse number of f is the number
of critical points of f having index k, and is denoted by � k (f ). For example,
� 0(f ) is the total number of the local minima of f .

Theorem 6.4.1. Let f be a Morse function on the compact smooth manifoldM .

(a) For each k, we have� k (f ) � � k (M ).

(b) We also have
nX

k=0

(� 1)k � k =
nX

k=0

(� 1)k � k :

A proof can be found in [?, Section 6.10], for example.
Theorem??(a) says that the Betti numbers � k of M are lower bounds for the

Morse numbers� k (f ), for any Morse function f on M . Topologically, this means
that there are no more independent closed cycles(cycles without boundary)
in dimension k that the total number of k-cells of M . Recall that each cell
corresponds to one critical point off .

Theorem ??(b) says that the alternating sum of Morse numbers equals the
alternating sum of Betti numbers, also called the Euler characteristic of M .
The homology groups of a manifold, and therefore the Betti numbers, are topo-
logical invariants, that is, they do not change under homeomorphisms (or even
under homotopy equivalences; see [?, p. 174], for example). It follows that the
alternating sum of Morse numbers does not depend of the function: it is an
invariant of the manifold.
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6.5 Some Embeddings of Surfaces in R3 and Their
Critical Points

We consider Morse functions on an orientable, compact, connected, smooth
surface of genusg, denoted M g. We know from Lemma ?? that M g can be
smoothly embedded inR3. If we take the projection of such an embedding onto
a �xed line of R3 (usually taken as the z-axis) we obtain a height function on
M g.

Figure ?? shows some embedded surfaces whose height functions are Morse
functions. The height function of the standard (round) embedding of sphere
S2 = M 0 in R3 is a Morse function with exactly two critical points: a minim um
and a maximum. The embedding of the torusT 2 = M 1 as a torus of revolution
with a horizontal symmetry axis has a Morse height function with four critical
points: one minimum, two saddles, and one maximum. Forg > 1, a similar
Morse height function on M g can be found, with exactly 2g + 2 nondegenerate
critical points: one minimum, 2g saddles, and one maximum (Figure??, right).

Figure 6.18:

The Euler characteristic of M g is 2g � 2; thus, it follows from Theorem ??
and from the fact that a smooth function on a compact manifold must have a
maximum and a minimum that 2 g+ 2 is the least number of critical points that
a Morse function on M g can have.

It is typically possible to modify a Morse function in such a way that two
or more nondegenerate critical points collapse together, forming one degenerate
critical point. Thus, if we relax the condition that f be a Morse function,
we can get a smooth function onM g with fewer than 2g + 2 critical points.
Then, evidently, the structure of the degenerate critical points will be more
complicated than that of nondegenerate ones. We illustratethis with a simple
and visual example.

For g � 1, there are embeddings ofM g in R3 whose height function has
exactly four critical points: one minimum, one maximum, and two saddle points.
The two saddle points will be necessarilydegenerateif g > 1. The caseg = 1 (the
torus) has already been discussed (Figure??, middle; this is a Morse function).
The caseg > 1 is illustrated in Figure ??. We simply take the boundary of a
small tubular neighborhood of the union ofg+ 1 equally spaced meridians on a
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sphere, as shown in Figure??.

Figure 6.19: Figure 6.20.

The height function in a small neighborhood of the degenerate saddles be-
haves as Rezg+1 , the real part of the complex function zg+1 . It is possible to
show that the height function of any embedding ofM g in R3 (for g > 0) must
have at least four critical points, so our construction achieves this minimum.

However, if we drop the requirement that f be the height function of some
embedding of M g in R3, the minimum number of critical points decreases to
three (for g > 0). In fact, any compact connected surface, orientable or not,
admits a smooth function with exactly three critical points : a minimum, a
maximum, and a degenerate saddle.

Figure 6.21: Figure 6.22.

To construct such a function, we start by using the remark following The-
orem ??: any surfaceM can be obtained by gluing the edges of a polygonW
having the symmetric canonical form

W = a1 : : : aN � 1aN a� 1
1 : : : a� 1

N � 1a� 1
N ;

for some value ofN , where the sign� 1 (Figure ??) gives an orientable surface
and the sign +1 (Figure ??) a nonorientable one. W has 2N edges, andN can
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be taken to be even if the surface is orientable; this ensuresthat all the vertices
of W are identi�ed by the gluing into one point of the surface.

Cut W in half by the diagonal shown in Figure??, then draw level curves of a
smooth function f as in Figure ??, where in the left half the curves represent in-
creasingly positive values off , until they reach a maximum at the point marked;
and conversely in the right half of W they represent increasingly negative val-
ues off , until they reach a minimum. The third critical point|the de generate
saddle point|is the point of the surface arising from the ide nti�cation of all the
vertices of W .

Figure 6.23: Figure 6.24.

By choosingf appropriately, we can arrange for it to have the form RezN +1

in a small neighborhood of this degenerate critical point. (You should relate N
to the number g of handles in the orientable case or the numberk of crosscaps
in the nonorientable case.) Notice where we have made use of the symmetric
form of W : Since the segmentAB separates each edgeai of W from its match,
f has opposite signs on either side ofai , and we can arrange for the gradient
of f to be nonzero at any interior point of ai . If there had been two edges of
W with the same letter on one side ofAB , this edge on the surface would be
entirely made up of degenerate critical points off , sincef would have the same
sign on both sides of it.

Under a small perturbation of the constructed smooth function f , the single
degenerate critical point splits into several nondegenerate saddles, as shown in
Figure ??.

Suppose there is a smooth functionf with only two, perhaps degenerate,
critical points on a compact smooth surfaceM . Then M is di�eomorphic to
the sphere. The corresponding statement in arbitrary dimension, obtained by
replacing \surface" with \ n-manifold", is also true. This was proved by Reeb.





Chapter 7

Application: Analyzing
Human Body Motions
Using Manifolds and
Critical Points

This chapter discusses how we can use manifolds and criticalpoints to analyze
human body motionson the computer. A robot or a human body can be modeled
as amultibody, that is, a system of rigid bodies connected by joints. The analysis
of human body motions is, however, far more complex than thatof a robot. A
robot consists of several segments, each being a rigid body.A human body, by
contrast, has many more parts, and they are not really rigid,although we model
them as if they were. We �rst modeled a human body as a multibody consisting
of �fty segments, as shown in Figure ??. A recent extension has added more
segments, actually of hands, and now the multibody has 82 segments.

Figure 7.1: A modeled human body.

131
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From a sequence of human body images processed through computer vision,
we computed thechanging power(that is, dynamic relationships) between the
segments, based oninverse dynamics. Six Lagrangian equations specify the
dynamics of each segment. Computing the power vector changeof a multibody
with 82 segments from one frame of an animation to the next requires solving
6 � 82 Lagrangian equations; thus, for real-time animation at 30 frames per
second, we need to solve close to 15,000 Lagrangian equations per second. We
also compute the changing power exerted from one person on the other by the
same method [?]. The computed powers are displayed as vectors on computer
graphics equipment (Figure??).

Sports coaches are �nding the results very useful in studying athletes' move-
ments and in designing improved training programs. Medicaldoctors are show-
ing strong interest in applying the method to rehabilitatio n programs.

Figure 7.2: Analytical results indicating the forces exerted on wrists.

7.1 A Detailed Example: The Hand and Arm

We study in detail hands and arms, which are extremely important tools for
humans. They can perform various motions, such as pinching,seizing, grasping,
pressing, scooping, wrenching, and slapping. This dexterity primarily comes
from their having a large number of joints.

Hands and arms can be modeled as a multibody. Once the model is�xed,
a procedure to determine whether a particular motion is possible can be found
[?]. Mathematical concepts such as critical points and maps between manifolds
are essential tools in the procedure. The details of our model and procedure are
described later, in Sections?? and ??.

Many researchers [?; ?; ?; ?] have investigated the various motions of human
body, including the hand and the arm. However, they have typically used
statistical average data or intuitive imaginary geometric data. Although the
animations they produce look realistic enough, their models are powerless to
analyze the real motion of a person.

The data required for our model are:
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(1) the relative position and orientation of the adjoining j oint axes,

(2) the joint rotation limits, and

(3) the dependencies among the joint angles [?].

Since these data are di�erent from person to person, we have to acquire the
real data of individual persons. In order to analyze real motions of a person, we
develop a system to acquire the real geometric data of the person. The system is
based on a stereo method with �ve video cameras. Using the system, we obtain
the positions of hands and arms by �tting our model to the images.

We have applied our method to a technique of martial arts,Shorinji Kempo,
and found that experts take advantage of the joint rotation l imits and the de-
pendencies among the joints of hands and arms. This will be discussed in
Section ??.

7.2 A Model of the Hand and Arm

Multibody modeling of hands and arms. As mentioned earlier, we model
the hand and arm as a multibody system [?]. The system is assumed to be
connected, rigid, and open. A multibody system of this type is often called
an open-chain systemor an open-tree system. We de�ne the upper arm as the
root body of the system; the position and orientation of the root body represent
those of the whole system.

When a body comes into contact with another body belonging either to
the same or to a di�erent multibody, it receives force through the contact sur-
face, and its motion is restricted. Conversely, a body applies force to another
body through the contact surface. For simplicity, we approximate the contact
surface by a �nite set of representative points of contact through which the
representative forces are applied. We call the representative points of contact
end-e�ectors . The position of the end-e�ector is de�ned to be the position of
the representative point of contact, and its orientation is de�ned as the normal
vector of the tangent plane at the point.

Con�guration spaces and workspaces as manifolds. The ordered set of
variables q, consisting of the position and orientation of the upper armand the
joint angles, uniquely determines the posture of the hand and arm. This set
q is called a con�guration . The set of all possible con�gurations is called the
con�guration space.

Figure ?? shows a simple example of a con�guration space. The con�gura-
tion of the wrist can be determined by the two angles� and ' . As we know,
there are physical limits on these angles. As indicated in the �gure, the set of
all possible pairs (�; ' ) is a subset of the direct product [� �; � ] � [� �; � ]. The
interior and boundary of the set of possible pairs is the con�guration space,
which we denote byD.
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q

q

j

j

a wrist

the configuration space of a wrist

o

p
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p-p

Figure 7.3: A wrist and its con�guration space.

The constraints on one angle depend on the other (see Figure??). We can
rotate our wrist widely (that is, the interval of allowable v alues of � is wide)
when the hand is parallel to the body, as shown in part (a) of the �gure. We
cannot rotate our wrist widely to left and right (that is, the interval of � is
narrow) if the wrist is at a right angle with the arm, as shown in part (b). Thus
the con�guration space can represent the allowable range ofmotion of a joint,
and the dependency of one angle on another.

(a) (b)

q

q

j  = 0 j  = 90

90

Figure 7.4: Angle dependency in the wrist joint.

A con�guration determines the positions and orientations of end-e�ectors.
The set of all possible positions and orientations of an end-e�ector is called a
workspace. Con�guration spaces and workspaces are described with several local
coordinates systems (charts), and these spaces can be interpreted as manifolds
with boundaries (see De�nition ??).

If there is no dependency between joints, the con�guration space is the man-
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ifold with boundary

C = I 1 � I 2 � � � � � I n| {z }
� Rn

� SO(3) � R3 � Rn � SO(3) � R3;

where eachI j is a closed interval, and SO(3) is the parameter space for rotation
of the end-e�ector (the group of rotations in three-space).

Now consider the manifold representation of the workspace.Suppose a multi-
body has m representative points of contact. Attach a Euclidean frameto the
i -th representative point of contact of the multibody. The i -th workspace man-
ifold Wi is

f (x; y; z; ' 1; ' 2; ' 3)g � O = R3 � SO(3):

O is usually called an output space in robotics.
Assume that we havem end-e�ectors. Let x i be the state (position and

orientation) of the i -th end-e�ector. The state x i is related to the con�guration
q by the forward kinematic function f i :

x i = f i (q):

The forward kinematic function of the i -th end-e�ector is considered as a map
D ! W i between manifolds:

f i : D � C ! W i � O ; for i = 1 ; : : : ; m.

Decomposition of the con�guration space manifold based on j oint de-
pendencies. The joint limits and the dependencies should be considered in
the con�guration space manifold. The con�guration space manifold can be de-
composed into the direct product of manifolds where the variables of a manifold
are independent of those of other manifolds.

We subdivide the set of all joint axes into p sets of joint axesL 1, L 2, : : : ,
L p, in such a way that any two joints j 1 and j 2, for j 1; j 2 2 L k are dependent
on each other, and any two joints j 0

1 and j 0
2, for j 0

1 2 L k and j 0
2 2 L i , k 6= i , are

independent. The con�guration space manifoldD can be regarded as the direct
product of manifolds:

D = DL 1 � D L 2 � � � � � D L p � Rn � SO(3);

where DL k , for 1 � k � p, is the domain of variables for the joint axes in the
set L k . Note that D is a subset ofC, the con�guration space of a multibody
without joint dependencies.

Example decomposition of the con�guration space manifold. As an
example, assume thatL 1 = f 1g, L 2 = f 2; 3g, L 3 = f 4; 5g, L 4 = f 6; 7; 8g, and
that joints 4 and 5 are completely dependent on each other. The con�guration
space manifoldD is expressed as follows:

D = DL 1 � D L 2 � D L 3 � D L 4 � R3 � SO(3):
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Note that
DL 1 is the domain of � 1;
DL 2 is the domain of (� 2; � 3);
DL 3 is the domain of (� 4; � 5); and
DL 4 is the domain of (� 6; � 7; � 8);

where � 1; � 2; : : : ; � 8 are the joint angles.

Configuration
Space

ManifoldD
DL1

DL2

1

2

3

DL3

DL 4

4

5

6
7

8

R3 SO(   )3

where : the i-th jointi

i

Figure 7.5: Decomposition of the con�guration space manifold.

7.3 A Procedure for Checking Task Feasibility

A task is speci�ed in terms of the velocities, the angular velocities, or both the
velocities and the angular velocities of the end-e�ectors. In this section, we
introduce the concept oftask feasibility in the framework of the manifold maps.
We consider the Jacobian matrix of the forward kinematic function in order
to check task feasibility. We de�ne regular and singular con�gurations using
submatrices extracted from the Jacobian matrix. We then de�ne task feasibility
to mean whether the system can perform the given task or not. Finally, we
present a method to check task feasibility, using the concepts of con�guration
space manifold and singular con�gurations.

Task and task feasibility. A task is conceptually an instantaneous motion
given to an end-e�ector. Tasks are classi�ed intopositional , spherical, or spatial,
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depending on whether they require only a translation, only arotation, or both
a translation and a rotation of an end-e�ector.

For example, a push, a twist, or a pinch are simple tasks for the hand and
arm. More complicated tasks include, for example, writing with a brush in
Shodo (the art of calligraphy), and throwing down the opponent in Shorinji
Kempo.

Task feasibility is de�ned to be true if the given task can be performed, and
false if not.

Partial translational velocities and partial angular velo cities. We de-
scribe a task by the velocities, the angular velocities, or both the velocities
and the angular velocities of the end-e�ectors. This section is devoted to an
explanation of these concepts.

Let qj , for 0 � j � N , denote the variables describing the joint angles and
the position and orientation of the whole hand-and-arm system. Let the velocity
(relative to the global coordinate system) of the origin of the i -th end-e�ector
frame and the angular velocity of the i -th end-e�ector frame be denoted by the
3 � 1 vectors V i and w i , respectively. The end-e�ector frame velocities are
expressed in terms of the individual joint velocities and root body velocities as

V i =
NX

j =0

~V
i
j _qj and w i =

NX

j =0

~w i
j _qj ;

where ~V
i
j and ~w i

j , for j = 1 ; : : : ; N , are 3� 1 vectors called thepartial transla-
tional velocity and partial angular velocity. They are given by the equations

~V
i
j =

@V i

@_qj
; ~w i

j =
@w i

@_qj
:

Jacobian matrices. When we are interested only in the translational motion
of an end-e�ector, we call the end-e�ector positional . When the rotation of
an end-e�ector is of concern, we call the end-e�ectorspherical. When we are
interested in both the translation and rotation of an end-e� ector, we call the end-
e�ector spatial. In our application of the motion of the arm, the end-e�ector s
are positional, so we limit our subsequent discussion to thepositional case.

Using the partial translational velocity and the partial an gular velocity vec-
tors, the Jacobian matrix for the i -th end-e�ector can be written as

J i =
� ~V

i
1

~V
i
2 : : : ~V

i
N

�
:

The Jacobian matrix is 3� N if the end-e�ector is positional. The columns of the
matrix for a spatial end-e�ector can also be interpreted aspartial screw vectors,
since they express the contribution of each joint rotation and the position and
orientation of the whole system to the screw motion of the output frame.
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Singular con�gurations. In order to consider singularity, a square matrix
is extracted from the Jacobian matrix. In the case of a positional end-e�ector,
we extract three arbitrary column vectors from the Jacobian matrix. We call
the joint axes corresponding to the extracted column vectors the extracted joint
axes. We call the extracted 3� 3 square matrix the extracted submatrixfor the
extracted joint axes.

If the extracted submatrix is regular, that is, if it has nonz ero determinant,
we say that the extracted joint axes are in a regular con�guration . If the ex-
tracted submatrix is singular, that is, if its determinant v anishes, we say that
the extracted joint axes are in a singular con�guration .

Singular con�gurations of the extracted joints can be studied in a more
geometric fashion by considering the dimension of the spacespanned by the
column vectors in the extracted submatrices. In fact, the rank of the extracted
submatrix is equivalent to the number of linearly independent column vectors of
the matrix. If the dimension of the space spanned by the column vectors is less
than the number of column vectors, the system is in a singularcon�guration. In
other words, in a singular con�guration, the column vectors become dependent
and form a space with dimension less than the number of the column vectors.

Infeasible tasks. A task is infeasible in the following cases.

Singular con�guration

If the extracted joint axes are in a singular con�guration , the extracted column
vectors span a space whose dimension is less than the number of extracted
column vectors. If the vector representing the task is not contained in this
space, the task is infeasible in terms of the extracted jointaxes.

Boundary transgression

Even if the vector representing the task is in the space spanned by all the column
vectors in Jacobian matrix, when the system con�guration is at the boundary of
the con�guration space, motions directed toward the outside of the con�guration
space manifold cannot be performed. We call thisboundary transgression.

Disharmony

When the given task requires the (cooperative) simultaneous motions of multiple
end-e�ectors, there are situations where the simultaneousmotions are impossible
even if the tasks given to the end-e�ectors could be performed separately. We
call this disharmony.

Task feasibility checking. Now we introduce a procedure for checking task
feasibility. Let A i be a task given to the i -th end-e�ector. Then A i is a vector
of quantities V i

j and w i
j .



7.4. ANALYSIS OF A SHORINJI KEMPO TECHNIQUE 139

First step: check for singular con�gurations

Check the task feasibility of individual end-e�ectors one by one. Consider the
i -th end-e�ector. Solve the following system of linear equations in order to �nd
out the possible _q:

A i = J i _q:

If this system has no solution, the task is unfeasible at thei -th end-e�ector,
so the overall task feasibility of the given task is false.

If this system of linear equations has a single solution or a set of solutions,
record the constraints that determine the single solution or the set of solutions
as Coi (t).

Second step: check for disharmony

Check if all the end-e�ectors can perform the given tasks concurrently. There
exists the possibility that the end-e�ectors can perform the tasks only sequen-
tially, not concurrently.

For each i we know the constraint Coi (t). Together the constraints form a
system of linear equations. If this system has no solution, the end-e�ectors can-
not perform the required motions simultaneously, and task feasibility becomes
false.

If the system has a single solution or a set of solutions, record the constraints
that determine the single solution or the set of solutions asCo(t).

Third step: check for boundary transgression

If the con�guration q(t) is in the interior of the con�guration space manifold D,
the task is feasible.

If the con�guration q(t) is at the boundary of D, check if there exists a
solution that satis�es the constraint Co( t) obtained in the second step, and
is directed to the interior of the con�guration space manifold. This is done
by checking one by one the projectionsDL k , for 1 � k � p, of the vector
representing the solution on the manifolds, representing the domains of variables
for mutually independent sets of the joint axes. If such a solution exists, the
task is feasible. Otherwise, it is infeasible.

7.4 Analysis of a Shorinji Kempo Technique

In this section, our model of hand and arm is applied to a type of martial
arts, the Shorinji Kempo. One of its techniques,Kirigote , is analyzed using the
concept of the task feasibility.

Suppose that two representative points of contact with the opponent are
chosen, and that the forces applied at the points are given asshown in Figure??.
Green dots indicate the representative points of contact and the lines originating
from the dots indicate the task given to the end-e�ectors. We consider that the
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Figure 7.6: Tasks and the singular con�guration in Kirigote .

tasks are positional. The lines indicate the velocities required for the end-
e�ectors to perform the given tasks. Because the opponent loses balance and
cannot resist the forces applied at the representative points, the task given to
him is to perform the motion that results from the applied for ces.

Using the task feasibility check procedure presented in Section ??, it is shown
that this task is infeasible without shoulder translation. Let us analyze the
reasons why this task is infeasible.

Singular con�gurations

First of all, consider the end-e�ector farther from the body. The three extracted
joint axes, namely the elbow axis, the principal axis of the forearm, and the back
and forth rotation axis of the wrist, are in a singular con�guration . The absolute
value of the determinant of the normalized extracted submatrix in terms of the
extracted joint axes is computed and turns out to equal 0.007895. This value
very near zero means that the matrix is almost singular. The column vectors
are the partial velocity vectors. They are shown as the red lines originating
from the end-e�ector in Figure ??. This �gure shows that the partial velocity
vectors in terms of the three axes are essentially on a plane.The task velocity
vector is not contained in this plane. Accordingly, rotation about the shoulder
joint is needed in order in order to perform the task.
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Disharmony

Suppose that end-e�ector 1 is the end-e�ector nearer the body and end-e�ector
2 is the farther one.

Solving the equationA 1 = J 1 _q yields the solution: angular velocity 4.599256
about the shoulder joint axis (0:466886; 0:260193; � 0:845173). SolvingA 2 =
J 2 _q yields a possible solution: angular velocity 1.294783 about the shoul-
der joint axis (0:097477; 0:247768; � 0:963903).Disharmony occurs because the
shoulder rotation is insu�cient to satisfy these tasks concurrently.

Boundary transgression

Solving simultaneously the above two systems of equations yields a single pos-
sible solution, including the rotation of the wrist, which, however, cannot be
performed due toboundary transgression. The con�guration of the opponent at
this time is at the boundary of the con�guration space manifold. Consider DL k ,
which represents the manifold for the rotation angles of twojoint axes of the
wrist. The situation is depicted in Figure ??. The shape ofDL k was measured
in the experiment. The black dot represents the projection of the con�guration
on DL k . The arrow originating from the dot represents the required joint an-
gle velocities of the wrist. By calculation, it is (� 25:879189; � 14:296033). The
picture shows that the velocity is directed to the outside of DL k . The task is
thus shown to be infeasible without shoulder translation. This means that the
opponent must be thrown down since the shoulder position must move down in
order to perform the task.
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Figure 7.7: Boundary transgression inKirigote .





Chapter 8

Computer Examination of
Surfaces and Morse
Functions

This chapter considers the problem of encoding essential information about a
compact surface in terms of a �nite amount of data that can be stored and
manipulated by computer. If all we want is the topological type of a surface,
the genus and the orientability are su�cient. But in many app lications, we
would like to have a rough version of the geometry, and yet we don't have, or
don't care about, an exact geometric description of the surface. Using Morse
theory, it is possible to assign acode, or schematic representation, to a surface.
We consider three problems:

(a) How to code a Morse function on a smooth manifold, and in particular on
a surface.

(b) How to code a surface using a Morse function de�ned on it.

(c) How to reconstruct a surface if we know a coding of it.

8.1 The Reeb Graph and Molecules

Simple and complicated Morse functions. Recall that a smooth function
on a smooth manifold is called aMorse function if all its critical points are
nondegenerate.

Theorem 8.1.1 (Morse). Let X be a smooth manifold. Morse functions are
everywhere dense in the space of all smooth functions onX . Equivalently, any
smooth function on X can be converted into a Morse function as a result of a
perturbation as slight as desired.

143
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The perturbation splits degenerate critical points into a certain number of
nondegenerate singularities, as illustrated in Figure??.

In the set of all Morse functions, there exists a dense subsetconsisting of
Morse functions such that di�erent critical points have di� erent values. In other
words, critical points falling on the same level can be movedto closely spaced
levels (see Figure??). Morse functions with this property are called simple.
Morse functions that have several critical points at the same level will be called
complicated.

Figure 8.1:

The fact that a complicated Morse function can be changed by small per-
turbations into a simple Morse function is useful in many applications and the-
oretical questions. There are many cases, however, when onecannot perturb
the complicated Morse function to transform it into a simple one: for example,
when the function has symmetries, and you want to preserve the symmetries.
We will discuss this problem later.

The Reeb graph. Now we restrict our attention to Morse functions f on a
compact surfaceM . Recall that, for any regular value a, the level set f � 1(a)
is a union of circles. For any singular value, the level set has the possible local
structures discussed in the preceding chapter, and dictated by Morse's Lemma:
an isolated point (at a maximum or minimum), a transversal crossing of two
curves (at a saddle), or a smooth curve (at other points of thelevel set). The
global topological types for the connected components of the level set can then
be easily determined if f is simple: a point, a circle, or a �gure eight, that is,
two circles joined at a transversal crossing. As we go through a critical level,
components can merge, split, appear, or disappear, in ways that we will detail
shortly.

Reeb [?] proposed a way to condense the information about this evolution
and rearrangement of level curves. His idea was to consider the quotient topo-
logical space obtained by collapsing to a point each connected component of
each level set off . More precisely:
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De�nition 8.1.2. Let f : M ! R be a real-valued function on a compact
manifold M . The Reeb graphof f is the quotient space ofM by the equivalence
relation � de�ned by \ x1 � x2 holds if and only if f (x1) = f (x2) and x1; x2 are
in the same connected component off � 1(f (x1))."

For example, the Reeb graph of the height function of a surface embedded
in R3 is the quotient space of the surface under the equivalence relation that
identi�es ( x1; y1; z) and (x2; y2; z) if these two points lie in the same connected
component of the horizontal cross section of the surface at height z. Each
connected contour on each horizontal plane is represented by a point in the
Reeb graph. Thus, the Reeb graph of the height function for the torus of
Figure ??(a) is as shown in Figure??(c); this is easy to see from Figure??(b),
which shows the cross sections.

peak

saddle point

saddle point

pit

(a) (b) (c)

Figure 8.2: (a) A torus and the critical points of its height f unction. (b) Cross
sections of that same torus. (c) The Reeb graph of the height function on the
torus.

The name Reeb graphwas introduced by Ren�e Thom. Reeb graphs can
be quite helpful in the visualization of certain aspects of surfaces or higher-
dimensional objects. Modern applications of Reeb graphs tocomputer geometry
were developed by T. L. Kunii and Y. Shinagawa [?], and will be discussed
later in this chapter. Right now we discuss a re�nement of Reeb graphs of
surfaces, introduced by A. Fomenko, initially for the purposes of topological



146CHAPTER 8. COMPUTER EXAMINATION OF SURFACES AND MORSE FUNCT IONS

classi�cation of integrable Hamiltonian systems; the ideawas then extended to
other topological problems and applications.

Labeled Reeb graphs, or molecules. De�nition ?? de�nes the Reeb graph
as an abstract topological space. For ease of visualization, we can think of each
connected component of a regular level setf � 1(a) as a point at height a. As a
changes, this point moves and sweeps a segment or arc|it cannot do anything
else until we reach a critical level. At a critical level interesting things can
happen: the arc may disappear, or branch o�, etc.

Thus, the Reeb graph consists of two types of elements: arcs or edges, coming
from the connected components of the part of the surface thatis situated strictly
between two critical levels; and nodes or vertices, coming from critical points.
(In fact even at a critical level an arc of the graph may continue undisturbed, if
the connected component that it represents does not containa critical value at
that level; in this case we don't consider the correspondingpoint of the graph
a node, but an interior edge point.)

To distinguish di�erent types of critical points, we label t he nodes of the
graph. In the simplest case, that of asimple Morse function on an orientable
manifold, we need just two labels. Nodes that represent a maximum or a min-
imum are labeled A; they are leaves of the graph, that is, only one edge goes
out of them, pointing up in the case of a minimum, or down in the case of a
maximum. This is illustrated in Figure ??.

Figure 8.3:

What about nodes that represent the connected component of asaddle?
Because the function is simple, the component is topologically a �gure eight, as
already mentioned. To understand the evolution of the levelcurves, we must
then determine what the surface looks like in the neighborhood of this �gure
eight. Morse's Lemma says that on opposite sides of the critical point the
function has the same sign. The assumption that the surface is orientable then
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requires that the adjacent level curves be as in Figure??. On one side the level
set evolves into a single circle, and on the other into two circles.

Figure 8.4:

In the Reeb graph, then, we have a vertex with three edges coming out:
two pointing up and one down, or vice versa. We label such vertices B ; they
represent anorientable saddle transformation. See Figure??.

Figure 8.5:

We call the labeled nodes of the Reeb graphatoms, and the labeled graph
itself a molecule. Two examples of molecules are given in Figure??.

Let us note that the edges incident to an atom of the molecule can be non-
equivalent and therefore we should distinguish them. To show what we mean,
consider, for example, the atomB . This atom denotes the bifurcation under
which one circle ( sayS1 ) transforms into two new circles ( say S2 and S3 ),
see Figure??. These two circlesS2 and S3 are naturally equivalent in the sence
that there exists a di�eomorphism of a neighborhood of the singular level line
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( i.e., the �gure eight ) into itself that preserves the funct ion f but permutates
these circles ( on Figure?? this di�eomorphism is just the central symmetry
with respect to the singular point ). On the other hand there is no such a
di�eomorphism which maps S2 or S3 onto S1. Thus, three edges incident toB
can be naturally separated into two classesf S1g and f S2; S3g. In other words,
we do not need to distinguishS2 and S3, but should distinguish S1 from them.

To be able to extract this information from the molecule we can make all
its edges oriented according to increasing off ( by putting arrows on them
showing the direction in which f increases). As a result, the edges incident to
a certain atom will be separated into two classes(with respect to the atom),
namely, incoming and outgoing ones.

However, in the case of simple Morse functions we can use the following
agreement: we draw the molecule in such a way that the direction of increasing
of f is \upwards"( see Figure ?? ).

Remark. In the case of complicated atoms in order to distinguish the edges of
the molecule it is not su�cient to use the orientation only, b ecause even the
edges of the same type can be non-equivalent.

(a) (b)

Figure 8.6:

The molecule of a Morse function is not necessarily a planar graph, that is,
it may not be possible to arrange it in the plane without edgescrossing. It is of
course possible to arrange it inR3, and there are many nonequivalent ways of
doing this.

The molecule as a code. Having assigned a molecule to any simple Morse
function on an orientable compact surface, we can now ask whether we can
reconstruct the surface and the function from the molecule. Let us introduce
a natural equivalent relation on the set of pairs (M; f ), where M is a closed
oriented surface andf is a Morse function on it. We will say that two pairs
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(M; f ) and (M 0; f 0) are �ber equivalent if there exists a di�eomorphism � : M !
M 0 which maps level lines off to those of f 0.

In the case of a simple Morse functionf its molecule can be considered as
a code that allows to de�ne the equivalence class of (M; f ) uniquely. Before
formulating this result let us note that the pairs ( M; f ) and (M; � f ) are ob-
viously equivalent because the functionsf and � f have the same level lines.
The only di�erence between the corresponding molecules is the orientations of
their edges. For f and � f these orientations are opposite and we come to the
following natural de�nition. We will say that two molecules W and W 0 with
oriented edges areisomorphic if there is a homeomorphism between then which

(a) preserves its atom labels and

(b) either preserves the orientation on the edges or change it on all the edges
simultaneously.

Proposition 8.1.3. Let (M; f ) and (M 0; f 0) be two compact orientable sur-
faces provided with simple Morse functionsf and f 0. Then (M; f ) and (M 0; f 0)
are �ber equivalent if and only if the corresponding molecules W and W 0 are
isomophic. In particular, if W � W 0 then the surfacesM and M 0 are di�eo-
morphic.

Note that if we have two di�eomorphic surfaces embedded inR3, with Morse
height functions, the corresponding molecules may be di�erent even if the em-
beddings are equivalent|think of a round sphere and a cactus. (The right
notion of equivalence for embeddings isisotopy; informally, two embeddings
M ! R3 are isotopic if one can be smoothly transformed into the other without
self-intersections arising.)

Conversely, the molecules can be isomorphic even if the embeddings are not
equivalent. As an example, consider Figure??. Here we see two nonisotopic
embeddings of the torusT 2 in R3, and the corresponding height functions.
Their molecules are isomorphic. The �rst embedding is isotopic to the standard
embedding, but the second is knotted, and so cannot be isotopically deformed
into the standard embedding.

We have assumed so far that the Morse function under consideration is
simple. For a complicated Morse function, some vertices of the Reeb graph may
correspond to (components of) level sets containing several critical points, so
the topology of these level sets may be complicated. We will return to this point
later.

8.2 Surface Codings for Computer-Aided De-
sign

Solid modeling involves the representation of the shapes ofthree-dimensional
objects. Many types of representation are possible. In the boundary represen-
tation method, for example, an object is represented by means of the vertices,
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Figure 8.7:

Figure 8.8: A pair of surfaces with the same molecule.
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edges, and faces of its boundary; faces need not be planar, but can be taken
from a family of functions large enough to approximate the surface of the object
being modeled to within the desired precision|splines, B�e zier surfaces, and so
on. In constructive solid geometry (CSG), by contrast, an object is represented
as the result of set operations (union, intersection, set di�erence) on primitives
such as cubes, spheres and cylinders. Each type of representation has certain
advantages, but the traditional methods are often inadequate for the modeling
of complex shapes of natural objects such as human organs.

We will describe here a method of surface representation, introduced in [?],
that has certain advantages over traditional methods, in that it makes it easy
to capture the topology of a surface or set of surfaces, and ispowerful enough
to handle even very complex shapes. The method codes a surface by describing
the topological evolution of the level sets of a Morse heightfunction de�ned on
it.

Extending the Morse coding. Consider a smooth (orC2) compact surface
embedded inR3, and assume that its height function is a Morse function. We are
interested in representing the surface by means of the evolution of its horizontal
cross sections (level sets) as the height changes. A nonsingular cross section
is made of (topological) circles embedded in a plane, and by the Jordan curve
theorem, which says that a closed curve in the plane has an inside and an outside,
there is a natural hierarchy among the circles in a given level set, de�ned by
what circles are inside what other circles. This will be discussed in detail shortly.
Moreover, as long as we don't cross a level set, this relationship cannot change.
When we do cross a level set, we have a change in the topology ofthe cross
section, as explained in the preceding section. Such changes are recorded by the
Reeb graph, but as we have seen the Reeb graph is too coarse to distinguish
between di�erent embeddings of the same surface (Figure??).

What an extended coding has to add to the Reeb graph is a recordof the
way the cylinders (which correspond to edges of the Reeb graph) are exchanged
and turn around each other between two successive critical values. One way
of doing this is to record the con�gurations of enough intermediary levels such
that an equivalent of the surface can be reconstructed usinginterpolation [ ?].
Such a section-oriented approximation is always possible under the hypotheses
of a C2 embedded compact surface with Morse height function.

An example of a coding system. We now present an example of a coding
system that describes a surface by the changes in the hierarchical structure of
contours on cross sectional planes caused by attachingk-handles (see page??).
Operators are introduced to describe the attachment of handles, and the sur-
face is coded using them. An iconic representation of handles attached by the
operators helps visualize the structure of the surface being coded. We still as-
sume that the surface is compact, smooth (orC2), embedded in R3, and that
its height function is a Morse function.

The major advantage of this coding system is that the topological integrity of
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the resulting code is guaranteed under these assumptions. Not all changes in the
hierarchical structure of contours between cross sectional planes de�ne a valid
physical surface, as shown in Figure??. As can be seen from this example,
the topological integrity is not guaranteed by merely coding the hierarchical
structure of contours on the cross sectional planes. It is necessary to code the
operations that cause the changes in the hierarchical structure of contours. This
situation is similar to that in [ ?; ?], where topological integrity is maintained
by coding changes in the structure of vertices, edges, and faces using so-called
Euler operators.

Figure 8.9: Unacceptable change in the contour structure.

The parent-child relation. Recall that we introduced a hierarchy among the
circles (contours) that make up a noncritical level set of our surface. A contour
that is enclosed in another, with no other intervening contours, is said to be a
child of it; the enclosing contour is the enclosed contour'sparent. The parent-
child relation can be nested, as shown in Figure??(a), where we have numbered
the contours for convenience; #1 represents contour 1, and so on. Thus #1 is
the parent of #2, which in turn is the parent of #4. For conveni ence, contours
that have no parents, such as #1 and #7, are considered children of a virtual
contour #0. Then every contour apart from #0 has exactly one parent, and
we can describe the hierarchy in the form of a tree, as shown inFigure ??(b).
Contours having the same parent, like #2 and #3 in Figure ??, are called
siblings.

One last bit of terminology will be important. Because the contours describe
a surface that divides space into an inside and an outside (and which, in practical
applications, is the boundary of a solid object), they can bedivided into two
types. Suppose we shade the areas of the plane that correspond to the region
inside the surface, as in Figure??(a). If the area immediately inside a contour is
shaded, the contour issolid; if it is the area immediately outside that is shaded,
the contour is hollow. Thus, contours #1, #4, #5, #6 and #7 are solid, while
#2 and #3 are hollow. It is easy to see that solid and hollow contours alternate
as we go down any particular branch of the tree; in particular, all outer contours,
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#1

#2 #3

#4 #5 #6

#7

#0

#1

#2 #3

#4 #5 #6

#7

(a) (b)

Figure 8.10: The parent-child relation among contours (a) and its tree repre-
sentation (b).

children of the virtual contour #0, are solid. We call contou r #0 hollow by
convention.

Building up the surface. To proceed with the description of our technique,
we will represent the parent of countour n by parent[n], and the children of
countour n by an array children[n], where the indexes of the children are listed in
some order. For example, in Figure?? we haveparent[1] = 0 and parent[2] = 1;
we also might havechildren[3] = (5 ; 6), in which case we write

children[3] " [1] = 5 and children[3] " [2] = 6:

This abstract notation does not commit us to a particular typ e of storage struc-
ture for the information; in an actual implementation one mi ght use simple
arrays or more sophisticated structures for tree handling,so long as the storage
method chosen makes it possible to perform e�ciently the operations we now
describe.

The building of a surface is done by the application of four operators, whose
geometric function is the attaching of k-dimensional handlesH k , as described on
pages??�. The operators are PUT H0, PUT H1 MERGE , PUT H1 DIVIDE ,
and PUT H2. The attaching of a one-handle can either split a contour or
merge two contours, so there are di�erent operators to deal with the two cases.
The construction proceeds from the top to the bottom of the object, and ends
when it is no longer possible to attach handles. The status ofthe surface being
constructed by the operators is represented by the contour structure on the cross
sectional planes.

As an example of how the operators work, we take the construction of a torus,
shown in Figure ??. The three columns of the �gure represent the evolution
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in three schematic ways. Column (a) shows icons that evoke a lateral view of
the surface; column (b) shows a perspective view; and column(c) shows the
approximate cross-section at each stage.
(1) First of all, PUT H2(0) is called to add a two-handleH2, as shown in row
(1) of Figure ??. This creates a new contour, as shown in column (c). The
single parameter ofPUT H2 says within what existing contour the new contour
is to be created, and the value returned is the index of the newcontour; this
is a number not used before. We may as well number contours in the order
in which they are created. Here, then,PUT H2(0) returns the value 0, which
means that contour #1 is created inside #0, the virtual conto ur.

One nonobvious bit of information that we have to attach to each contour is
whether it is present at the current level, or, equivalently, whether handles can
be attached to it. This will be referred to by saying that the status of the contour
is ENABLED . The status of a newly created contour is alwaysENABLED at
�rst.

(2) Next, a one-handle H1 is attached to the existing handle. The operation
that does this is PUT H1 DIVIDE (1, nil, INSIDE ); see row (2) of Figure??.
This splits the contour into two; one of them keeps the index of the original
contour (the �rst argument to PUT H1 DIVIDE ), while the other gets a new
index (the return value of the operator). Two more argumentsare necessary for
PUT H1 DIVIDE . When the third parameter is INSIDE , the resulting contours
are siblings. (The alternative will be explained later.) The second parameter is
the list of children of the old contour that should be transferred to the new one.
Here this list is empty.
(3) We then attach another H1, to reconnect #1 and #2. The command for
this is PUT H1 MERGE (1; 2); see row (3) of the �gure. The arguments 1 and
2 represent the two contours to be merged, and the index of theresult is the
�rst argument. The second contour is removed from the list of children of its
parent, and its status is changed fromENABLED to DISABLED , indicating
that no handle can be attached to the contour anymore.

(4) Finally, PUT H0(1) eliminates contour #1 by capping it o� with a zero-
handle H0. The single argument is the index of the contour that's beingcapped
o�; its status is changed from ENABLED to DISABLED . Note that by this
time all the children of the contour that's being eliminated must be DISABLED .
This concludes our example; there are no moreENABLED contours, so no more
attachments are possible.

We now go systematically through all the cases, describing the e�ect of the
handle-attaching operators and the meaning of the arguments with which they
are called.

An H2 has to be created inside another contour, and again the contour
number is the only information needed; hencePUT H2(n) is necessary and
su�cient for this case.

An H0 has to be attached to a contour other than the virtual contour, and
again that is the only information needed. ThereforePUT H0(n) is necessary
and su�cient for this case.
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 (1) PUT_E2(0) ;

 #1

 (2) PUT_E1_DIVIDE(1, nil, INSIDE) ;

 #1

 #1  #2

 (b) cells (c) cross sectional
representation

 (a) icons

 (3) PUT_E1_MERGE(1, 2) ;
 #1  #2

 #1

 (4) PUT_E0(1) ;

 e1

 e0

 #1

Figure 8.11: Constructing a torus.
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 (A)

 (A)

 (B)

 (B)

 (C)

 (D)
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 (E)

 (E)

 #n
 #m

 #l

Figure 8.12: Classi�cation of the e�ects of a one-dimensional handle.
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An H1 has to be attached to two contours (not necessarily distinct) with
the condition that no other contour separates them. That is, it can connect a
contour with its parent, a sibling, a child, or itself. We tak e each case in turn;
refer to Figure ??, top.

(A,C) By reversing roles, we see that the case of a contour connecting with its
parent is equivalent to that of a contour connecting with its child. See segments
(A) and (C) in the �gure, which represent where the bridges (H1 's) are to
be attached. When contour #n is merged with its parent, it vanishes (becomes
DISABLED ), and the children of # n become children ofparent[parent[n]]. This
is done by PUT H1 MERGE (parent[n]; n).

(B) When an H1 is attached between two sibling contoursm and n, we arbitrar-
ily choose one index, sayn, to be that of the resulting contour, and the other
disappears. All the children of #m become children of #n. This is done by
PUT H1 MERGE (n; m).

When an H1 is attached to the same contour at both ends, it can be either
outside or inside the contour. These two possibilities are indicated by segments
(D) and (E) in Figure ??, top.

(D) An H1 looping from a contour to itself on the outside transforms it into
two nested contours. The parent contour gets the index of theoriginal contour,
say # n, and the child gets a new number, say #k. Thus # n gains exactly one
child in the process. The contours lying outside of #n, enclosed by #n and
the handle, become the children of #k, and have to be removed from the list of
children of parent[n]. If these contours are listed inclist, the whole operation is
performed by calling PUT H1 DIVIDE (n; clist; OUTSIDE ). This operation is
the inverse of Case A.

(E) An H1 looping from a contour to itself on the inside transforms it into two
sibling contours; one is given a new number, say #k, and the other inherits the
number # n of the original contour. The children of # n must be split between
# n and # k. If the children to be passed to #k are listed in clist, the operation is
performed byPUT H1 DIVIDE (n; clist; INSIDE ). This is the inverse of Case B.

This takes care of all possible cases.
To help visualize the structure of the surface being coded bythe operators,

we use a graphical representation of the handles that make upthe Reeb graph
of the surface, by means of the icons depicted in Figure??. Gluing two handles
is done by letting the 
at top of one and the 
at bottom of the ot her coincide.
A dummy icon can be used to connect handles that do not align, as the example
in Figure ?? will make clear. Icons can also be adapted to �t with each other;
for example, re
ecting an icon in a vertical line is permissible, and does not
change its meaning. Handles for hollow contours are depicted by white icons,
while those for solid contours are depicted by black icons. For H1, there are four
types of icons, corresponding to the cases stated above; note that the icons for
the mutually inverse Cases D and A are symmetric by reversal of the vertical
coordinate, and likewise for Cases E and B.

The icons of children are drawn inside the icons of their parents, as shown



158CHAPTER 8. COMPUTER EXAMINATION OF SURFACES AND MORSE FUNCT IONS

 2-cell

 solid  hollow

 1-cell

 PUT_E1_MERGE (CASE A or C )

 PUT_E1_MERGE (CASE B)

 PUT_E1_DIVIDE (CASE D)

 PUT_E1_DIVIDE (CASE E)

 0-cell

 solid  hollow

dummy
icons

Figure 8.13: Icons used in the coding method.
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 dummy icon

Figure 8.14: When the icon for anH1 handle is attached to two sibling contours,
it is modi�ed so that the structure inside the contours is preserved.
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dummy
icons

Figure 8.15: To make contours that should be connected by anH1 adjacent in
the iconic representation, one can interchange them using dummy icons.
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in Figure ??; thus the �gure represents the Reeb graph as well as the parent-
child relationship. The icons preserve the contour structure to which they are
attached. For example, when anH1 is attached to the handles as in Figure??,
it preserves the parent-child relationships of each of the contours involved. The
attachment of the icons should obey the rules of the operators; H1 for Case B,
for instance, can be attached only to sibling contours.

Dummy icons are inserted where necessary to adjust the height of handles
(Figure ??). Because the Reeb graph may not be a planar graph, dummy icons
can also be used to interchange handles (together with theirinner structure) so
that H1 can be attached to adjacent handles (Figure??).

To preserve the hierarchical contour structure, a dummy icon cannot exceed
the bounds of the parent of the contour to which it is attached, or intrude into
other contours. For this reason, only sibling contours can be interchanged using
the dummy icons. Note also that when the icon forPUT H1 MERGE of Case
A shown in Figure ?? is attached to the diagram at a contour, say #n, the
triangle at the top must match the rightmost child of # n, say # m, and the
children of # m are transfered to the outside of #n. When the mirror image
icon is used, the triangle must match the leftmost child of #n.

8.3 Modeling the Contact of Two Complex Ob-
jects Using the Reeb Graph

This section presents another application of surface coding based on Morse
theory and the Reeb graph, this time to the �eld of dental diagnosis. The
interference of the motion paths of objects has been an important research
subject. Much research has been done on collision detectionin the �elds of
CAD/CAM (computer-aided design and manufacturing) and rob otics; see, for
example, [?; ?; ?; ?; ?]. Voxel-based and octree-based methods were presented
in [?; ?]. Motion planning [?; ?; ?; ?; ?; ?] is another �eld where collision
detection has been studied. Inamoto [?] characterized this problem as four-
dimensional interference detection, and solved it using hexadecimal trees.

There has been, however, no work on characterizing the mutual interference
of objects that are in close contact in irregular ways. An example of a problem
of this type is the process of chewing: analyzing the spaces between teeth, and
the exact way in which they enter into contact, is important i n understanding
how the food gets cut and ground down. In other words, we are interested in
the structure of the spaces between solid objects, and of their regions of contact.
Previous work on detecting and locating collisions does nothelp understand or
model such processes.

This section proposes a novel method to characterize the contact of objects.
The method is applied to the actual problem ofdental articulations, to demon-
strate its e�ectiveness. Our characterization is based on the topology of the
complement of the three-dimensional objects, as it changesover time; this tem-
poral evolution of a three-dimensional region of space can be regarded as a set
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in four-dimensional spaceR4. Changes in thegrinding area|the portion of the
complement whose thickness is less than a given threshold� |are examined.
The topological structures are analyzed using a coding method based on Morse
theory and the Reeb graph [?].

Topological characterization of the interference of objec ts. Consider
two three-dimensional objectsO1 and O2, whose position varies with time. Let
T1(t) � R3 be the set occupied by at timet by O1, and likewise for T2(t); we
assume that T1(t) and T2(t) are closed sets. In our example,O1 and O2 are
an upper and a lower tooth that come into contact. The complementary space
C(t) at time t is de�ned by

C(t) = T1(t)� [ T2(t) � ;

whereT �
i denotes the interior ofTi , for i = 1 ; 2, and the bar denotes complement.

The grinding area G. Next, we analyze the topology of thegrinding area
G(t) at time t. This set is de�ned by

G(t) = f p 2 C(t) : d(p) � � g;

where� is a given threshold value andd : R3 ! R, called the thickness function,
is de�ned as follows. Let l be the line passing throughp and parallel to the z-
axis; then d(p) gives the length of the connected component ofG(t) \ l that
contains p. We call d(p) the thickness of C(t) at p in the z-direction.

When the boundaries ofT1 and T2 can be locally represented by functions
z = f 1(x; y) and z = f 2(x; y), the thickness at p = ( a; b; c) is given by

d(p) =
�
�f 1(a; b) � f 2(a; b)

�
� ;

assuming that f 2(a; b) < c < f 1(a; b) (see Figure??).

Representing structural changes to the grinding area. Our model as-
sumes the existence of a coordinate system such thatl intersects C(t) at most
once, in the sense that the intersection is either empty or connected (a line
segment). In the case of teeth, thexy-plane can be taken as the theocclusal
plane (a plane approximating the grinding or biting surface of the tooth; see
Figure ??).

When such a coordinate system exists, the topological structure of G(t) is
determined by the projection of this set onto the xy-plane, namely

� (G(t)) = f (x; y) : (x; y; z) 2 G(t)g:

This projection sweeps, ast varies, a subset

H (G) := f (x; y; t ) : t 2 R; (x; y) 2 � (G(t))g � R3;
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Figure 8.16: Thickness at the pointp 2 C(t).
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z
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y
occlusal plane

Figure 8.17: The coordinate system used in the dental articulation problem.

type 2 type 3type 1
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Figure 8.18: Possible types of change in the projected imageof G and its com-
plement.
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and the structural features of this time evolution are encoded in the topology of
H (G). We will use the Reeb graph ofH (G) and of its complement to represent
the structural change in the regions.

We regard the boundary of � (G(t)) (for a �xed t) as a collection of circles
(closed contours) in the plane, at least in the generic case.As in Section ??, we
can then talk about parent, child, and sibling contours.

The three types of changes in the topology of the grinding are a. The
changes in topological structure of regions in� (G(t)) can be classi�ed into three
types and their inverses, as shown in Figure??.

In a type 1 change, a new contour appears, enclosing a new region. In the
inverse change, a contour and the enclosed region disappear. This corresponds
to the operators PUT H2 and PUT H0 of the preceding section.

In a type 2 change, a contour merges with a sibling, and the regions they
enclose are combined. In the inverse change, a region splitsinto sibling re-
gions. This corresponds to the case B ofPUT H1 MERGE and case E of
PUT H1 DIVIDE .

In a type 3 change, a parent and a child contour merge; the region enclosed
by the child and the one outside the parent are combined. In the inverse change,
a region splits into two, one inside the other.

The corresponding changes in the topology ofG(t) are shown in Figure ??.
The relevant portions of the Reeb graphs ofH (G) and of its complement H (G)
are shown in Figure ??. Note that here we are representing the Reeb graphs
of solid regions, rather than that of surfaces. Again, the Reeb graph cannot
distinguish between types 2 and 3; in order to distinguish between the two
types, one must use the parent-child relationships in the projected image [?].

Examples. Consider the structural changes of the projected images of the
grinding area on the xy-plane shown in Figure??. Shaded regions representG.
The Reeb graphs ofG and G are also shown.

Between time t1 and t2, an inverse type 1 change occurs inG, leading to the
appearance of region #2, a child of #0. (Here we are numberingregions rather
than contours.) The number of holes of #0 increases by one.

Between time t2 and t3, a type 2 change occurs inG, and #2 becomes
connected to its sibling region #1. The number of holes of #0 decreases by one.
At the same time, an inverse type 1 change occurs inG, increasing by one the
number of holes of #1.

Between time t3 and t4, a type 3 change occurs inG, connecting #2 to
its grandparent region #0 (that is, connecting the parent-child contours). The
number of holes of #1 decreases by one.

Application to chewing. We are now ready to discuss how chewing can
be described by our model. Foods are ground as the topological structure of
the grinding area changes with time. For example, the growthof the area of
G narrows the spaces where the food can exist. Okubo [?] used the change
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Figure 8.19: Possible types of change inG and in its complement G.
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Figure 8.20: Portions of the Reeb graph ofG (black) and of its complement
(white) corresponding to the three types of changes in topology.
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Figure 8.21: Changes in the projection� (G) of the grinding area (left), and the
corresponding Reeb graphs (right).



168CHAPTER 8. COMPUTER EXAMINATION OF SURFACES AND MORSE FUNCT IONS

in the total area of G to describe chewing. The process, however, cannot be
modeled simply by the total area: we cannot chew well with 
at teeth, although
the total area is large, because neither the upper nor the lower tooth surfaces
can accommodate the food, nor they can grind it. The model proposed in this
section is based instead on the topological changes undergone by the grinding
area.

As seen in Figure??, a change of inverse type 1 inG, meaning the birth of
a new grinding area in G, corresponds to holding the food and making a hole
in it. Changes of types 2 and 3 inG mean the merging of two regions inG; this
corresponds to cutting the food. The same is true for changesof inverse types
2 and 3 in G (Figure ??). A changes of type 1 inG grinds the food.

type 2

type 3

invType 1

: foods : G: G

Figure 8.22: Physical meanings of the types of changes inG.

The opposite changes to the ones listed above make room for food, namely:
type 1 and inverse types 2 and 3 inG, and types 2, 3, and inverse type 1 inG.
See Figures?? and ??, reversing all the arrows.

A simulation run. We describe how our model can be used to study the
movements of molars during chewing. First, the shape data ofhuman teeth and
arti�cial teeth are obtained by measuring plaster models with a numerically-
controlled three-dimensional digitizer. The coordinate system is de�ned so that
the xy-plane coincides with the occlusal plane (Figure??). Each tooth surface
is measured at sampling intervals of 0.1 mm. The surface is then interpolated
using the sampled points, linearly for simplicity.

The particular movement we study consists of a lower tooth moving toward
its central occlusal position, that is, the position where it rests stably against
the corresponding upper tooth. The movement of the lower jawis horizontal,
and is speci�ed by the relative coordinates of the starting position, as shown in
Figure ??: The angle � speci�es the direction of movement of the lower tooth,
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invType 2

invType 3

type 1

: foods : G: G

Figure 8.23: Physical meanings of the types of changes inG.

and r speci�es how far it is from the central occlusal position. At each moment
in the motion, the z-values are calculated so that the upper and lower teeth
touch.

Next we examine the topological structure ofH (G). The starting position
and direction of movement are selected consistently with values that occur in
actual chewing, as determined by clinical dentistry. Figures ?? and ?? show
examples of Reeb graphs obtained by simulating the movement. We see in
each example patterns of increase and decrease in the numberof connected
components of G and G as the lower tooth approaches its resting position.
For example, in Figure ?? (left), when the number of G regions (white edges)
increases, the number ofG regions (black edges) decreases, and vice versa.
Figure ?? shows a smaller number of changes; the teeth in this case had been
smoothed by �llings.

As r approaches zero, the number of edges in the Reeb graph decreases.
This is expected, because it is known in clinical dentistry that the upper and
lower teeth have the maximum contact area if they are in the central occlusal
position. Considering only the area, however, we cannot express the role of
the irregularities in the teeth surfaces. If contact area were the only thing
that mattered, 
at teeth would be best, whereas, as explained before, they in
fact cannot work well. Our model enables us to express the role of the teeth's
irregularities by considering the number of changes of eachtype.

We conclude this section with an analysis of how the number ofstructural
changes inG and G depends on the direction� in the simulation. For each
direction, sampled at intervals of 15� , two categories of changes were counted:
stage 1changes (comprising changes of inverse type 1, 2, and 3 inG), and stage
2 changes (comprising changes of types 2 and 3 inG, and changes of type 1 and
inverse types 2 and 3 inG. The results are graphed in Figure??.
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Figure 8.24: Speci�cation of the starting position of the lower tooth (view from
above).

In clinical dentistry, it is known that food is mainly ground by a person's
dominant-side teeth, which is either the left or the right side of the jaw. The
dominant-side teeth are called the working teeth in clinical dentistry. If the
dominant side is the right side, the lower teeth move from theright side to the
central occlusal position in the chewing processes. This movement corresponds
to the lateral movement of the working teeth in clinical dentistry. The lateral
movement is regarded as the main movement in the chewing process, and corre-
sponds to values of� around 90� ; this is considered to be the direction in which
the lower teeth should move in order to grind food e�ectively. The number of
stage 1 and stage 2 changes should, therefore, be large when� � 90� in the
simulation.

This is con�rmed by Figure ??, where there is a peak around� = 90 � . Per-
haps surprisingly, the graph also shows a peak around� = 180� , corresponding
to what is called in clinical dentistry the anterior movement; the simulation
from this sample shows that food should be ground well by movement in this
direction, though this result has not been reported in clinical dentistry.

8.4 Coding of Nonorientable Surfaces

We now return to molecules, picking up where we left o� in Section ??. The
goal now is to understand how the molecule code can describe anonorientable
surface, still assuming the Morse function to be simple. Section ?? will deal
with complicated Morse functions.
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Figure 8.25: The Reeb graph ofH (G) and H (G) of a sample of human teeth
(Sample 1). The threshold � is 1.275 mm. The scale to the left of each graph
gives the distancer from the central occlusal position, for (left) the �rst righ t
molar and (right) the second right molar. In each case,� = 75 � .

The A � -atom. The classi�cation of possible contours in Section?? did not
depend on the orientability of the surface: a connected component is either a
point, a circle, or a �gure eight. The local picture near a minimum or a max-
imum also does not depend on whether the surface is orientable; the A-atoms
of Figure ?? remain the only possibility. However, the behavior of the surface
in a neighborhood of a �gure eight (a contour containing a saddle) is no longer
restricted to the B -atom shown in Figures?? and ??. That picture was based
on the assumption that the loops of the �gure eight at the crit ical level pre-
serve orientation (orientation-preserving and orientation-reversing loops were
discussed in Section??).

What happens instead if at least one of the loops of the �gure eight reverses
orientation ? The local picture very near the saddle point must still look like
Figure ??, by the Morse Lemma. If one of the loops reverses orientation, the
only way for consistent signs to be assigned to the function in the four quad-
rants determined by saddle is the one depicted in Figure??: Both loops must
reverse orientation, and the ends of each loop come into the saddle from opposite
directions.
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Figure 8.26: Same as Figure??, but with teeth that have been treated by cavity
�lling (Sample 2). As before, � = 1 :275 mm; left and right graphs are for the �rst
and second right molars, respectively;� = 75 � (top) and � = 285� (bottom).
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Figure 8.27: The number of stage 1 and stage 2 changes during achewing
simulation involving the �rst right molar of Sample 1, as a fu nction of � .



174CHAPTER 8. COMPUTER EXAMINATION OF SURFACES AND MORSE FUNCT IONS

Figure 8.28:

We see in Figure?? that a neighborhood of the critical level can be thought
of as the union of two M•obius strips, whose central curves intersect at a point.
On either side of the central �gure eight, the level set is a single circle; this
contrasts with the case of aB -atom, where there are two components on one
side and one on the other. (The + in the �gure marks the circle lying on the
level c+ " , and the � marks the circle on the levelc� " , if c is the critical level.)

We will call the type of critical level just described an A � -atom. In the labeled
Reeb graph, two edges come out of anA � -atom, as for example in Figure??.

To summarize, a simple Morse function on a compact closed surface, ori-
entable or not, can be represented by a molecule (labeled Reeb graph) whose
vertices have one the typesA, B , or A � whose connectivities are shown in Fig-
ure ??. An A � -atom requires a nonorientable surface.

Some simple Morse functions on the projective plane and the K lein
bottle. Consider the simple Morse functionf determined on the projective
plane by the set of level curves shown in Figure??, left. (Of course there are
many smooth functions with this same set of level curves, butamong them
simple Morse functions are essentially all equivalent, if we disregard the precise
value of the contours and consider only the qualitative behavior.) The function f
has exactly one minimum, markedm� in the �gure, and exactly one maximum,
marked m+ . It also has exactly one saddle, atS (in the center of the square).
The level curve containing the saddle is obtained from the two diagonals of
the square by identi�cation of their endpoints P and Q (notice that P and
Q remain distinct on RP2 after the gluing). Thus, the critical saddle level is
a �gure eight. This is even more obvious if we deform the function slightly,
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Figure 8.29: Figure 8.30.

Figure 8.31:
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obtaining the representation in Figure ??, right.

Because the neighborhood of the �gure eight is nonorientable, the molecule
for this function is

m+�
�

A �
�
�

m�

=

A�
�

A �
�
�

A.

We thus get a decomposition ofRP2 as D 2 [ A � [ D 2, where the �rst D 2 is a
disk around m� , the second is a disk aroundm+ , and A � is an " -neighborhood
of the saddle level curve. ThisA � is of course the same surface of Figure??,
and is obtained from the X-shaped neighborhood of the diagonals of the square
by identi�cation of its ends, as seen in Figure??.

Figure ??, based on the deformed version off shown on the right in Fig-
ure ??, shows that A � is also homeomorphic to a M•obius strip with a hole (a
fact that could also be derived from the arguments used in ourclassi�cation of
surfaces).

Turning now to the Klein bottle, we consider its representation as the gluing
of two M•obius strips along their boundary circles (Figures ?? and ??). We
can use this decomposition to construct a simple Morse function on the Klein
bottle, using for example the set of level curves in Figure??. Here we have
one minimum m� , one maximum m+ , and two nondegenerate saddlesR and S.
Each saddle level set is a �gure eight, and has a nonorientable neighborhood,
that is, corresponds to anA � -atom. Consequently, the whole Morse function is

Figure 8.32:
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Figure 8.33:

described by the molecule
A�
�

A �
�
�

A �
�
�

A.

Figure 8.34:

The functions just studied are the simple Morse functions onthe projective
plane and the Klein bottle having the smallest number of critical points.

8.5 Coding of Complicated Morse Functions

Morse functions with symmetries. Consider a smooth manifoldX and a
Morse function f on X . Assume that this function is invariant under the action
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Figure 8.35:

of some discrete groupG acting on X . We recall what this means: Saying that
G acts on X means that we have, for each elementg 2 G, a di�eomorphism
of X , also denoted by the same letterg : X ! X , and these di�eomorphisms
satisfy g0(g(x)) = ( g0g)(x), for all g; g0 2 G and all x 2 X . Saying that f is
invariant under the action means that f (g(x)) = f (x) for all g 2 G and all
x 2 X . In other words, f is constant on every orbit of the groupG in X , where
the orbit G(x) of x is the set f g(x) : g 2 Gg. Such functionsf are usually called
functions with symmetries; G is called the group of symmetries of the function.

Consider the simple example in Figure??: a height function de�ned on
the annulus X , having �ve maxima and �ve saddles, for a total of ten critica l
points. Here G = Z5, the cyclic abelian group of order 5, acting onX by
rotations about the vertical z-axis in R3. This group is generated by a rotation
through 2�= 5. Similar functions occur in many applied problems of modern
geometry and topology.

Returning to the general situation of the �rst paragraph, le t x0 be a critical
point of the G-invariant Morse function f . Then it easy to see that all points
in the orbit of x0 also are critical points of f , having the same index asx0;
and of coursef has the same value on all these points. Therefore, if the orbit
is nontrivial (that is, has more than one point), the critica l level f � 1(f (x0))
has several critical points, and f cannot be a simple Morse function|it is a
complicated Morse function.

In the example in Figure ?? the critical level set of the saddle contains �ve
critical points. Topologically, it is obtained by gluing �v e circles, each two
neighboring circles being glued at one point, as shown in Figure ??, right. The
maximal critical level set consists of �ve isolated maxima.

As we mentioned at the beginning of this chapter, any complicated Morse
function on a compact manifold can be disturbed slightly to yield a simple
Morse function; this process is shown in Figure??, where a perturbation turns
the function of Figure ?? into a simple Morse function, having �ve saddles at
di�erent levels, and thus �ve �gure eight curves instead of a complicated critical
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Figure 8.36:

set.
But if we start from a G-invariant Morse function having nontrivial critical

orbits, it is clear that we cannot approximate it by a simple M orse function
and at the same time preserveG-invariance, since, as we have just seen, the
resulting G-invariant function would still have nontrivial critical o rbits. (In a
small perturbation, the critical points move very little, s o a nontrivial critical
orbit cannot coalesce.)

Thus, if we want to investigate the properties of symmetric invariant Morse
functions, we are forced to consider complicated Morse functions. Our theory
of coding of Morse functions must be expanded with new types of atoms to
describe complicated critical level curves having severalcritical points. This
description is a particular case of general theory for classi�cation of bifurcations
in Liouville foliations corresponding to the integrable Hamiltonian dynamical
systems. This was, to our knowledge, �rst done in [?]; we follow the treatment
there.

Suppose thatX is a compact surface and thatf is an arbitary Morse function
on X . Let c be a critical value of f and K c be the corresponding singular level
curve, that is, the connected component off � 1(c) which contains one or several
critical points. It is easily seen that K c is either an isolated point { in the
case of a maximum or a minimun { or a number of closed curves that meet at
the saddles off . Choose" so small that no other critical value occurs in the
interval [ c � "; c + " ] and consider the connected componentPc of the subset
f � 1

�
[c � "; c + " ]

�
such that K c � Pc. It is clear that Pc can be considered as

a regular neighborhood of the critical level curveK c.

De�nition 8.5.1. The pair (Pc; K c) is calld an atom.

Note that the atom ( Pc; K c) completely describes the type of the singularity
up to �ber equivalence. It means that two Morse functions f and f 0 are �ber
equivalent it some neighborhoods of their critical level lines K c and K 0

c if and
only if the corresponding atoms (Pc; K c) and (P0

c; K 0
c) are homeomorphic, i.e.,

there exists a homeomorphism� : Pc ! P0
c such that � (K c) = K 0

c. Sometimes,
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for the sake of simplicity, we will say that the surfacePc itself is an atom taking
into account that there is K c embedded into it.

Now, Pc has a boundary consisting of a certain number of circles, some at the
level c � " (negative circles), and some at the levelc + " (positive circles). The
number of positive and negative circles can be di�erent. Thecritical points of f
that lie on K c are called thevertices of the atom (and of K c). We can regardK c

as a graph; the vertices have just been de�ned, and the edges are the connected
components of the complement inK c of the set of vertices. Some edges may be
loops, that is, starting and ending at the same vertex. The vertices of K c may
only have a valence of zero (maximum or minimum) or four (saddle).

We call K c the spine of the atom Pc. The spine is adeformation retract of
Pc; this means, roughly, that Pc can be continously retracted, or shrunk, into
K c (formally, there is a homotopy of Pc into Pc whose initial stage is the identity
map, whose �nal stage has imageK c, and where at each stage each point of
K c is �xed). This retraction can be carried out along the gradient lines of the
function f . If we remove the spine from the atom, it disintegrates into aunion
of cylinders (annuli). Associated with each edge of the spine there is exactly
one positive and exactly one negative boundary circle.

We will give an outline of a partial classi�cation of atoms. I t is tempting
to classify atoms by their spine, but nonhomeomorphic atomsmay have home-
omorphic spines. Therefore, the spine itself, considered as an abstract graph
without some immersion in the plane, does not de�ne the atom uniquely.

As observed above, ifPc contains a maximum or a minimum, this is its only
critical point, and Pc is necessarily a disk. We continue to represent such an
atom by the letter A. To study the case of saddles, we �rst assume that the
surface is orientable.

Complicated atoms for orientable surfaces. If the surfaceX is orientable,
each atomPc must also be orientable.

(a) (b)

Figure 8.37:

Figure ?? shows an example of an atom that we denote byD1 (the jus-
ti�cation for this and related symbols is not important here ; the notation was
introduced in [?], in the context of Hamiltonian physics). D1 is a planar surface,
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that is, it can be realized as a subset of the plane. However, not all atoms are
planar. An example of a nonplanar atom is shown in Figure??; it is an easy
exercise to construct a Morse function realizing this atom.Although this atom
cannot be embedded in the plane, it can beimmersed there; in fact, Figure ??
shows exactly such an immersion.

Figure 8.38:

Clearly, the number of types of atoms is in�nitely large; but they can easily
be ordered and classi�ed as their complexity increases. We describe a useful and
graphical method of depicting atoms. It is known from topology that any ori-
entable surface with a boundary can be immersed in a two-dimensional sphere.
Therefore, any atom can be visualized as immersed in a sphere. Naturally, we
shall not distinguish between the immersions of an atom thatcan be obtained
from one another by a smooth deformation (isotopy) within the sphere. Besides,
we agree not to distinguish between immersions di�ering from one another only
by loops such as the one shown in Figure??, top left. By removing a point
(outside the atom) from the sphere, we can depict the atom as immersed in the
plane.

The picture of an atom can be simpli�ed still further. Indeed , we shall de�ne
the atom completely (and uniquely) by specifying only the immersion in the
sphere of its graphK c. If the immersion of the graph is speci�ed, the atom
can be reconstructed by taking a small tubular neighborhoodof this immersion.
This idea is illustrated in Figure ??, top right, for the atom called C1.

Thus, an atom can be characterized by an immersion of the graphK c in S2.
Two immersions isotopic inS2 are considered equivalent, as are two immersions
that di�er only by a loop.

For convenience, we will depict our immersions inS2 as immersions inR2,
by removing a point from the sphere that does not lie on the graph; but we
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Figure 8.39:

should keep in mind that they really are immersions inS2, because isotopy in
R2 and isotopy in S2 give rise to di�erent equivalence relations.

Henceforth, when depicting atomsPc, we will show only their spines K c

immersed in the plane. The bottom row of Figure ?? also shows examples of
equivalent and nonequivalent immersions of the same graphK c.

Thus, the set of inequivalent atoms forms an in�nitely long discrete list. We
shall de�ne the weight of an atom as the number of vertices it has. There exists
an algorithm (realized on a computer) that enumerates consecutively all atoms,
in order of increasing weight. Figure?? shows the beginning of this list.

To get the molecule of a complicated Morse function, we label the vertices
of the Reeb graph with the symbols for the function's atoms. Figure ?? shows
an example of a possible molecule.

As an interesting example, consider the complicated Morse function de�ned
on the torus by the level curves shown in Figure??, left. This function has two
nondegenerate saddles at the same level, one minimum, and one maximum. The
saddle atom is the atomC1 of in Figure ??. Figure ?? shows the decomposition.

Complicated atoms for nonorientable surfaces. When the surfaceX is
allowed to be nonorientable, the theory of atoms of general Morse functions is
more complicated. We will not go into its details because in the applications of
computer geometry nonorientable surfaces occur but rarely. We will just give
one example.

Take the Morse function determined on the Klein bottle by the set of level
curves of Figure??. This complicated Morse function has two saddlesP and S,
one minimum, and one maximum. The complicated saddle atom, which we call
M �� , can be obtained from Figure?? by perfoming the indicated identi�cations.
It is easy to see that the result of this gluing has the form shown in Figure ??, or
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the more symmetric form in Figure ??. The corresponding molecule is therefore

A�
�

M ��
�
�

A.
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Figure 8.40: Orientable atoms of weight 1, 2, and 3.

Figure 8.41:
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Figure 8.42:

Figure 8.43: Figure 8.44.
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Figure 8.45:

Figure 8.46:



Chapter 9

Height Functions and
Distance Functions

9.1 Almost All Height Functions Are Morse Func-
tions

We now restrict our attention to two classes of functions on surfaces, which
have particular importance in computer geometry: height functions and distance
functions. In particular, we investigate when such functions are Morse functions.
We consider a solid, bounded, connected object inR3, as in Figure ??, and
assume that it has a smooth boundary. The boundary, therefore, is an orientable
compact surface embedded inR3.

Figure 9.1: Figure 9.2.

187
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We recall the following de�nition. If � is a line in R3, with a �xed orientation
and a �xed origin, we can identify � with R (we are consideringR3 with its usual
Euclidean metric). The orthogonal projection f � : R3 ! � = R then de�nes the
height function in R3 with respect to � . This function can be restricted to any
subset ofR3, and in particular to any smooth surface M 2 R3; the restriction
is the height function of M (with respect to � ), which we still denote by f � .

The level sets of this function are the intersections ofM with planes or-
thogonal to � (Figure ??). Let's denote the plane at height a by Qa . Clearly
a level set can be arbitrarily complicated: it might have isolated points, or
curves, and might even contain an open subset of the plane, like the top level
in Figure ??. It may be connected or disconnected. The curves may contain
arbitrarily complicated singularities. For example, consider the real part of the
complex function (x + iy )n on the xy-plane. The level set at height zero for the
graph of this function is a union of n lines through the origin; see Figure?? for
the casen = 3, which displays also some nearby level sets.

Figure 9.3:

Figure 9.4: Figure 9.5.

As we know, for Morse functions the situation is much simpler. It is natural
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to ask, then, can we choose the line� so as to makef � a Morse function?
As geometric motivation, we take a few concrete examples that show that we

really can simplify the level sets by rotating the object in space (or, equivalently,
the line � ) by an arbitrarily small amount. For the function Re( x+ iy )n discussed
above, we get the behavior shown in Figure?? if we tilt the line � slightly:
One complicated critical point disintegrates into severalsimple (nondegenerate)
saddles.

The same idea makes it easy to get rid of two-dimensional pieces in a level
set. Figure ?? shows how a small change in� eliminates the 
at top of the
function, so that all the level sets become one-dimensional(piecewise smooth
curves).

Figure 9.6:

Experimentation shows that for a smooth surface it is alwayspossible to
change� slightly so that complicated level sets are resolved into those expected
for a Morse function. There is a very simple formulation for this \experimental
result". Recall that, unless we say otherwise, by a \manifold" or \surface" we
always mean one without boundary.

Theorem 9.1.1. Let a smooth surface immersed inR3 be given. Then, for
almost all directions of lines � , the height function f � is a Morse function.

The notion of \almost all" directions is to be understood as follows. Let
P be the space of possible directions;P is the projective plane RP2. The set
of directions that do not satisfy the desired property hasmeasure zero, that
is, it can be covered by open sets whose total area (with respect to a �xed
Riemannian metric on P) is as small as one wishes. This implies, in particular,
that the set of directions that do satisfy the property is dense, that is, intersects
every open set inP. In particular, for any line � one can, by rotating � through
an angle as small as desired, ensure thatf � is a Morse function.

We will prove Theorem ??, because the proof demonstrates important no-
tions of geometry and topology that occur in many other problems.
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9.2 Sard's theorem

Consider a smooth mapf : M ! N , where M and N are smooth compact
manifolds, of arbitrary dimensions m and n, respectively. For our purposes we
can assume that both manifolds are endowed with a Riemannianmetric.

Recall from De�nition ?? that a regular point of f is any point x 2 M for
which the di�erential df x : Tx M ! Tf (x )N is surjective, that is, has rank n; a
singular or critical point is one for which this is not so. A critical value is the
image of a critical point; a regular value is a point of N that is not the image of a
critical point. In particular, a point of N not in the image of f is automatically
a regular value; this is very useful in the formulation of some theorems. We
denote the set of critical points of f by C.

We denote by voln the n-dimensional measure (volume) on then-manifold
N . For our purposes we need to consider only \reasonable" subsets of N , so we
won't provide a formal de�nition of n-dimensional volume|the intuitive concept
is su�cient, and the reader is probably familiar with the not ion of volume for
an open set. It is worth remarking that a set of measure zerocan be covered by
open sets the sum of whose volumes is as small as one wishes; wecan take this
to be the de�nition of a set of measure zero.

Theorem 9.2.1 (Sard). If f : M ! N is a smooth map between smooth
manifolds, the setf (C) of critical values of f has measure zero inN .

For a proof, see [?], for example.

Remark. It is not always true that the m-dimensional measure of the setC of
critical points is zero: far from it, sometimes. If m < n , for example, all points
are critical, since the di�erential map can have rank at most m. Likewise, if f
is the constant map, all points are critical.

Corollary 9.2.2. The set N � f (C) of regular values off is dense inN .

Corollary 9.2.3. If dim M < dim N , the image f (M ) has measure zero inN ;
in particular, it does not cover all of N .

9.3 Proof That Almost All Height Functions Are
Morse Functions

We return to the consideration of height functions f � on a �xed surface in R3. We
assume for simplicity that the surfaceM � R3 is embeddedand orientable, but
the observant reader will notice that the proof works essentially without change
for the case of an immersionM ! R3; this also takes care of the nonorientable
case.

Apart from the addition of a constant, which does not a�ect th e question of
whether something is a Morse function, the functionf � remains unchanged when
� is moved parallel to itself, or when its origin is moved. Thus, we may restrict
our attention to oriented lines � going through the origin of R3 and whose origin
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coincides with the origin of R3. The space of such lines is the sphereS2|in
fact, we may consider each� as a unit vector, that is, an element of S2. Thus
the space of Morse functions that interests us is in one-to-one correspondence
with S2.

Next, P 2 M is a critical point for the height function f � if and only if �
is orthogonal to the tangent plane to the surface atP. This is obvious, since
the di�erential of f � at P, applied to a vector v 2 TP M , is exactly the scalar
product hv; � i , where � is regarded as a unit vector.

Now we need to �nd out when a critical point for the height func tion is
nondegenerate, since we are interested in functions all of whose critical points
are nondegenerate. For this we use the important concept of the Gauss map.
This is the map g : M ! S2 that takes each point P 2 M to the unit normal
vector to M at P, considered as a point in the unit sphereS2. See Figure??.
(SinceM is orientable, a unit normal vector can be chosen consistently over the
whole surface.) This map is clearly smooth, sinceM is smooth.

Figure 9.7:

Proposition 9.3.1. A critical point of the height function f � on M is nonde-
generate if and only if it is a regular point for the Gauss mapg : M ! S2.

Proof. By an orthogonal change of coordinates, we can arrange for the point in
question to be the origin (x; y; z) = (0 ; 0; 0), and for the z-axis to be parallel to �
(Figure ??). In these coordinates,M is locally the graph of its height function,
z = h(x; y), where we have seth = f � for convenience.

The unit normal at the point of M parametrized by (x; y) can be taken to
be

g(x; y) =
�

�
hx

r
; �

hy

r
;
1
r

�
; (9.3.2)



192 CHAPTER 9. HEIGHT FUNCTIONS AND DISTANCE FUNCTIONS

Figure 9.8:

where hx = @h=@x, hy = @h=@y, and r = (1 + h2
x + h2

y )1=2. This can be easily
veri�ed by, for example, taking the cross product of the tangent vectors (1; 0; hx )
and (0; 1; hy ), and then normalizing. By di�erentiating we see that, at the point
x = y = 0, we have

@
@x

1
r

=
@
@y

1
r

= 0 ;
@

@x
hx

r
= hxx ;

@
@x

hy

r
= hyx ;

@
@y

hx

r
= hxy ;

@
@y

hy

r
= hyy ;

sincehx = hy = 0 at that point. Therefore the matrix of partial derivative s of
g at (x; y) = (0 ; 0) is 0

@
� hxx � hxy

� hyx � hxx

0 0

1

A ;

and so has rank two if and only if hxx hyy � hxy hyx = 0, that is, if and only if
the Hessian of the height functionh is nondegenerate at the same point.

We can compose the Gauss mapg with the quotient map S2 ! RP2 (identi-
�cation of antipodal points), obtaining a map �g : M ! RP2. The critical points
of �g are the same as those ofg, since the quotient map S2 ! RP2 is a local
di�eomorphism (its di�erential has rank two everywhere). N ow, we have seen
that a point P 2 M is critical for f � if and only if �g(P) = � � , where � � is the
point in RP2 coresponding to� 2 S2|that is, the inverse image � g� 1(� � ) con-
sists exactly of all points on the surfaceM whose tangent planes are orthogonal
to � (Figure ??). We have also seen that such a critical point is nondegenerate
if and only if it is a regular point for �g. Thus � � is a regular value of �g if and
only if all the critical points of f � are nondegenerate! We have proved:
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Figure 9.9:

Proposition 9.3.3. The height function f � on M is a Morse function if and
only if the corresponding point � � 2 RP2 is a regular value for the Gauss map
�g : M 2 ! RP2.

Now we can apply Sard's theorem to the map �g : M ! RP2, to conclude
that the set of � � for which the height function f � is not a Morse function has
measure zero inRP2. This proves Theorem??.

9.4 Almost All Distance Functions are Morse
Functions

We turn to our second important class of functions, and provethat in this class,
too, Morse functions are dense. In a sense this idea is similar to the previous
one, but the technical tools used are di�erent. In the case ofa height function we
considered a surface in three-space and foliated space intothe union of parallel
planes in such a way that they all intersect our surface in a regular way. We
can reconstruct the original object if we know all its sections by these parallel
planes. (Such cross sections can be determined in physical experiments for real
objects, for example, in medicine, geology, etc.)

There are another reasonable ways to foliateR3: for instance, as the union
of concentric spheres (plus their center), as shown in Figure ??. We can recon-
struct an object if we know its intersections with a family of concentric spheres.
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Figure 9.10:

Concentric spheres are the level sets of what is called, naturally enough, a dis-
tance function; these are the functions we turn to now.

Let q 2 R3 be a �xed point; then the function lq : R3 ! R given by

lq(P) = jq � P j2;

where j � j is Euclidean length, is called thedistance function to q. We use the
square of the length rather than the length itself so that lq is everywhere smooth
(otherwise it would not be smooth at the point q.) We can restrict lq to any
subset ofR3, and in particular to any embedded smooth surfaceM � R3; the
restriction is called the distance function of M to q, and we still denote it by lq.

Theorem 9.4.1. Let a smooth surface immersed inR3 be given. Then, for
almost all points q 2 R3, the distance function lq is a Morse function.

As in the proof of Theorem ??, we assume here that the surfaceM � R3 is
embedded and orientable, but these assumptions are not essential.

It turns out that we can e�ectively describe all points q in R3 such that lq(P)
is not a Morse function.

We start by considering the three-manifold N formed by all pairs (P; � ),
where P belongs to M and � is a normal vector to M at P (Figure ??). It is
clear that the set of these pairs really does form a smooth three-manifold; in
fact, sinceM is orientable and embedded inR3, the manifold N is topologically
the direct product N = M � R1. (You should imagine this manifold as existing
outside of R3|as a subset of R3 � R2, or as an abstract manifold.)

Next we take the smooth map F : N ! R3 that associates to each pair
(P; � ) 2 N the point P + � , the endpoint of the vector � of Figure ??.

De�nition 9.4.2. A point q 2 R3 is called a focal point of the surfaceM if
there exists (P; � ) 2 N such that q = F (P; � ) and the di�erential dF of F at
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(P; � ) has rank < 3. In other words, q is a focal point if it is the image of a
critical point of the map F : N ! R3. (The di�erence 3 � rank dF is called the
multiplicity of the focal point.)

It follows from Sard's theorem that the measure of the set of all focal points
in R3 is equal to zero. In other words, almost all points in R3 are nonfocal.
In fact, we have the following result, which is not necessaryfor the proof of
Theorem ?? but is interesting in its own right:

Figure 9.11:

Proposition 9.4.3. Let � be a unit normal to M at P. A point on the line
f (P; t� ) 2 N : t 2 Rg is critical for the map F if and only if t equals � � 1

1 or
� � 1

2 , where � 1 and � 2 are the principal curvatures of M at P (their signs having
been chosen in accordance with the choice of� ).

Proof. We use the same coordinate system as in the proof of Proposition ??,
whereP is at the origin and � points in the direction of the positive z-axis; the
surface is locally the graph of the functionh(x; y). Using Equation ??, we can
write the map F in these coordinates as

F (x; y; t ) =
�
x; y; h(x; y)

�
+ t

�
�

hx

r
; �

hy

r
;

1
r

�
=

�
x �

hx

r
t; y �

hy

r
t; h +

1
r

t
�

:

The matrix of partial derivatives of this map at ( x; y) = (0 ; 0) is
0

@
1 � hxx t � hxy t 0
� hyx t 1 � hyy t 0

0 0 1

1

A ;

since hx = hy = 0 at that point. This matrix is singular if and only if its
2 � 2 minor on the top left is singular. The minor equals I � tH , where I is
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the identity matrix and H is the Hessian ofh, so the desired values oft are
the inverses of the eigenvalues ofH . But the eigenvalues of the Hessian are the
principal curvatures, by De�nition ??.

Returning to the proof of Theorem ??, we will show that lq is a Morse
function if and only if q is not a focal point. First, observe that P is a critical
point of lq if and only if the vector P � q is normal to M at P; this is because
the gradient of lq at P lies in the direction of P � q. To �nd out when a critical
point P is degenerate, we again use the coordinate system from the proof of
Proposition ??, where q = (0 ; 0; t) = F (P; t� ) for some t 2 R, by the preceding
observation. (As before,� is the unit normal in the positive z-direction.)

We can write
lq(x; y) = x2 + y2 + ( t � h)2;

if M is locally the graph of the function h(x; y). Di�erentiating we get

(lq)x = 2 x � 2hx (t � h); (lq)y = 2 y � 2hy (t � h);

so the Hessian oflq at x = y = 0 is

2
�

1 � hxx t � hxy t
� hyx t 1 � hyy t

�
:

The degeneracy of this matrix is, as we saw in the proof of Proposition ??,
exactly the condition for the point ( P; t� ) 2 N to be a critical point of F .

It follows that lq has a degenerate critical point exactly whenq is the image
of some critical point of F |that is, when q is a focal point. Equivalently, lq is
a Morse function if q is not a focal point. This, together with the fact that the
set of focal points has measure zero, concludes the proof of Theorem??.



Chapter 10

Homotopies and Surface
Generation

10.1 Homotopies and Homotopy Equivalence

Let f : X ! Y and g : X ! Y be two continuous maps between topological
spacesX and Y . These maps are calledhomotopic if there exists a family ' t ,
for 0 � t � 1, of continuous maps

' t : X ! Y;

continuous with respect to t and x 2 X simultaneously, and satisfying ' 0 = f ,
' 1 = g. In words, two maps are homotopic if we can go from one to the other
by means of a continuous deformation with parametert 2 [0; 1]. The family of
maps ' t is called a homotopy between X and Y ; it can also be regarded as a
continuous map � : X � [0; 1] ! Y .

De�nition 10.1.1. Two spacesX and Y are calledhomotopically equivalentif
there are continuous mapsf : X ! Y and g : Y ! X such that the composition
fg : Y ! Y is homotopic to the identity map of Y , and the composition
gf : X ! X is homotopic to the identity map of X .

Some examples of homotopically equivalent spaces are depicted in Figure ??:

a) Rn and a point;

b) a circle and an annulus;

c) a M•obius strip and a circle:

d) a sphere with three holes and bouquet of two circles;

e) a torus with hole and a bouquet of two circles.

197
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Figure 10.1:
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As we see from these examples, homotopy equivalence is a weaker relation
than homeomorphism. For example, a circle, a M•obius strip,and an annulus
are all nonhomeomorphic, but all homotopically equivalent. The other parts of
Figure ?? are examples of the same phenomenon.

10.2 A Homotopy-Based Model for Smooth Sur-
face Generation from Cross-Sectional Data

As an application of homotopy, this section presents ahomotopy modelfor recon-
structing surfaces from cross sections of objects. The ideais to use homotopy to
generate surfaces connecting consecutive contours. At thecritical levels, branch
handling is necessary.

The homotopy model consists of two parts: acontinuous toroidal graph
representation, and homotopy-based generation of surfaces from the represen-
tation. A continuous toroidal graph shows the correspondence of parameters
of the shape functions of two consecutive contours. In the case of natural data
such as CT images, the correspondence of parameters is nontrivial, and auto-
matic generation of paths in toroidal graphs is necessary. We present a heuristic
method to �nd an optimal or nearly optimal path on the toroida l graph.

The homotopy model includes triangulations as a special case, and generates
smooth parametric surfaces from contour de�nitions. The model can be applied
to contours represented by parametric curves as well as polygonal curves. Two
examples are given: a generalization of the notion of suspensions involving a
straight-line homotopy, and interpolation by a cardinal spline surface. At the
end of the chapter, example results (surface reconstruction of human ear ossicles)
illustrate the advantages of the homotopy model over others.

Overview of existing techniques for surface reconstructio n. There
is often a need for reconstructing a three-dimensional object from its cross-
sectional data. Particularly in the medical �eld, to constr uct the entire shape
of an organ from a set of sections is of great signi�cance, because it is di�cult
to envisage the three-dimensional structure of the organ byviewing individual
slices. Tam and Davis [?] categorize the approaches to three-dimensional med-
ical dataset generation into four main classes, the �rst two classes being based
on surface models and the last two on solid models:

(a) triangular tile techniques,

(b) spline approximation,

(c) the cuberille method, and

(d) octree-encoding.

Surface models are advantageous for a walk-through animation [?], and also
when modi�cation of contour data is necessary. Our new modelincludes the two
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surface models (1) and (2) as special cases, overcoming their drawbacks. The
resulting surface is a generalization of classical parametric surfaces, and includes
spline approximations. Two examples are shown, one being a generalization of
the notion of suspensions, using a straight-line homotopy,and the other using
cardinal spline surfaces.

Regarding the triangulation technique, Fuchs, Kedem, and Uselton [?] used
the toroidal graph representation and, based on graph theory, gave an example
that minimizes surface area. This approach requires a greatdeal of computa-
tion to get the optimal solution. Christiansen and Sederberg [?] provided a
simpler triangulation scheme based on the shortest diagonal algorithm, which
can be regarded as a kind of greedy algorithm. Their approachalso included
branch handling, which is adopted in this section. While this scheme works well
when adjacent loops are similar in shape, it produces defective triangles if the
consecutive contours vary widely. Ganapathy and Dennehy [?] improved the
coherence between contour pairs by transforming the contours in such a way
that the perimeter of each contour is equal to one. Their method was based
on local constraints only. Kaneda, Harada, Nakamae, Yasuda, and Sato [?]
proposed the addition of another condition to the shortest diagonal algorithm
to remedy this problem. This condition, however, cannot always be satis�ed
and the algorithm is still greedy. Ekoule et al. [?] improved the coherence by
projecting every point of a contour to its convex hull. The result, however, is
a�ected by the distribution of the points of the contour.

Essentially, triangulation algorithms generate defective triangles if the con-
secutive contours di�er widely in shape. \Defective" means that the normal
vectors of the triangles are perturbed and the surface generated appears to have
arti�cial wrinkles or folds. Figure ??(a), for example, shows two contoursp0p1

and q0q1 : : : q5, at di�erent levels; the interpolating surface between them is cho-
sen as a union of triangles. The normal at the pointA is very di�erent from the
normal at the point B (which is near A), yet is the same as the normal atC
(which is far from A). Thus, the surface appears to have a wrinkle aroundA.
The wire-frame representation of this example is in Figure??(b), and a shaded
version in Figure ??(c), where the defective triangle is painted in red. When we
have another contour that has the same shape as the contourp0p1 above the
contour q0q1 : : : q5, the surface generated is as in Figure??(d), where the defect
becomes even more visible.

The arti�cial wrinkle thus generated cannot be eliminated even when we use
smooth shading, as shown in Figure??(e). Nor can the problem be solved by
modifying the connections between nodes, because no node exist between p0

and p1. Therefore, the surface generated by the triangulation method depends
heavily on the choice of the nodes of each contour. We will show here that the
problem is solved by using a homotopy model based on the continuous toroidal
graph.

There is another problem with the triangulation method, namely the smooth-
ness of the surface generated. Although triangulated surfaces with smooth shad-
ing seem smooth, the surface normals are ambiguous and it is hard to understand
the exact shape of the objects when the shape is complicated.It is necessary to
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p1p0

q0 q1

q2 q3

q4 q5

(a)

A

B

C

(a)

(b) (c)

(d) (e)

Figure 10.2: Defective triangles are inevitable when the triangulation method is
used: (a) a union of triangles interpolating between two very di�erent contours;
(b) the wire-frame representation of the example; (c) the shaded image; (d) the
corresponding surface with the position of the contours interchanged; (e) an
image obtained by smooth shading.
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generate truly smooth surfaces when observation of the exact shape is required.
The homotopy model does this.

In our method, the surface connecting consecutive contoursis represented
as the locus of a homotopy that transforms one of the contoursinto the other
(Figure ??). To be precise, the surface is the locus of a homotopy fromf to gU,
where U is a bijection (correspondence) between the contours. We now discuss
this in detail.

t = 0.0

t = 0.3

t = 0.7

t = 1.0

F(x,t)

 =  f (x)

 =  g (x)

Transformed

Figure 10.3: The transformation of the contours by the homotopy.

Toroidal graph representation. We start by introducing the original dis-
crete version of the toroidal graph representation, proposed in [?]; we then
introduce our continuous version. We assume that a polygonal approximation
is used for the contours. Let one contour be de�ned by a sequence ofm distinct
contour points P0; : : : ; Pm � 1, and the other by Q0; : : : ; Qn � 1, and assume that
the orientation of both loops is the same.

As Christiansen and Sederberg [?] have pointed out, a triangulation must
satisfy two conditions: (1) if two nodes of the same contour are to be de�ned as
the nodes of the same triangle, they must neighbor each otheron the contour;
and (2) no more than two vertices of any triangle may be recruited from the
same contour. Fuchs, Kedem, and Uselton reduced these two rules to one graph-
theoretic rule. They represented mutual topological relations of triangles in a
toroidal graph, which we adopt as the basic representation in this section. In
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this graph, vertices correspond to the set of all possible segments between the
points P0; : : : ; Pm � 1 on the one hand and the pointsQ0; : : : ; Qn � 1 on the other,
and the arcs correspond to the set of all the possible triangles (see Figure??).
The graph of an acceptable surface has exactly one vertical arc in every row of
vertical arcs, and exactly one horizontal arc in every column of horizontal arcs.
There are two kinds of acceptable surfaces, one homeomorphic to a cylinder and
the other to two cones. In this section, the discussion is limited to the former
case, unless otherwise noted. Fuchs, Kedem, and Uselton proved that the graph
of an acceptable surface homeomorphic to a cylinder is connected and satis�es
the property that, for every vertex of the graph, there is one arc going in and
one going out.

Q0 Q1 Q2 Qn-1

P1

P0

P2

Pm-1
P0

Pm-1
P1

Q0

Q1

Figure 10.4: Toroidal graph representation [Fuchs et al. 1977].

A heuristic approach to �nding the optimal path. Based on this result,
the same authors provided an algorithm to �nd the minimum-cost acceptable
trail. The algorithm involves a massive search.

By contrast, the shortest diagonal algorithm given by Christiansen and
Sederberg is a simple and greedy one. First, adjacent contour lines are mapped
onto a unit square. Assume thatP0 and Q0 are proximate. The shortest diago-
nal algorithm starts the triangulation by connecting P0 and Q0. After vertices
Pi and Qj are connected with an edge, the shorter of the two candidatesPi Qj +1

and Pi +1 Qj is selected as the next edge in the triangulation. This method pro-
duces defective triangles when two consecutive contours di�er widely in shape.
In Figure ??, for example, defective triangles are formed aroundP41 and P67.

Ganapathy and Dennehy [?] improved the coherence between contour pairs
by transforming the contours in such a way that the perimeter of each is equal
to one. Then, they proposed selectingPj Qi as the next edge in the triangu-
lation when the absolute di�erence between the length of thepolygonal lines
P0P1 : : : Pj +1 and Q0Q1 : : : Qi is shorter than the absolute di�erence between
the lengths ofP0P1 : : : Pj and Q0Q1 : : : Qi +1 . This algorithm is still based on lo-
cal constraints only, and cannot avoid defective trianglescompletely. To remedy
this, Kaneda, Harada, Nakamae, Yasuda and Sato [?] added another condition
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to Christiansen's method: for each triangle edge, the shortest of the possible
candidates is selected. This condition, however, cannot bealways satis�ed.

This is obvious when one plots on the toroidal graph everyclosest pair vertex,
that is, every pair satisfying the conditions

d(Pi ; Qj ) = min
0� k<n

d(Pi ; Qk ) and d(Pi ; Qj ) = min
0� k<m

d(Pk ; Qj );

whered(P; Q) is the distance betweenP and Q. (At most one closest pair vertex
exists on each row and on each column of the toroidal graph.) Finding closest
pair vertices is a special case of the all nearest-neighborsproblem [?].

Acceptable paths that connect all the closest pair verticesdo not exist when
those vertices are distributed as shown in Figure??. Therefore, we next try
connecting as many closest pair vertices as possible. First, vertices are weighted
1 when they are closest pair vertices and 0 otherwise. IfS is an acceptable
path, �( S) is de�ned as the total weight of the vertices that S passes through.
Then the problem can be reduced to �nding the acceptable pathof maximum
total weight. However, a simpler approach, which groups closest pair vertices, is
explored in this section. Observation of Figure?? leads to the idea of grouping
closest pair vertices into runs (Pi ; Qj ), (Pi +1 ; Qj +1 ), : : : , (Pi + k ; Qj + k ). The
length L (R) of a run R is the number of vertices in it; if p is a closest pair
vertex in the run, we write p 2 R. Then the following proposition holds.

Proposition 10.2.1. If there exists an acceptable pathS1 that passes through
a closest pair vertex(Pi ; Qj ), there exists another acceptable pathS2 that passes
through all the closest pair vertices of the runR, where (Pi ; Qj ) 2 R and
�( S1) � �( S2).

Proof. Without loss of generality, it can be assumed thatL (R) � 2.

Case 1: (Pi +1 ; Qj +1 ) 2 R and S1 does not pass through this vertex.

Case 1a: S1 passes through(Pi +1 ; Qj ). Let (Pk ; Qj +1 ) be the last vertex
at which S1 leaves the rowj +1. Let S1 = S3S4S5, whereS4 is a path
from (Pi +1 ; Qj ) to ( Pk ; Qj +1 ). �( S4) = 0 holds because at most one
closest pair vertex can exist on each row and each column. Obviously
there is a path S6 from (Pi +1 ; Qj +1 ) to ( Pk ; Qj +1 ) and �( S6) = 1.
Therefore whenS2 is constructed as the concatenation ofS3; S6 and
S5, we have �( S2) = �( S1) + 1.

Case 1b: S1 passes through(Pi ; Qj +1 ). The discussion is the same as in
Case 1a.

Case 2: (Pi � 1; Qj � 1) 2 R and S1 does not pass through this vertex.The dis-
cussion is the same as in Case 1.

Applying this construction method recursively, the desired path S2 is obtained.
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p\q
0 1 2 3 4 5 6 7
01234567890123456789012345678901234567890123456789012345678901234567890123456789

0@-
1 --
2 --
3 @-
4 @
5 ---
6 --
7 X --
8 --
9 X --

10 -
11 @
12 -@-
13 @-
14 -@
15 --
16 @-
17 ---
18 -@
19 --
20 @
21 --
22 @-
23 @-
24 ---
25 @-
26 -
27 --
28 --
29 -
30 -
31 -
32 -@
33 X--
34 -@
35 -@
36 --
37 -@
38 -@
39 ------
40 --
41 X ------ DEFECTIVE TRIANGLES
42 -
43 -
44 -
45 -
46 @-
47 -@
48 -@---
49 @-
50 @-
51 @-
52 -
53 -
54 -
55 -@-
56 -@-
57 --
58 @-
59 ------
60 ---
61 -
62 -
63 --
64 --
65 -X
66 @
67 X - DEFECTIVE TRIANGLES
68 X -
69 X -------
70 ---@
71 -

X at (p,q) => proximate pair vertex
- at (p,q) => the path chosen by the shortest diagonal algorit hm goes through here
@ stands for X with -

Figure 10.5: Example distribution of closest pair verticesand the path chosen
by the shortest diagonal algorithm.
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By the Proposition, only runs have to be taken into consideration when
we try to maximize �. Thus the objective stated previously is reduced to the
following one: to choose an acceptable set of runs that maximizes �, where we
de�ne an acceptable set of runsas a set of runs that an acceptable path passes
through. Obviously, any set of runs that consists of two runs is acceptable.
An unacceptable set of three runsf R1; R2; R3g is as follows: supposeR1 =
(Pi 1 ; Qj 1 ); : : : , R2 = ( Pi 2 ; Qj 2 ); : : : , R3 = ( Pi 3 ; Qj 3 ); : : : , and i 1 < i 2 < i 3

(mod m). If j 1 < j 3 < j 2 (mod m) or j 2 < j 1 < j 3 (mod m) or j 3 < j 2 < j 1

(mod m), this set is not acceptable. A set of more than three runs is acceptable
if and only if any three elements constitute an acceptable set. Therefore, the
objective stated above requires an exhaustive search similar to the knapsack
problem.

Confronted with this complexity, we decided to explore a heuristic scheme.
Since one cause of the complexity lies in the use of modulom, it is abandoned.
This corresponds to cutting open the torus to a plane. With this simpli�cation,
acceptability becomes a binary relation between runs instead of a ternary rela-
tion. A set of two runs (Pi 1 ; Qj 1 ), : : : , and (Pi 2 ; Qj 2 ), : : : ; is acceptable ifi 1 < i 2

and j 1 < j 2 or i 1 > i 2 and j 1 > j 2. When a set f R1; R2g is not acceptable,
R1 is said to be inconsistent with R2. This is much easier to test, but there is
the possibility that a run might be divided into two when we cu t the torus to a
plane. Finally, to choose the runs that maximize �, a heurist ic stack algorithm
is adopted:

Algorithm 10.2.2. Assume that there are N runs, and that, for each run
Rk = ( Pi k ; Qj k ); : : : , we havei 1 < i 2 < � � � < i k < � � � < i N . At �rst, the stack
is empty.

Step 1. Push R1 onto the stack.

Step 2. Set k = 2.

Step 3. Let R be the run at the top of the stack.

Step 4. If Rk and R are consistent, pushRk onto the stack. Else if L (Rk ) �
L (R), remove Rk and set k = k + 1. Otherwise remove R from the stack.

Step 5. If k � N , go to step 3.

As for Rk , less thank iterations are needed. Therefore, the time complexity
of this algorithm is O(N 2). This algorithm yields an acceptable set of runs that
nearly maximizes �.

Continuous version of the toroidal graph. Next, it is necessary to select
the trail of the path in detail. Although the path must pass th rough the vertices
of the runs chosen by the previous algorithm, the other vertices still remain
arbitrary. Here we propose \linear interpolation" of closest pair vertices in
order to select the trail. Before discussing this, we must introduce a continuous
version of the discrete toroidal graph.
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First, the lower and upper contours must be represented by parameters:
points on the contours are designated by functionsf; g : I ! R3, where I =
[0; 1] � R and f (0) = f (1), g(0) = g(1). In the continuous toroidal graph, the
horizontal and vertical distances between two vertices of the continuous toroidal
graph represent the di�erences of parameter values betweenthe two.

Example 10.2.3. Arclength is used as the parameter. Letl1 and l2 be the
length of the lower and the upper loop. For example, the horizontal distance
of the graph between (Pi 1 ; Qj 1 ) and (Pi 2 ; Qj 2 ) represents the arclength between
Pi 1 and Pi 2 over the upper loop and the vertical distance of the graph represents
the arclength betweenQj 1 and Qj 2 over the lower loop. The point (x; y) on the
graph represents the pair (P; Q), where P is the point whose arclength fromP0

is x l 1, and Q is the point whose arclength fromQ0 is y l2.

There are other ways to choose the parameter:

Example 10.2.4. When the contours are close in shape to geometric circles,
the argument with respect to a pole near the center of the contour can be used
as the parameter. This is essentially a cylindrical coordinate system.

Contours need not be approximated by polygonal lines. Parametric curves
such as B�ezier curves, B-splines, or cardinal splines can be used instead.

Example 10.2.5. The parameter of the spline basis function can be used as the
parameter of the graph. To use the linear interpolation discussed later, arclength
representation is desirable. However, the conversion fromthe curve parameter
to the arclength is not computationally easy. One remedy is to approximate the
spline curves by line segments and use their length instead of actual arclength.
Display examples presented later use this approximation.

When a path passes through (x; y), the corresponding pointsP = f (x) and
Q = g(y) will be connected by a homotopy.

As long as the parameter increases monotonically as the point on the con-
tour moves away from the initial node, it does not matter essentially what
parameter is used in the following discussion. The continuous version of an
acceptable path is represented on this graph as a monotonically increasing
(or decreasing) \multi-valued function." Strictly speaki ng, the path is rep-
resented as the concatenation of the graphsy = Ui (x) and x = Vi (y), for
i = 0 ; : : : ; � � 1, where Ui : [x2i ; x2i +1 ] ! I and Vi : [y2i ; y2i +1 ] ! I (with
0 = x0 � x1 � � � � � x2� � 1 < 1 and 0 = y0 � y1 � � � � � y2� � 1 < 1)
are monotonically increasing (or decreasing) functions, such that at each joint
(x2i +1 ; y2i +1 ) of Ui and Vi , we haveUi (x2i +1 ) = Vi (y2i +1 ) and U1(0) = V� � 1(1),
and at each joint (x2i +2 ; y2i +2 ) of Vi and Ui +1 , we haveVi (y2i +2 ) = Ui +1 (x2i +2 ).
This representation is a generalization of a monotonicallyincreasing function.
Figure ?? shows an example where� = 2. The discrete toroidal graph is the
special case of this continuous version, and the conversionis straightforward
(see Figure??): its graph is the concatenation of the graphs ofy = qi and of
x = pi . The surface represented by this path is as in Figure??. As for the
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homotopy, linear interpolation (straight-line homotopy) is used as an example.
It uses triangles, all the points on the base being connectedwith the opposite
vertex. The heuristic triangulation method proposed by Ganapathy and Den-
nehy [?] can be seen as the approximation ofy = x by a step function when we
use the continuous toroidal graph.

x0 x1 x2 xnn-1 x0

y1

y0

y2

ynn-1

y0

the general path of
the homotopy model

the path of the
triangulation method

 the path of the
spline method

Figure 10.6: Acceptable path on the continuous toroidal graph.

Finally, the details of the path are determined on this graph. Suppose the
closest pair vertices are (x i ; yi ), where i = 0 ; 1; : : : ; k � 1 and 0 = x0 < � � � <
xk � 1. The path is to be represented as a functionU(x) : I ! I such that

U(x) = ( yi +1 � yi )
(x � x i )

(x i +1 � x i )
+ yi ; for x i � x < x i +1 :

As stated earlier, this is the linear interpolation between(x i ; yi ) and (x i +1 ; yi +1 );
see Figure??. The surface represented by this path is as in Figure??(a); the
contours are the same as in Figure??(a). This example shows a straight-line
homotopy. The shaded image is as in Figure??(b), and the surface generated
with the contour positions interchanged is shown in Figure??(c). Comparing
Figures ??(a) and ??(a), we see that the surface in the latter �gure is smoother,
and that defective triangles are avoided. Figure?? shows an example corre-
sponding to Example??.

The concept of a closest pair vertex can be also extended to a continuous ver-
sion: closest pair points can be de�ned as pair of points on the contours that are
mutually closest. We will not discuss this further, however. Since the number
of the closest pair points can be in�nite, sampling them and choosing a �nite
number of points among them seems appropriate for current implementation
purposes. The homotopy model serves as the basis of the toroidal graph rep-
resentation expressed byU(x) in order to generate defect-free surfaces between
contours.
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y

xp0  p1 pm-2  pm-1  p0
q0
q1

qn-2

qn-1

q0

Figure 10.7: The discrete toroidal graph as a special case ofthe continuous
toroidal graph.

Figure 10.8: Correspondence between the two adjacent contours of a triagular
mesh.
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x0 x1 x2 x3 xk-1 x0
xy0

y1

y2

y3

yk-1

y0

Figure 10.9: Linear interpolation of the closest pair vertices.

Overview of the surface generation method. As previously stated, a
vertex on the continuous toroidal graph represents a correspondence between
a point on the upper and one on the lower contour, and these points are to
be connected by a curve, much like a �ber, that is part of the surface we are
generating by means of a homotopy between the contours. For instance, if we
choose to use the straight-line homotopy, the two points areconnected by a line
segment. The surface patch between the contours is regardedas the locus of
the homotopy. A simple example to understand this model is a cylinder. The
surface between the two circles are generated by connectingcorresponding points
on each circle. As shown later, this model includes parametric surfaces. Based
on this homotopy model, the surface between adjacent contours is generated
from the continuous toroidal graph representation.

More precisely, let the lower and upper contours be expressed by the maps
f; g : X ! R3, where X = [ x0; x1] � R. For simplicity, let the lower contour
be on the planez = 0, and the upper one on the planez = 1, and let X = I .
Then saying that two points P = ( p1; p2) and Q = ( q1; q2) are connected by a
homotopy F means that there existsx 2 I such that F (x; 0) = f (x) = ( p1; p2; 0)
and F (x; 1) = g(x) = ( q1; q2; d). Then, the cross section at heightz = t of the
surface being generated (where 0� z � 1) is given by F (x; t ) for x 2 X . In
other words, the surface is represented by the bivariate function F (x; t ).

The acceptable path (correspondence between upper and lower contour)
must be represented on the toroidal graph by a monotonicallyincreasing con-
tinuous function U : I ! I , having an inverseU � 1. We now give a formula for
the surface being generated, based on the homotopy betweenf (x) and g(U(x)).
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q0 q1

q2 q3

q4 q5

p0 p1

(a)

(b)

(c)

Figure 10.10: For the same contours as in Figure??, we show (a) the inter-
polating surface obtained by a straight-line homotopy, (b) the same surface
with shading, and (c) the surface obtained by interchangingthe positions of the
contours.
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Figure 10.11: Correspondence between smoothly curved contours.

When a straight-line homotopy is used, the formula is

~F (x; t ) =
�
(1 � t)f (x) + tg(U(x))

�

Other homotopies can also be used, such ascardinal splines [?]. In this case
we are interpolating between several contours at a time. Letthe functions
representing a series of four contours bef � 1, f 0, f 1, and f 2, and let the respective
acceptable paths beU� 1, U0, and U1. Then the surface betweenf 0 and f 1 is

F (x; t ) = w� 1(t)f � 1(U � 1
� 1 (x)) + w0(t)f 0(x) + w1(t)f 1(U0(x))

+ w2(t)f 2(U1(U0(x))) ;

where 0

B
@

w� 1(t)
w0(t)
w1(t)
w2(t)

1

C
A =

0

B
@

� a 2a � a 0
2 � a � 3 + a 0 1

� 2 + a 3 � 2a a 0
a � a 0 0

1

C
A

0

B
@

t3

t2

t1

1

1

C
A :

When f i is represented by a cardinal spline function, the surface isreferred to
as a cardinal spline surface; an example result is displayedlater. When f i is
represented by a B-spline, this equation is similar to that of [?]. However, the
major di�erence between our approach and theirs is in the useof Ui . Wu's
approach can be considered to be the special case whereUi is the identity map.
By introducing Ui , our model can reconstruct complicated objects like the one
shown in Figure ??. The surface generated is not smooth if we take the identity
map instead ofUi .

Branching. So far we have assumed that the upper and lower contours are
both circles. Sometimes, however, one circle on a contour matches two on an
adjacent contour; this corresponds to crossing a saddle singularity in Morse
theory (see Figure??). More complicated singularities can occur, as we know,
but for simplicity we assume that the upper contour consistsof two loops and
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upper  contour

lower  contour

x

y

p0

p1

p2

q0

q1

q2

p0
q0

p1 p2

q1

q2
U

(a)

(b)

Figure 10.12: (a) Function U; (b) surface generated.
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the lower contour consists of one loop. Interpolating between the two contours
means solving the problem ofbranching.

Branch handling can be accomplished by introducing a intermediate contour
between the upper and lower contour that contains a singularpoint where the
two loops meet. As illustrated in Figure ??, above the crossing the contours
consist of two loops, and below they consist of a single loop.The method of
[?] is one way to deal with this branching. If C2 continuity is imposed on the
surface, the crossing is to be a critical point of the height function.

joint

Figure 10.13: Branching.

Relationship with other parametric surfaces. The homotopy model of
a surface is the generalization of di�erent parametric surfaces. For example, a
suspension

F (x; t ) = (1 � t)f (x) + tg(x)

can be regarded naturally as a straight-line homotopy between f and g.
A Boolean sum surface

F (x; t ) = ( h0(x); h1(x)) � (r (t); s(t)) + ( h0(t); h1(t)) � (f (x); g(x))

+ ( h0(x); h1(x))
�

f (0) g(0)
f (1) g(1)

� �
h0(t)
h1(t)

�
;

where F (0; t) = r (t), F (1; t) = s(t), and h0; h1 : I ! I are blending functions,
is another example of a homotopy.

The triangular mesh generated by Fuchs's or Christiansen'smethod can
also be expressed by a straight-line homotopy. For simplicity, we assume that
f (x) and g(x) represent single line segments and that between them, triangles
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(f (0); f (1); g(0)) and ( f (0); g(1); g(0)) are formed. Then the triangular mesh is
expressed as

~F (x; t ) =

(
(1 � t)f (x) + tg(0) if x � t;

(1 � t)f (0) + tg(x) if x > t:

The partial derivative @F=@xis not de�ned on the line x = t, and the generated
surface is not smooth. There is another way of connecting theline segments to
produce the triangular mesh. The point f (0) is expanded to the whole lower
line segment, and then the whole upper line segments other than f (0) retracts
to the point g(1). This is the correspondence that the continuous toroidal
graph designates. Although this cannot be expressed by a homotopy, it is not
di�cult to understand it intuitively as a natural extension of the concept of the
homotopy.

The homotopy model has one more degree of freedom. In a boolean sum
surface, for example, whenx is �xed, the curve F (x; t ) is on the plane that con-
tains the points f (x) and g(x), while in the case of homotopy model, the curve
F (x; t ) is not limited to that plane. In the current implementation , however,
this degree of freedom has not yet been exploited yet.

Human ear data. A human temporal bone with the ear lobe was obtained
from a cadaver and subjected to the conventional celloidin processing. A motor-
driven drill was used to place reference marks in a celloidinblock [?]. A larger
celloidin section may be unevenly distended when mounted ona slide, causing
movement of reference marks and distortion of parts of the ear structure. The
celloidin block was serially sectioned into slices 20� m thick. All slices were
stained with hematoxylin and eosin (H-E) and mounted on glass slides. A color
photograph was taken of each of the H-E stained specimens. The photographs
were converted to image data by a Graphica G-225C drum scanner, and outline
curves of the objects to be reconstructed were plotted with astylus pen. The
computer used was a Hewlett-Packard HP9000. The contour data were fed
into a Silicon Graphics IRIS graphics workstation, where the three-dimensional
reconstruction was performed using the homotopy model explained above.

Some of the resulting images are displayed here. Figure?? shows the three
auditory ossicles (malleus, incus and stapes). The outlinecurves are approxi-
mated by the cardinal spline and a straight-line homotopy is used for surface
reconstruction. As noted in Example ??, the arclength of the cardinal spline
curve is approximated by the length of linear line segments.Figure ?? shows
the same objects reconstructed by using a cardinal spline homotopy, while in
Figure ?? the same objects are reconstructed by Christiansen's triangulation
method with Gouraud shading. As mentioned earlier, the latter technique leads
to an image that su�ers from ambiguities and is di�cult to int erpret.
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Figure 10.14: The three ear ossicles, reconstructed using astraight-line homo-
topy.

Figure 10.15: The ossicles, reconstructed by a cardinal spline homotopy.

Figure 10.16: The ossicles, reconstructed using the triangulation method with
Gouraud shading [Nomura et al. 1989].



Chapter 11

Homology

11.1 Simplicial Homology

In this chapter we associate to certain topological spaces asequence of abelian
groups, calledhomology groups, H r (K ), for r = 0 ; 1; : : : . These groups give us
information on the topological structure of K . For instance, H0(K ) measures
the number of connected components of the space; the higher homology groups
H r (K ), for r > 0, intuitively speaking, measure the number of \r -dimensional
holes" in K . A one-dimensional hole is a hole in the ordinary sense, a two-
dimensional hole is an enclosed space, and so on.

Basic de�nitions. We start by de�ning the notion of a simplicial complex.
An n-simplex � = ( p0p1 : : : pn ) is the convex hull of n + 1 points p0; : : : ; pn in
general position in some spaceRN , whereN � n; \general position" here means
that these n+1 points are not contained in an a�ne subspace of dimension lower
than n (this is the same as saying thatp1 � p0, p2 � p0, . . . , pn � p0 are linearly
independent vectors). Thus a 0-simplex is a point, a 1-simplex is a segment, a
2-simplex is a triangle, and a 3-simplex is a tetrahedron.

The points p0; : : : ; pn are the vertices of the simplex. We will always con-
sider � with an orientation , which can be speci�ed by ordering the vertices; an
even permutation of the vertices speci�es the same orientation, while an odd
permutation speci�es the opposite orientation.

An m-dimensional face or subsimplexof � is the convex hull of an m-point
subset of f p0; : : : ; pn g. In particular, � is a subsimplex of itself. The zero-
dimensional faces are the vertices; the one-dimensional faces are callededges.
The interior of a simplex is what's left when you take away its proper faces;
it can also be de�ned as the topological interior of the simplex considered as a
subset of the smallest a�ne subspace that contains it.

Using simplexes one can compose more complicated objects. Asimplicial
complex is a locally �nite collection K of simplexes (in RN ), satisfying the
following two conditions: any face of a simplex in K is also in K , and the

217



218 CHAPTER 11. HOMOLOGY

intersection of two simplexes inK is either empty or a face of both. (Locally
�nite means that any point p 2 RN has a neighborhood intersecting only �nitely
many simplexes ofK . Most often K will have only �nitely many simplexes
anyway.) The dimension of K is the highest dimension of a simplex appearing
in K .

Figure ?? shows legal ways in which the simplexes of a simplicial complex
can meet.

Figure 11.1:

The union of all simplexes inK is called the polyhedron or underlying space
of K , and is denoted byjK j. The k-skeleton of K is the subcomplex consisting
of simplexes of dimensionk or lower.

A topological spaceX is triangulated if we have a simplicial complex jK j
and a homeomorphism betweenX and jK j. We also say in this case thatX
has asimplicial subdivision or triangulation : we can think of it as being made
up of \curvilinear simplexes" such as the ones in Figure??. This notion of a
triangulation coincides with the one laboriously introduced in De�nition ?? for
the case of surfaces|it is rather easier to de�ne a triangula tion in the context
of simplicial complexes!

In the subsequent discussion, all statements about a simplicial complex also
apply to an arbitrary topological space X with a simplicial subdivision. Of
course, the sameX may have many di�erent simplicial subdivisions, so we'd
better have a particular subdivision in mind when we apply the statements to
X .

Chains and the boundary operator. Assume that K is a simplicial com-
plex of dimensionm, and let q be any integer. We denote theq-simplexes ofK ,
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Figure 11.2:

each with a �xed orientation, by � i . We then consider �nite linear combinations
of the form

c =
X

ai � i ;

where the ai are integers. This expression is purely formal, that is, an assign-
ment of an integer coe�cient to each q-simplex, in such a way that only �nitely
many coe�cients are nonzero|the simplexes are not added in any geometric
sense. The setCq(K ) of such linear combinations is thefree abelian groupgen-
erated by the q-simplexes ofK ; it is a direct sum of copies ofZ, one for each
� i . Addition in Cq(K ) is carried out by adding the coe�cients of terms with
the same generator� i . The elements ofCq(K ) are called (simplicial) q-chains;
thus Cq(K ) is the q-dimensional chain groupof K .

More precisely, Cq(K ) is the group of integer-valued chains in K , since its
elements are combinations of the generators withinteger coe�cients. When
we want to stress this, we write Cq(K; Z) instead of Cq(K ). It is possible to
de�ne, in an exactly analogous way, groupsCq(K; G ) for any abelian group of
coe�cients G, whose elements are formal combinations

c =
X

i

ai � i ; for ai 2 G:

Such combinations are calledG-valued q-chains. The most interesting groups
of coe�cients are the groups Z, Zp = Z=pZ, and R. For concreteness, we will
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develop the theory of simplicial homology with coe�cients i n Z; the case of other
coe�cient groups is similar, and di�erences will be pointed out where relevant.

Since there are no simplexes in dimensionsq > m and q < 0, the only chain
in these cases is 0, and the chain group is the trivial group. We identify the
chain 1� i with the simplex � i , and the chain (� 1)� i = � � i with the simplex
obtained from � i by reversing its orientation. Thus, for example, if � i = ( p0p1),
we can write � � i = � (p0p1) = ( p1p0). Here the oriented simplex (p1p0) is not
an element of the chosen basis forCq(K ), so the right-hand side of the equality
has no prior meaning as aq-chain, but we de�ne it to mean the chain � (p0p1).
This is a very useful convention; it is used, for example, in the next de�nition.

De�nition 11.1.1. The (q� 1)-dimensional faces of aq-simplex � q=( p0p1 : : : pq)
have an induced orientation given by

(� 1)i (p0 : : : pi � 1pi +1 : : : pq); for i = 0 ; : : : ; q:

The boundary of a q-simplex is the sum of all its (q� 1)-dimensional faces, taken
with the induced orientation:

@q(p0 : : : pq) =
qX

i =0

(� 1)i (p0 : : : pi � 1pi +1 : : : pq):

Figure 11.3:

Here are some examples (see Figure??). A one-simplex � 1 = ( p0p1) is given
by its two vertices. Its boundary is

@(p0p1) = p1 � p0:
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The boundary of a two-simplex � 2 = ( p0p1p2) is what you get by going around
the triangle in the order p0 ! p1 ! p2 ! p0:

@(p0p1p2) = ( p0p1) � (p0p2) + ( p1p2) = ( p0p1) + ( p1p2) + ( p2p0):

The boundary of a three-simplex� 3 = ( p0p1p2p3) is

@(p0p1p2p3) = ( p1p2p3) � (p0p2p3) + ( p0p1p3) � (p0p1p2):

The boundary of a zero-simplex is 0.
We now extend the notion of boundary from individual simplexes to chains,

by linearity. Thus, by de�nition, the boundary of a q-chain c =
P

i ni � i is
@q(c) =

P
i ni @q(� i ). This de�nes a homomorphism @q : Cq(K ) ! Cq� 1(K ),

called the (q-dimensional) boundary operator. In fact, we obtain a whole se-
quence of boundary operators

� � � �! Cq+1 (K )
@q+1
�! Cq(K )

@q
�! Cq� 1(K ) �! � � � ;

called the simplicial chain complex of K . These operators satisfy the important
equation

@q@q+1 = 0 for all q:

Simplicial homology groups. A q-chain is called aq-cycle if its boundary
is 0. It is a q-boundary if it is the boundary of some (q + 1)-chain. Thus, the
group of q-cycles is

Zq(K ) = ker @q;

and the group of q-boundaries is

Bq(K ) = im @q+1 :

A q-cycle homologous to zerois the same as aq-boundary. Two q-cyclesz1 and
z2 are calledhomologous(to one another) if their di�erence z1 � z2 is homologous
to zero, that is, if z1 � z2 = @hfor someh 2 Cq+1 (K ).

Note that Bq(K ) is a subgroup ofZq(K ), since @q@q+1 = 0. In words, every
boundary is a cycle. However, it is not true that every cycle is a boundary.

De�nition 11.1.2. The q-dimensional homology group(or simply q-th homol-
ogy group) is the quotient

Hq(K ) = Zq(K )=Bq(K ):

An element of Hq(K ) is called a homology class. The homology class of a cycle
c 2 Zq(K ) will be denoted by [c].

Intuitively, the group Zq(K ) counts all q-cycles, and the group ofq-boundaries
Bq(K ) counts all \�lled" q-cycles, those that bound a (q + 1)-cycle. The q-
dimensional homology group, therefore, counts only \un�lled" q-cycles, which
we may think of as \holes".



222 CHAPTER 11. HOMOLOGY

Simplicial maps and the invariance of simplicial homology. It turns out
that, although simplicial homology groups are de�ned for a simplicial complex
K , any other simplicial structure on the underlying spacejK j leads to the same
homology groups (though not to the same chain and boundary groups). We
shall state this below in more detail; for proofs of this and other statements not
proved here, refer to [?], for example.

De�nition 11.1.3. Let K and L be simplicial complexes. A map : K (0) !
L (0) from the set of vertices ofK to that of L is a simplicial map if, for any
simplex � in K , all the vertices of � are mapped to vertices of some simplex of
L (not necessarily all distinct).

We can extend a simplicial map to a continuous map between theunderlying
polyhedra jK j and jL j, as follows. Write x 2 � as x =

P q
i =0 ai pi , where each

ai � 0 and
P q

i =0 ai = 1. Then set

 � (x) =  �

� qX

i =0

ai pi

�
=

qX

i =0

ai  (pi );

this is an a�ne map, hence continuous. If � and � share a face, � and  �

agree on that face. Hence we can combine all the � 's into a map  : jK j ! j L j,
where  j � =  � .

The identity map on K and the inclusion map i : M ! K , where M is a
subcomplex ofK , are obviously simplicial maps.

Given a simplicial map  : K ! L , we can de�ne a homomorphism between
chain groups as follows:

 q(� ) =  q((p0p1 : : : pq)) = (  (p0) (p1) : : :  (pq))

if all the  (pi ), for 0 � i � q, are distinct; otherwise  q(� ) = 0. This de�nes  q

on chains consisting of one simplex; we then extend q to all chains by linearity.
This is consistent since  q(� � ) = �  q(� ). The result is a homomorphism
 q : Cq(K ) ! Cq(L ).

Lemma 11.1.4. If  : K ! L is a simplicial map, we have for all q the
important relation

@q q =  q� 1@q;

that is, the following diagram is commutative.

Cq(K )
@q

����! Cq� 1(K )
?
?
y  q

?
?
y  q� 1

Cq(L )
@q

����! Cq� 1(L )

This fact implies that the homomorphism  q : Cq(K ) ! Cq(L ) induces a
homomorphism  q� : Hq(K ) ! Hq(L ), de�ned by

 q([c]) = [  q(c)]:
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This is well-de�ned: we can easily check that, if c; c0 2 Zq(K ) satisfy [c] = [ c0],
the right-hand side of the de�nition above is the same whether we usec or c0,
since  q(Zq(K )) � Zq(L ) and  q(Bq(K )) � Bq(L ). The maps  q� : Hq(K ) !
Hq(L ), for all values of q, are known as the homomorphismsinduced by  in
homology and we often denote them, individually or collectively, by  � .

It is easy to check that the map induced in homology by the identity map
id : K ! K is the identity homomorphism Hq(K ) ! Hq(K ) for each q, and
that if  : K ! L and ' : L ! M are simplicial maps then (' �  ) � = ' � �  � .

The following result is very important; if you are not very fa miliar with the
notion of a homotopy equivalence (De�nition ??), simply imagine that it is a
weaker version of homeomorphism. In particular, the theorem applies when the
polyhedra are homeomorphic. For a proof, see [?].

Theorem 11.1.5. If two simplicial complexes have homotopically equivalent
polyhedra, their homology groups are isomorphic. In particular, the simplicial
homology groups of a topological space that admits a simplicial subdivision does
not depend on the subdivision.

11.2 Visualization of Homology Groups

Although homology groups are very useful in grasping the topological structure
of an object, the de�nition of homology group is complicated, and it is useful
to be able to make it more visual.

The computation of quotient groups is an essential part of the computation
of homology groups. Here we describe a computer technique for visualizing
the computation of homology groups; this can help provide insight into such
groups [?]. The basic strategy of the animation is to show that a cycle can be
transformed into a �xed representative of its homology class by erasing some
boundaries. We can see how cycles are classi�ed into their homology classes
through the animations of quotient groups.

The pictorial representation: An introductory tool for stu dying ho-
mology groups. We �rst focus on homology groups of simplicial complexes
in lower-dimensional spaces, and draw simplicial complexes accompanied by cy-
cles and boundaries. For such complexes, one can see directly the generators of
Z r (K ), B r (K ), and H r (K ), which helps understand the essentials of homology
theory.

In order to increase the intuitiveness of the animation, a homotopy technique
is employed that enables us to transform a cycle smoothly into another cycle.
Figure ?? depicts a rough image of this transformation. As the animation pro-
ceeds, the cycleC0 is continuously transformed into the cycleC1. Although the
intermediate object Ct (for 0 < t < 1) that appears during the transformation
does not correspond to any object in the theory, this technique is more infor-
mative than an abrupt transformation of erasing a boundary and redrawing the
remaining cycle.
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0 < t < 1

t = 1t = 0

Ct

C0 C1

Figure 11.4: Smooth transformation of a cycle.

An algorithm for the cycle transformation is given as follows, where we set
Z = Z r (K ), B = B r (K ), and H = H r (K ). The idea is to transform one cycle
c into another cycle �c, taken as a representative of its homology class [c], by
adding or subtracting one simplex at a time. We �x a set of generators bi of B ,
with the property that each bi is the boundary of a single simplex� i .

1. For a given cyclec 2 Z , compute the coe�cients m i needed to go fromc
to the representative �c = c �

P
i mi bi of its homology class. Assume that

mi 2 f� 1; 0; 1g for simplicity.

2. For somebi such that mi 6= 0 and 
 i = bi \ c 6= ? , construct the following
retraction f : � i � [0; 1] ! � i , where @(� i ) = bi :

f (p;0) = p; for all p 2 � i ;

f (p;1) 2 �
 i ; for all p 2 � i ; �
 i = 
 i � mi bi

f (p; t) = p; for all p 2 �
 i :

As the variable t grows from 0 to 1, 
 i is smoothly transformed into �
 i by
the retraction f .

3. At this point, we have a new cyclec0 = c � mi bi . Now let c = c0, and go
back to the step 2. Repeat steps 2 and 3 untilc becomes [c].

As an example, take the simplicial complexT displayed in Figure ??: a
\tetrapod", consisting of four solid tetrahedra. It has a tw o-hole (a closed space)
inside. Figure ?? shows scenes from the animation for the two-dimensional ho-
mology groupH2(T ). A two-cycle and a two-boundary are colored by semitrans-
parent blue and solid pink, respectively. Green segments give the one-skeleton
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Figure 11.5: A tetrapod.

of the tetrapod. The animation demonstrates that the two-cycle going around
the tetrapod can be homologously transformed into the hull of the two-hole.

The vector representation: a general tool for visualizing � nitely gen-
erated abelian groups. Although our visualization target is homology groups,
the visualization method introduced in this section can be applied to any �nitely
generated abelian group. A generator of a group generates a �nite or an in�nite
cyclic group. Here we �nd the analogy between a generator generating a cyclic
group and a vector generating a line. This idea leads us to a method visualizing
�nitely generated abelian groups by sets of vectors.

One di�culty is how to distinguish generators of in�nite ord er from those
of �nite order. To overcome this problem, we visualize in�ni te-order generators
by a set of vectors in R2, and visualize �nite-order generators by a separate
set of vectors on the projective planeRP2. With this representation, algebraic
relations among generators ofZ , B , and H can be expressed by geometric
relations among vectors. We give a rough sketch of the animation algorithm
below.

The homology class of aZ -vector that corresponds to a generator ofZ can
be represented by the sum of theZ -vector and someB -vectors that correspond
to generators ofB . Each of the B -vectors is shrunk gradually to zero vectors, in
order to show that the elements ofB are homologous to the identity element in
the quotient group Z=B. The Z -vector follows the shrinking transformation of
the B -vectors to maintain the relations among them. TheZ -vector consequently
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becomes the representative of its homology class. We can thus overlap the
homologousZ -vectors with each other.

Figure ?? shows a torus and a triangulated torus. It also shows how a
(triangulated) torus is constructed from a square. If we glue the right-hand and
left-hand sides of the triangulated square as in the �gure, the square becomes a
triangulated cylinder. A triangulated torus can be obtained by identifying both
ends of the open triangulated cylinder, as indicated in the �gure.

Let K be the triangulated torus and L the boundary of the square. The
homology groups are:

H0(L ) �= Z; H0(K ) �= Z;
H1(L ) �= Z; H1(K ) �= Z2;
H2(L ) �= 0; H2(K ) �= Z:

Figure ?? shows animation scenes forH0(L ), using the vector representation.
In the center of Figure ??, the homology class of a generator ofZ0(L ) (the red
downward vector) is expressed as a sum of vectors. The green vectors denote
generators ofB0(L ). These vectors are sequentially shrunk to zero vectors. At
last, the generator becomes its homology class, as shown in the bottom half of
the �gure.

11.3 Algorithmic Calculation of Homology Groups

This section discusses how one can compute the homology groups of a space by
purely algorithmic (mechanical) means, suitable for computer implementation.

Incidence matrices for a simplicial complex. Consider a simplicial com-
plex K . We name its simplexes� q

i , where q is the dimension andi is an index
ranging from 1 to � q, the number of q-simplexes inK . We also �x an orientation
for each simplex.

For each simplex we have

@�q+1
j =

� qX

i =1

aq
ij � q

i ;

where eachaq
ij , for 1 � j � � q+1 and 1 � i � � q, equals 0, 1, or� 1. More

precisely,aq
ij = 0 if � q

j is not a face of� q+1
i ; otherwiseaq

ij = +1 if the orientation

of � q
j coincides with the orientation induced by � q+1

i ; otherwise aq
ij = � 1. The

number aq
ij is called the incidence coe�cient of � q

i and � q+1
j .

The aq
ij form an � q � � q+1 matrix, called the q-dimensional incidence matrix
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of K :

I q =

� q+1
1 � � � � q+1

j � � � � q+1
� q+1

� q
1
...

� q
i f aq

ij g
...

� q
� q

Thus we get a sequence of incidence matricesI 0; : : : ; I n � 1, where n = dim K .
The matrix I q� 1 encodes the action of the boundary operator@q, in the bases
for Cq� 1(K ) and Cq(K ) consisting of elementary chains in each dimension.

Theorem 11.3.1. The topology (and combinatorial structure) of a simplicial
complex is completely determined by its incidence matrices. There exists an
algorithm that computes the homology groups of a simplicialcomplex from its
incidence matrices.

Indeed, if two simplicial complexesK and L have the same incidence matri-
ces, the map that takes each vertex ofK to the vertex of L with the same label
is a simplicial map, because the incidences are the same. It is easy to see that
the extension of this map tojK j is continuous and one-to-one. An inverse map is
de�ned analogously, also continuous, therefore thejK j and jL j are homeormor-
phic. As for the assertion that K and L have the same combinatorial structure,
this is essentially another way of saying that the incidences are the same.

The algorithm for computing the homology groups will occupythe remainder
of this section.

Reducing the incidence matrices. Because@q@q+1 = 0, we obviously have
the matrix equation

I q� 1I q = 0

(see Figure??), sinceI q� 1 expresses the action of@q and I q expresses the action
of @q+1 in the chosen bases.

Suppose that, instead of expressing our incidence matricesin the basis con-
sisting of elementary chains� q

i , we choose new bases for the chain groups, di�er-
ing from the old by an invertible linear transformation with integer coe�cients.
Then the matrices I q will transform into new incidence matrices �I q. The equa-
tion �I q� 1 �I q = 0 will still be satis�ed, since the change of basis does not alter
the geometrical fact that the boundary of a boundary is zero.

We will use such changes of basis to simplify the incidence matrices to a
form that allows the homology groups of K to be read o� easily. We achieve
this by a series ofelementary transformations, which are of three types:

(1) Replacing a basis element� q
i by � q

i + � q
j , where i 6= j . The i -th column

of I q� 1 is replaced by the sum ofi -th and j -th columns; the j -th row of
I q is replaced by thej -th row minus the i -th row.
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(2) Replacing � q
i by � � q

i . The i -th column of I q� 1 and the i -th row of I q are
multiplied by � 1.

(3) Interchanging � q
i by � � q

j . The i -th and j -th columns of I q� 1 are inter-
changed, as are thei -th and j -th rows of I q.

(Thus the reduction is similar to Gaussian elimination, wit h the di�erence
that only transformations involving integer coe�cients, a nd whose inverses also
involve integer coe�cients, are allowed.)

Any integer-valued matrix A can be reduced in an algorithmic way, using
these elementary transformations on rows and columns, to a canonical form
where all entries are zero except for the �rst 
 entries along the principal diag-
onal, where
 = rank A. Moreover the nonzero diagonal elements are such that
each is a multiple of the next. This canonical form is shown inFigure ??, left.
In fact we will further modify our matrices, by column permut ations, so that
the nonzero entries appear in thetop right corner, as shown in Figure??, right;
we call this last con�guration the normalized canonical form.

We now apply this reduction to the incidence matrices, one ata time. Set

 i = rank I i , for i = 0 ; : : : ; n � 1. We begin by reducing I 0 to normalized
canonical form, by changing the bases ofC0(K ) and C1(K ) as just explained.
This a�ects I 1 as well, since we're changing the basis ofC1(K ). In the end, I 0

has 
 0 diagonal entries on the top right, and all other entries are zero.
Now, becauseI 0I 1 = 0, the last 
 0 rows of the transformedI 1 must be zero,

and we needn't worry about them anymore. We apply the reduction to the top
� 1 � 
 0 rows of I 1, by changing the bases ofC1(K ) and C2(K ). This a�ects the
�rst � 1 � 
 0 columns of I 0, but because these columns already consist entirely
of zeros, the matrix doesn't change. Now we have bothI 0 and I 1 in normalized
canonical form.

Next, becauseI 1I 2 = 0, the last 
 1 rows of the transformedI 2 are zero, and
we can repeat the same process to putI 2 in normalized canonical form. This
continues until all the I q are in the desired form.

Computing the homology groups. Let's look again at the normalized
canonical form (Figure??). Let the diagonal entriesdi�erent from 1 be"q

1; : : : ; "q
� q

,
each of which is a divisor of a preceeding one. The remaining
 q � � q numbers
are equal to 1. Finally, let � q = � q� 1 � 
 q � 
 q� 1 for q = 0 ; : : : ; n, with the
convention that 
 � 1 = 
 n = 0. Then it can easily be proved that the desired
homology groups are

Hq(K ) = Z � Z � � � � � Z| {z }
� q factors

� Z" q
1

� Z" q
2

� � � � � Z" q
� q

;

for q = 0 ; : : : ; n � 1, and that Hn (K ) is a free abelian group of rank� n |there
are no �nite factors in this case.

This concludes the algorithm for computing homology groups. In practice,
one should realize that the calculation of homology groups using triangulations



11.4. CELL COMPLEXES 229

is rather cumbersome, since a triangulation of even a fairlysimple object con-
tains lots of simplexes. The time needed to reduce an integer-valued matrix to
canonical form grows quickly with the size, so it is desirable to make the matrices
as small as possible. To this end we will introduce a di�erenttype of decomposi-
tion of spaces, namelycell decomposition, which often requires sign�cantly fewer
elements. Homology theory can be developed for cell decompositions along the
same lines we've used above, and the algorithm just described works with vir-
tually no modi�cation apart from the rede�nition of the inci dence coe�cients.
As a result, calculation of homology groups is generally much quicker using cell
decompositions.

11.4 Cell complexes

The main objects discussed in the preceding chapters were smooth manifolds.
But, in many problems of science, more complicated geometrical objects often
arise, which can still be grouped into a general category of spaces calledcell
spaces(or CW-complexesor cell complexes). The simplest examples are the level
sets of a smooth function de�ned on a manifold. These surfaces can have singular
points, that is, sometimes they are not manifolds. But they are cell spaces.
The concept of a cell space is a natural extension of the classof manifolds; in
particular, any smooth manifold is a cell space (Theorem??).

We start with an informal description of a cell space. Like manifolds, these

Figure 11.6: Animation with pictorial representation.
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Figure 11.6: Animation with pictorial representation (continued).
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Figure 11.7: Construction of a triangulated torus.
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Figure 11.8: Animation with vector representation.
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Figure 11.9:

spaces are glued from balls; but in the case of manifolds, theballs all have the
same dimension, and they are glued by means of homeomorphisms (on common
pieces). By contrast, to construct a cell space, each successive ball is glued by
its boundary to the already constructed part of the space, using a continuous
map from the boundary of the ball to the boundary of the space. This map
may not be a homeomorphism. Thus, the cell space is glued fromthe images of
the balls. The precise de�nition is as follows (refer to Figure ??):

De�nition 11.4.1. A topological spaceK is called a cell space if it can be
represented as the union of nonintersecting setseq

i , called cells (where q is the
dimension of the cell eq

i and i is its number):

K =
n[

q=0

� m q[

i =1

eq
i

�
;

and the following conditions are satis�ed:

1) The closure �eq
i of each celleq

i is the image of a closedq-dimensional ball
(disk) �D q under some continuous map

� i : �D q ! �eq
i � K;

called the characteristic map of the given cell.

2) The restriction of � i to the open ball D q is a homeomorphism between
D q and eq

i .

3) The boundary of each cell, that is, the set

@eqi = �eq
i � eq

i
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Figure 11.10:

(where the bar denotes closure inK ) is contained in the union of a �nite
number of cells of lesser dimensions:

@eqi �
[

s� q� 1

es
j :

4) A subset Y in K is closed if and only if each inverse image� � 1
i (Y ) is

closed in the ball �D q for any cell eq
i .

We will usually write

K = e0
1 + � � � e0

m 0
+ e1

1 + � � � + e1
m 1

+ � � � + en
1 + � � � en

m n
;

using the symbol + instead of [ .

Example 11.4.2. Let M be a smooth compact surface. The classi�cation
theorem for surfaces (Theorem??) says that M can be obtained from a 
at
fundamental polygon W by means of appropriate identi�cations in the bound-
ary, given by the standard words

W = a1b1a� 1
1 b� 1

1 : : : agbga� 1
g b� 1

g for M orientable of genusg;
W = c1c1c2c2 : : : ck ck for M nonorientable of genusk:

It is natural to take this fundamental polygon as the basis for a cell decom-
position. Thus, in the orientable case, the single vertex ofthe glued-up funda-
mental polygon is the single zero-cell, the 2g loops coming from the boundary
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Figure 11.11:

of the polygon become the one-cells, and the single two-celle2 is the interior of
the closed polygon, attached to the set of one-cells by meansof a characteristic
map that can be de�ned explicitly by specifying a homeomorphism between the
closed disk and the fundamental polygon. Thus the cell decomposition for an
orientable surface of genusg is

M 2 = e0 + ( a1 + b1 + � � � + ag + bg) + e2;

it has one zero-cell, 2g one-cells, and one two-cell.
In the nonorientable case the same idea leads to the cell decomposition

M 2 = e0 + ( c1 + � � � + ck ) + e2;

with one zero-cell,k one-cells, and one two-cell.
Let's consider in detail the case of a torus (Figure??). We start from one

point, the 0-cell e0; this single point is the zero-skeletonK (0) of the torus (in
the cell decomposition being considered). Then we glue to this point two one-
cells a and b, thus obtaining a bouquet of two circles (the bouquet K _ Y of
two topological spacesK and Y is the space obtained from the unionK [ Y
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Figure 11.12:

Figure 11.13:

by identifying one point of K with one of Y ). The result is the one-skeleton
K (1) . After this we glue the two-cell W = e2 to the bouquet of two circles. This
gluing is shown in Figure ??.

11.5 The Degree of a Map

Consider two smooth, compact, connected, orientablen-dimensional manifolds
M and P (without boundary), and �x orientations for them. Let f : M ! P be
a smooth map fromM into P. We will associate to this map an integer, called
its degree.

Recall that, by Sard's theorem (Theorem??), the set of critical values of f
has measure zero inP|that is, almost all points y from P are regular values
of f .

Let y 2 P be a regular value andf � 1(y) = f x1; : : : ; xN g the inverse image
of y. Because eachx i is a regular point and the manifolds have the same
dimension, the di�erential df x i : Tx i M ! Ty P is an isomorphism and the
determinant det(df ) of Jacobian matrix df with respect to any bases is nonzero.
The orientation of both manifolds having been given in advance, we can choose
positively oriented basesf e1; : : : ; en g for Ty P and f f 1; : : : ; f n g for Tx i M , and
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Figure 11.14:

Figure 11.15:

record the sign of this determinant as expressed in these bases (Figure ??). We
put " (x i ) = +1 if the determinant is positive, and "(x i ) = � 1 if negative.

We de�ne the degree off (calculated at y) as the integer

degf =
NX

i =1

" (x i ): (11.5.1)

The importance of this de�nition is that it does not depend on the choice ofy:

Theorem 11.5.2. Let f : M ! P be a smooth map between compact, con-
nected, oriented n-manifolds. Then the numberdegf de�ned in (??) does not
depend on the choice of a regular valuey 2 P, and can be called simply the
degree off . The degree is preserved under homotopy, that is, homotopicmaps
f : M ! P and g : M ! P have the same degree:degf = deg g.
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Figure 11.16:

We consider some visual examples. Figure?? shows the mapf (z) = zq of
the complex plane, which maps the unit circleS1 into the same circle. A basis
at the point y reduces here to one tangent vectore1. We have"(x i ) = +1 at all
points x i with f (x i ) = y, and all these points are regular. Therefore degf = q,
since there areq inverse images.

Figure 11.17:

Figure ?? shows the same map in another form: we wind the �rst circle
around the second circleq times in one direction. It is clear that, for all points
x i that are mapped to a point y, this map preserves orientation, so" (x i ) = +1
for all i .

Figure ?? illustrates the invariance of the degree degf under a smooth ho-
motopy and its independence from the regular valuey. Here we have degf =
+1 + 1 � 1 + 1 = +2.

Important Remark. We have de�ned the degree forsmooth maps between two
smooth manifolds. But any continuousmap g : M ! P can be approximated by
a smooth mapf : M ! P, and f can be chosen homotopic tog. Consequently,
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Figure 11.18:

Figure 11.19:

if we set degg = deg f for f smooth and homotopic to g, we can extend the
de�nition of the degree to arbitrary continuous maps of smooth manifolds. It
can be proved that this de�nition does not depend on the choice of such an
approximation.

An important special case is whenf : M ! P is surjective and all points
y 2 P are regular values, or, equivalently, all pointsx 2 M are regular points.
Such maps are calledsmooth covering maps(or simply smooth coverings). Using
the assumption that P is connected, it is easy to prove that, in this case, for
any two points x; y 2 P, the inverse imagesf � 1(x) and f � 1(y) have the same
number of points, and that all the " 's are the same. The integerjdegf j is then
called the multiplicity of the covering f .

Example 11.5.3. As we have seen, the smooth mapf : S1 ! S1 given by
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f (z) = zq on the complex plane has degree degf = + q. This map is a q-fold
covering (that is, a covering of multiplicity q).

Example 11.5.4. Consider the antipodal map f : Sn ! Sn given by f (x) =
� x for each point x 2 Sn , where Sn is the unit sphere in Rn +1 (Figure ??).
Figure ?? shows the one-dimensional case, the circle, where it is obvious that
degf = +1. Figure ?? is the case of a two-sphere, and shows the basis (e1; e2)
at the point x and its image (b1; b2) at the point � x under the map x ! � x.
We need to compare the orientation of the basis (b1; b2) with the orientation of
the initial basis (e1; e2). Transporting the basis (e1; e2) along the equator from
x to � x clearly yields a basis at� x having the opposite orientation of that of
(b1; b2): For example, the vector e2 can be made to point along the equator
throughout, so it ends up coinciding with b2, while e1 is made to point north
throughout, so it ends up oppositeb1. Thus in dimension two the degree of the
antipodal map is � 1. The same reasoning gives degf = ( � 1)n � 1 in arbitrary
dimension n: after sliding along the equator, one basis vector behaves like e2

above, while all other n � 1 vectors behave likee1.

Figure 11.20: Figure 11.21.

Example 11.5.5. Consider a torusT 2 given by the parametrization (ei' ; ei )
in C2, where ' and  vary independently from 0 to 2� (this is a direct product
of the unit circles in each factor C). Consider the smooth map f : T 2 ! T 2

given by
f (ei' ; ei ) = ( eip' ; eiq );

where p and q are arbitrary �xed integers. It is an easy exercise to prove that
degf = pq. This map is a covering of multiplicity pq.

11.6 Cell Homology

Cell chains. For the rest of this chapter we make the convention that K is
a �nite cell complex. We look at its q-cells eq

i , for �xed q, each of which has
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Figure 11.22:

an orientation induced by the characteristic map � q : D q ! K . We consider
the free abelian groupCq(K ) generated by the eq

i , that is, the group of formal
integer combinations

c =
X

i

ai e
q
i ; for ai 2 Z:

BecauseK has �nitely many cells, Cq(K ) is a �nitely generated group. Its
generators can be formally written as 1eq

i , but we identify them with the eq
i .

We call an element ofCq(K ) a (cell) q-chain of K .

More precisely, Cq(K ) is the group of integer-valued chains in K , since its
elements are combinations of the generators withinteger coe�cients. When
we want to stress this, we write Cq(K; Z) instead of Cq(K ). It is possible to
de�ne, in an exactly analogous way, groupsCq(K; G ) for any abelian group of
coe�cients G, whose elements are formal combinations

c =
X

i

ai e
q
i ; for ai 2 G:

Such combinations are calledG-valued q-chains. As in the simplicial case, the
most interesting groups of coe�cients are the groupsZ, Zp = Z=pZ, and R. For
concreteness, we will develop the theory of cell homology with coe�cients in Z.
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The cell boundary operator and cell homology. Consider two cells eq

and eq� 1 (we omit their indices for simplicity). Form the continuous map

Sq� 1 = @Dq � q

�! K (q� 1)=K (q� 2) = bouquet of (q � 1)-spheres; (11.6.1)

whereK (q� 1)=K (q� 2) is the space obtained from the (q� 1)-skeleton by identify-
ing together all points that belong to the (q � 2)-skeleton (recall that K (q� 2) �
K (q� 1) ). This quotient space is a bouquet of spheresSq� 1, because each closed
cell �eq� 1

i is transformed into a sphere when we identify all points inK (q� 2) |the
interior eq� 1

i is unchanged but the boundary �eq� 1
i � eq� 1

i is collapsed to a point,
since it is contained in K (q� 2) . The top right drawing in Figure ?? represents
this quotient.

Now, the (q � 1)-cell we started with corresponds to one of theseSq� 1's
in the bouquet|denote it Sq� 1

� . We can project the whole of K (q� 1)=K (q� 2)

into this sphere, as indicated by the second white arrow in Figure ??: Sq� 1
� is

mapped onto itself by the identity map, and all other spheresare collapsed to
a point.

Figure 11.23:

Composing the map of (??) with this second collapsing map, we �nally
obtain a map

f : Sq� 1 ! Sq� 1
�

that is completely determined by the cells eq and eq� 1. We denote the degree
of this map by [eq : eq� 1], and call it the incidence coe�cient of the two cells
eq and eq� 1 in the cell complex K .

Figure ?? illustrates the case [eq : eq� 1] = 2: the boundary of eq goes twice
(in the same direction) along the boundary celleq� 1. This picture explains the
geometric meaning of the incidence coe�cient.

Remark. It is clear from the de�nition that, if eq� 1 is disjoint from �eq, their
incidence coe�cient is zero.
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Figure 11.24:

De�nition 11.6.2. The (cell) boundary operator is a homomorphism @q :
Cq(K ) ! Cq� 1(K ), de�ned as follows. If eq is one of the generators of the
q-chain group Cq(K ), we have

@eq =
X

[eq : eq� 1
i ] eq� 1

i ;

where the sum is over all (q � 1)-cells ofK . For arbitrary chains in Cq(K ), the
action of @q is extended by linearity; thus the boundary of c =

P
k ak eq

k

@
� X

k

ak eq
k

�
=

X

k;i

ak [eq
k : eq� 1

i ] eq� 1
i :

Like its simplicial counterpart, the cell boundary operator satis�es

@q� 1@q(c) = 0 for all c 2 Cq(K ): (11.6.3)

This follows from the de�nition of @q, and we suggest that the reader check this
important topological fact.

A chain z 2 Cq(K ) having zero boundary, that is, such that @qz = 0, is
called a q-cycle. The set of all cycles is a subgroup ofCq(K ) denoted Zq(K ).
Thus

ker@q = Zq(K ):

A chain b 2 Cq(K ) that is the image of some (q+1)-chain c under the action
of @q+1 , that is, such that b = @q+1 (c), is called a q-boundary. The set of all
q-boundaries form a subgroup ofCq(K ) denoted Bq(K ). Thus

im @q+1 = Bq(K ):

It follows immediately from ( ??) that Bq(K ) � Zq(K ), that is, every q-
boundary is a q-cycle.
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De�nition 11.6.4. The q-th cell homology groupof a cell spaceK is the quo-
tient

Hq(K ) = Zq(K )=Bq(K ):

An element of Bq(K ) is also said to be a chainhomologous to zero. Two
q-chains m and n are called homologousif the chain m � n is homologous to
zero. Thus an element ofHq(K ) is an equivalence class of homologous chains.

When we want to stress that we are using integer coe�cients, we denote
the homology group by Hq(K; Z). As mentioned above, we can use any other
abelian group G as the coe�cient group, and in this case we obtain groups
Hq(K; G ) called homology groups with coe�cients in G.

Homology groups play an important role in geometry, topology, physics, and
many applications.

Remark. The de�nitions of the boundary operator, cycles, and boundaries are
formal analogs of intuitive notions from the theory of smooth manifolds. A
compact smooth submanifoldZ (without boundary) in some smooth manifold
K can be considered as a cycle. The geometric boundaryB = @Cof a smooth
manifold C can be considered as a boundary in the sense of homology theory
(Figure ??).

Figure 11.25:

Some properties of homology groups. We consider the homology group
Hq(K ) (with integer coe�cients). Because Hq(K ) is a �nitely generated abelian
group (K being a �nite cell space), the classical structure theorem for �nitely
generated abelian groups says that

Hq(K ) = ( Z � � � � � Z) � (Zp1 � � � � � ZpN );

where Zpi = Z=Zpi is the �nite cyclic group of order pi . Let � q be the number
of free summandsZ in this decomposition, also known as therank of Hq(K );
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this number is well-de�ned. We call it the q-th Betti number of the cell space
K . The number

� (K ) =
nX

q=1

(� 1)q� q

is called the Euler characteristic of K .
If there are no �nite cyclic subgroups in the group Hq(K ), that is, if Hq(K )

is a free abelian group, we say thatHq(K ) is torsion-free. (A torsion element
in an abelian group is one that has �nite order.)

It follows immediately from the de�nitions that, if K is an n-dimensional
cell space (that is,n is the highest dimension of a cell inK ), we haveHq(K ) = 0
for q < 0 and for q > n . It can also be shown that

H0(K ) = Z � Z � � � � � Z;

where the number of summands is equal to the number of connected components
in K ; in particular, if K is connected,H0(K ) = Z. (Recall from Section?? that
our de�nition of a connected space is that any two points can be joined by a
path.)

The next theorem is extremely important.

Theorem 11.6.5. Homotopically equivalent spaces have isomorphic homology
groups.

This means that, if K and Y are homotopically equivalent cell spaces (De�-
nition ??), then for any q and any coe�cient group G we have an isomorphism

Hq(K; G ) = Hq(Y; G):

This applies, in particular, when K and Y are homeomorphic. Thus, homology
groups aretopological invariants, and evenhomotopy invariants, of cell spaces.

Corollary 11.6.6. If two cell spaces K and Y have (for someq) di�erent (non-
isomorphic) homology groupsHq(K ) and Hq(Y ), then K and Y are nonhome-
omorphic and, in fact, homotopically inequivalent.

This theorem gives an important tool for comparison of di�erent spaces, be-
cause it is generally easier to compare homology groups thanto compare topo-
logical spaces directly. Thus, if two topological spaces have di�erent homology
groups, they are nonhomeomorphic. The converse, of course,is not true: we
have already seen that homotopically equivalent spaces (and thus spaces hav-
ing the same homology groups) need not be homeomorphic; see Figure ??, for
example.

It is the homotopy invariance of homology groups that is responsible for the
important role that they play in geometry and topology.

Corollary 11.6.7. If a topological space has two distinct cell decompositions,
the cell homology groups are the same for both decompositions.
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Relation between simplicial homology and cell homology. The polyhe-
dron jK j of a simplicial complex is a cell space, in an obvious way (�x ahome-
omorphism between the closed ball and a standard closed simplex in dimension
k). Consequently, for any such K we can calculate its simplicial homology
groups H simp

q (jK j) and its cell homology groupsH cell
q (jK j).

Theorem 11.6.8. If X is the polyhedron of a �nite simplicial complex, the
simplicial homology groups and the cell homology groups ofX are isomorphic.

For a \nice" space, then, we know two ways of computing homology groups:
if we have a cell decomposition, we can compute the cell homology, and if we
have a simplicial structure, we can compute the simplicial homology. The result
is the same. And although we will talk about cell homology for the remainder
of this chapter, the results discussed are equally valid forsimplicial homology.

11.7 Example Calculations of Homology Groups

The results above show that computing the homology of (�nite) cell spaces is
easy. We �rst consider the chain groups, which are easily derived from the
cell structure of K . Then we need to compute the boundary operators for these
groups, for which it su�ces to compute the incidence coe�cie nts of pairs of cells
of consecutive dimensions. After this, it is necessary to compute the quotient
groups of the cycles with respect to the boundaries.

Example 11.7.1 (The sphereSn ). The n-sphere admits the simplest cell de-
composition

Sn = e0 + en ;

where e0 is a point and en is the complement to e0 in a sphere. It is clear that,
except for n = 0, we have C0 = Z and Cn = Z, and the boundary operator @is
trivial. Consequently, for n 6= 0,

H0(Sn ) = Hn (Sn ) = Z;

H i (Sn ) = 0 for all other i:

The casen = 0 is also very easy: hereC0 = Z + Z (the 0-sphere consists of two
points), and the only nontrivial homology group is H0 = Z + Z.

Example 11.7.2 (Closed orientable surfaces). As we saw earlier, a closed ori-
entable surface has a cell decomposition

M 2 = e0 + ( a1 + b1 + � � � + ag + bg) + e2;

wheree0 is a point on M , and ai ; bi are loops starting and ending ate0. Thus all
the loops ai and bi are cycles. From the structure of the surface's fundamental
polygon, we see that the boundary operator acts on the celle2 as follows:

@e2 = a1 + b1 � a1 � b1 + � � � + ag + bg � ag � bg = 0 :
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Consequently,e2 is a cycle in dimension two. Finally, we obtain:

H0(M; Z) = H2(M ) = Z;

H1(M; Z) = Z � Z � � � � � Z � Z| {z }
2g times

= Z2g :

The Euler characteristic � (M ), therefore, equals 2(1� g). For the sphere we
have � = 2, for the torus � = 0, and for all other closed surfaces the Euler
characteristics is negative.

Corollary 11.7.3. Orientable closed surfaces of di�erent genus cannot be home-
omorphic, or even homotopically equivalent.

Example 11.7.4 (Closed nonorientable surfaces). A closed nonorientable sur-
face of genusk (sphere with k crosscaps) has a cell decomposition

M 2 = e0 + ( c1 + � � � + ck ) + e2;

where e0 is a vertex, the ci are loops (and therefore cycles), ande2 is a two-
cell. From the structure of the surface's fundamental polygon, we see that the
boundary operator acts one2 as follows:

@e2 = 2( c1 + � � � + ck ):

Thus e2 is not a cycle. On the other hand, there exists a relation between
one-cycles, given by the preceding formula. A short calculation then gives

H0(M; Z) = Z;

H1(M; Z) = Z � Z � � � � � Z| {z }
k � 1 times

� Z2 = Zk � 1 � Z2;

H2(M; Z) = 0 :

Note that we can choose the following basis of generators forthe group of one-
cycles:

c1; : : : ; ck � 1; c1 + � � � + ck � 1 + ck :

It is interesting to compute also the homology groups with coe�cients in
G = Z2, because in this case@e2 does vanish (recall that 2 = 0 in Z2), so e2 is
a cycle. Thus the Z2 homology is given by

H0(M; Z2) = Z2;

H1(M; Z2) = Z2 � Z2 � � � � � Z2| {z }
k times

= Zk
2 ;

H2(M; Z2) = Z2:
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11.8 The Homology Exact Sequence

Although computing homology groups of a �nite cell complex is an essentially
mechanical task if the incidence coe�cients are known, it can be tedious and
unenlightening except for the simplest examples. Usually,then, we will want
to take a shortcut if possible. One tool that can often be usedto compute
homology groups more directly is theexact sequence of a pair, which we now
de�ne.

Suppose that K is a cell space andY is a cell subspace ofK ; we say that
(K; Y ) is a cell space pair. Because every cell ofY is also a cell ofK , we have
Cq(Y ) � Cq(K ), and we may consider the group ofrelative chains Cq(K; Y ) =
Cq(K )=Cq(Y ). Since the boundary operator@= @q acts as

@: Cq(K ) ! Cq� 1(K ); @: Cq(Y ) ! Cq� 1(Y );

it induces an operator (that is, a homomorphism)

@: Cq(K; Y ) ! Cq� 1(K; Y );

which will be denoted, for simplicity, by the same symbol@. Now we can con-
struct the new groups of relative cycles ker@= Zq(K; Y ) and relative boundaries
im @= Bq(K; Y ). Then we consider the quotient group

Hq(K; Y ) = Zq(K; Y )=Bq(K; Y );

called the relative q-dimensional homology group ofK modulo Y . Like the ab-
solute homology groups de�ned earlier, these are also �nitely generated abelian
groups.

We now construct a new operator

@: Hq(K; Y ) ! Hq� 1(Y ):

Let z 2 Cq(K; Y ) be a relative cycle and �z 2 Cq(K ) be a representative of
it. Since @z= 0, we have @�z 2 Cq� 1(Y ) (Figure ??). This absolute cycle we
denote by z0 2 Zq� 1(Y ); its homology class does not depend on the choice of
�z and on the choice of a representative of the homology class [z], as the reader
should check. Thus, if we set@([z]) = [ z0], we thereby de�ne a homomorphism
Hq(K; Y ) ! Hq� 1(Y ). This homomorphism @is called the boundary operator
for the pair (K; Y ).

On the other hand, if we denote by i : Y ! K the inclusion of Y in K , we
have an induced homomorphism

i � : Hq(Y ) ! Hq(K );

as the reader should check. At the same time, any absolute cycle may be
considered as a relative cycle moduloY , so there is one more natural map

j � : Hq(K ) ! Hq(K; Y ):
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Figure 11.26:

Theorem 11.8.1. The following sequence of groups and homomorphisms is
exact, that is, at each group the kernel of the outgoing homomorphism coincides
with the image of the incoming homomorphism:

� � � ! Hq+1 (K; Y ) @! Hq(Y )
i �! Hq(K )

j �! Hq(K; Y ) @! Hq� 1(Y ) ! � � �

This is called the homology exact sequence. We suggest that the reader prove
this theorem by direct analysis of all the de�nitions.

The following properties of exact sequences are very usefulfor computations.
Proofs are left to the reader as an easy exercise.

(1) The sequence of groups
0 �! A �! 0

is exact if and only if A = 0.

(2) The sequence of groups

0 �! A ��! B �! 0

is exact if and only if � is an isomorphism.

(3) The sequence of groups

0 �! A i�! B ��! C �! 0
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is exact if and only if i is injective (one-to-one with the subgroupi (A) of
B ), C is isomorphic to the quotient B=i (A), and � is the natural projection
onto this quotient.

Proposition 11.8.2. Let (K; Y ) be a pair of �nite cell spaces. Then

Hq(K; Y ) = Hq(K=Y )

for q > 0, where K=Y is the cell space obtained fromK by collapsingY to one
point.

Given this statement, we can rewrite the homology exact sequence in a
slightly di�erent, but equivalent, form, using only absolutehomology groups (in
positive dimensions):

� � � �! Hq+1 (K=Y ) @�! Hq(Y )
i ��! Hq(K )

j ��! Hq(K=Y ) @�! Hq� 1(Y ) �! � � �



Chapter 12

Geodesics

12.1 De�nition and basic properties

Consider an n-dimensional Riemannian manifold M (without boundary) with
Riemannian metric gij , expressed in local coordinatesx1; : : : ; xn , so that the
(square of) the element of length is given by

ds2 =
X

gij dxi dxj :

Denote by gij the coe�cients of the matrix ( gij )� 1 inverse to the matrix (gij )
of Riemannian metric. De�ne smooth functions � i

jk on M by the formulas

� i
jk =

nX

� =1

1
2 gi�

� @gk�

@xj
+

@gi�
@xk

�
@gjk
@x�

�
;

these functions are called theChristo�el symbols (or Christo�el functions ) of
the metric.

A smooth parametric curve 
 (t) = ( x1(t); : : : ; xn (t)) on M is called a geo-
desic(for the given metric) if it is a solution of the following system of di�erential
equations onM :

d2x i

dt2 +
nX

�;k =1

� i
�k

dx�

dt
dxk

dt
= 0 ; for i = 1 ; 2; : : : ; n: (12.1.1)

We call these thegeodesic equationsof the Riemannian manifold. A coordinate
change inM changes the Christo�el symbols and the di�erential equation (??)
in such a way that the solution does not change, when regardedas a curve inM ;
therefore the de�nition of geodesics does not depend on the coordinates chosen.

We can apply the classical theorems from the theory of ordinary di�erential
equations to deduce several facts about geodesics. The geodesic equation is a
system of second-order ordinary di�erential equations; therefore it always has a
local solution, determined uniquely by the initial positio n and velocity data. In

251
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coordinates, if we choose a point (x1
0; : : : ; xn

0 ) and a vector (a1; : : : ; an ), there
is exactly one function 
 (t) = ( x1(t); : : : ; xn (t)), for jt j small enough, satisfying
(??) and

x i (0) = x i
0 and

dxi

dt
= ai ; for i = 1 ; 2; : : : ; n.

In coordinate-free language, we can write


 (0) = P and _
 (0) = a;

where P = ( x1
0; : : : ; xn

0 ) and a 2 TP M = ( a1; : : : ; an ) in the given coordinate
system (Figure ??). Thus, we have 2n constants in all, n for the initial point
and n for the initial velocity.

Figure 12.1:

We restate what we have said in the form of a thorem.

Theorem 12.1.2. Let M be a Riemannian manifold, and chooseP 2 M and
a 2 TM P. Then there exists a unique geodesic
 (t) (de�ned for jt j small enough)
such that 
 (0) = P and _
 (0) = a.

Consequently, two geodesics that are tangent at a point coincide.
The velocity of a geodesic is constant, that is,h_
 (t); _
 (t)i = ha; ai for all t.

In particular, if the initial velocity is a unit vector, the p arameter t along 
 is
arclength.

If f : M ! N is an isometry between Riemannian manifolds, the imagef � 

of a geodesic
 in M is also a geodesic. This follows because (in the appropriate
coordinate systems)f preservesgij , therefore also the Christo�el symbols.
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Theorem 12.1.3. For each point S on a Riemannian manifold M there exists
a neighborhoodU of S and a number" > 0 such that the following statements
hold (refer to Figure ??):

1. Any two points P and Q in U can be connected by a unique geodesic
 of
length smaller than" and belonging toU.

2. Any other continuous curve � (t) connecting the same pointsP and Q has
length no less then that of
 . In this sense the geodesic
 is the shortest
path between the two su�ciently close pointsP and Q. Thus, a geodesic
locally minimizes distance.

3. This geodesic segment
 depends smoothly on the initial and terminal
points.

Figure 12.2:

For compact manifolds there is a global version of statement(a):

Theorem 12.1.4. Any two points of a compact connected Riemannian manifold
can be connected by a geodesic.

Generally speaking, this geodesic is not unique (see examples below).
For noncompactmanifolds the analog of Theorem?? can be wrong. Consider

the manifold M obtained by removing from the Euclidean plane a closed disk
(Figure ??). This is a noncompact manifold with locally Euclidean metric (and
without boundary, because we are removing a closed set). Then two points P
and Q as shown in Figure?? cannot be connected by a geodesic. Indeed, assume
that there exists some geodesic� : [0; t] ! M connecting P and Q. Since the
image � ([0; t]) of the geodesic is a compact set, we can choose the number" of
Theorem ?? in such a way that it will be the same for all points on the geodesic.
But we know that within a Euclidean ball the minimal distance between two
points is provided by a straight line; thus the geodesic mustbe a straight line
between any two points that are less than" apart, and this is only possible if
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Figure 12.3:

Figure 12.4:

the whole geodesic is a line segment. But a line segment is ruled out because it
goes outsideM .

(Intuitively, we can think of tying a string at P, making it go through Q,
and trying to shorten it by pulling it. In Figure ?? we see what would happen:
the desired �nal con�guration is shown as 
 , but it can never be reached, since
the boundary of the disk has been removed. The same situationtakes place if
we remove from the planeonly one point, instead of a closed disk.)

A geodesic
 (t), where a � t � b, is called minimal if it is shorter than any
other path (continuous, or smooth) connecting its extreme points 
 (a) and 
 (b).

Theorem ?? asserts that any su�ciently small segment of a geodesic curve
is minimal. At the same time, a rather long geodesic may not beminimal, as
we shall see below.
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12.2 Geodesics on Simple Surfaces

Example 12.2.1 (Euclidean space). In Euclidean space we havegij = 0, so
� i

jk = 0. Thus the geodesic equation (??) reduces to

d2x i

dt2 = 0 ;

and the solutions arex i (t) = ai t + bi , where theai and bi are constants. In other
words, in Euclidean space the geodesics are the straight lines, andonly they.

Example 12.2.2 (Cone and cylinder). Consider in Euclidean three-space a
coneM (Figure ??), and remove its vertex O to obtain a smooth, noncompact,
surface, with the induced Riemannian metric from R3. How can we describe
geodesics onM ? First we cut the cone along any of its generators (lines through
the vertex). Now, it can be proved that the metric on M induced from R3 is
locally Euclidean, that is, any small piece of the cone can beisometrically un-
wrapped onto the Euclidean plane, as shown in Figure??. This experiment can
be done with a real sheet of paper. Because this transformation is locally an
isometry, su�ciently short geodesics on the cone are transformed into geodesics
on the plane, that is, straight lines. Thus, we obtain a very simple local de-
scription of geodesics on the cone: they are the lines that yield Euclidean line
segments under the unwrapping map.

Figure 12.5:

To get a description applicable toglobal geodesics, we should remember that
a curve in the Euclidean plane that is locally straight is globally straight, so we
can try to extend the straight line on the opened-up cone (sector of the plane)
in both directions. It it hits the cut, it comes back in from th e other side of
the cut in a di�erent direction, since the angle it makes with the cut has to be
the same on both sides. Thus we see that, if the cone is narrow|that is, if it
makes a wedge of less than 180� when opened up|a geodesic extending in both
directions will be self-intersecting, because the corresponding line in the wedge
will hit the cut sooner or later.
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A cylinder, too, can be developed onto the plane by an isometry (Figure ??).
Thus, the same description of geodesics is valid for cylinders: they are images of
straight lines from the plane. For the cylinder of revolution, a geodesic is either
a spiral, a generator (straight lines parallel to the axis), or circles orthogonal to
the axis.

Figure 12.6:

Example 12.2.3 (The sphere). Let S2 be a standard (round) sphere inR3.
Then it is easy to show that geodesics are exactly the great circles, that is,
the plane sections of the sphere through its center (Figure??). To see this,
consider a point P and a tangent vector a at P; we know there is a geodesic

 (t) through P with initial velocity a. Let � be the great circle through P and
having a as a tangent vector (Figure??). Then 
 (t) must be entirely contained
in � ! If not, the re
ection of 
 in the plane containing � would be a di�erent
geodesic with the same starting position and velocity, which is impossible. This
shows any geodesic must be a great circle. It follows also that any great circle
(parametrized by arclength) is a geodesic: we choose a starting point on that
circle and a starting velocity along it, and use the fact that a geodesic with
those initial data exists.

We can, of course, prove the same result using explicit formulas. In spherical
coordinates (�; ' ), the metric has the form ds2 = d� 2 +sin 2 �d' 2; setting x1 = �
and x2 = ' we haveg11 = 1, g12 = g21 = 0, and g22 = sin 2 � . Using the formulas
for the Christo�el symbols, we obtain (verify!)

� 1
22 = � 1

2 sin 2�; � 2
12 = cot �;

and � i
jk = 0 for all other combinations of indices (i; j; k ). Thus the geodesic

equations become

� 00� 1
2 (' 0)2 sin 2� = 0 ; ' 00+ ' 0� 0cot � = 0 :

One solution is ' = const and � = t, that is, a meridian � emerging from
the north pole of the sphere. Thus, any great circle going through the north
pole is a geodesic, if for the parameter� we take the arclength. Moreover, any



12.2. GEODESICS ON SIMPLE SURFACES 257

Figure 12.7: Figure 12.8.

initial point is equivalent to the north pole, since we can apply a rotation of
space to put it there, so great circles through other points are also geodesics.
Finally, since we know a geodesic for every point and tangentvector, we know
all geodesics.

Example 12.2.4 (The hyperbolic plane). The open upper half-plane (Figure
??), with the Riemannian metric

ds2 =
dx2 + dy2

y2 ;

is called thehyperbolic plane, or Lobachevskian plane. Its geodesics are described
as follows (Figure??):

1. straight lines orthogonal to the x-axis, and

2. upper halves of circles with center on thex-axis.

These geodesics can be considered asstraight lines on the hyperbolic plane.

Figure 12.9: Figure 12.10.
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We prove this by direct integration of the geodesic equation. The Christo�el
symbols here are (verify!):

� 1
12 =

1
y

; � 2
11 = �

1
y

; � 2
22 =

1
y

;

the remaining symbols vanish. The geodesic equation becomes

d2x
dt2 =

2 _x _y
y

;
d2y
dt2 =

_y2 � _x2

y
;

where the dot indicates di�erentiation with respect to t. It follows that

d2y
dx2 = �

1
y

� _y2

_x2 + 1
�

= �
1
y

(y0
x

2 + 1) ;

hence successivelyy00 = � (1=y)(yx
02 + 1), yy00+ y02 = � 1, (yy0)0 = � 1,

yy0 = � x + C, ydy = ( � x + C)dx, y2 = � x2 + 2 Cx + D, x2 � 2Cx + y2 = D,
(x � C)2 + y2 = C2 + D, which is a circle orthogonal to the real axis.

In this calculation it was assumed that _x 6= 0. If _x = 0, we obtain instead
straight lines orthogonal to the real axis. We can consider these lines as circles
of in�nite radius.

Figure 12.11:

Figure ?? shows that if a point P does not belong to a hyperbolic straight
line l , there exist in�nitely many hyperbolic straight lines pass ing through P
and parallel to l in the sense that they don't intersect l . The lines a and b in
the �gure are limit cases.

Example 12.2.5 (The torus) . The torus T 2 can be given a locally Euclidean
metric, as follows. Think of T 2 as a direct product of two circles, and consider
the standard angular coordinates' and  on these circles (Figure??); they
determine a point of the torus as the pair (';  ). Then write the metric on the
torus as

ds2 = d' 2 + d 2:

One can also represent the torus as the quotientR2=Z � Z of the Euclidean
plane by the square lattice

f (m; n) : m; n 2 Zg
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Figure 12.12:

(Figures ?? and ??). The projection map, associating to (x; y) 2 R2 the point
(';  ) 2 T 2 with ' = x modulo 1 and  = y modulo 1, is a local isometry.
Consequently, the geodesics on the torus are exactly the projections of straight
lines on the Euclidean plane. There are no other geodesics onthe torus.

Figure 12.13:

The geodesics are divided into two classes:closedand nonclosed. Note that
closed indicates that the geodesic not only returns to the same point, but also
with the same velocity vector. It is convenient to depict geodesics on a torus as
straight lines on R2, the lattice Z � Z being �xed (Figure ??).

Consider a geodesicl passing through the point (0; 0) on the plane. Ob-
viously, the corresponding geodesic on the torus isclosed if and only if l goes
through some lattice point (m; n). We can always assume thatm and n are
relatively prime. The pair ( m; n) is called the type of the given closed geodesic.
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Figure 12.14:

Conversely, the geodesic onT 2 coming from l is nonclosed if and only if l is
a straight line that does not meet lattice points apart from ( 0; 0).

This criterion can be expressed in other terms. Consider theangle� between
l and the x-axis (Figure ??). Then the geodesic on the torus is closed if and
only if tan � is rational. Thus geodesics on the torus are sometimes classi�ed as
rational and irrational , or as periodic and nonperiodic.

A closed geodesic on the torus is homeomorphic to a circle (this is true of a
non-self-intersecting closed geodesic in any manifold). Figures ?? and ?? show
a line of slope 2

3 in the plane, and the corresponding geodesic of type (3; 2) in
the torus. This curve goes 3 times around the meridian and 2 times around the
parallel of latitude of the torus. In general, a geodesic of type (m; n) goesm
times around the meridian andn times around the parallel. (This presupposes a
conventional homeomorphism between the abstract torusS1 � S1 and the torus
of revolution in R3, where the �rst S1 maps to a parallel of latitude and the
second to a meridian.)

Figure 12.15: Figure 12.16.

Now consider the irrational case (Figure??). Here the geodesic is dense on
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Figure 12.17:

the torus (that is, its closure is all of T 2); it passes arbitrarily close to any point
in�nitely many times.

Figure 12.18:

A periodic geodesic determines aperiodic motion on the torus, and a non-
periodic geodesic determines analmost periodic motion.

Example 12.2.6 (Liouville metrics) . Consider a surfaceM with local coordi-
natesu; v. A Riemannian metric on M is called aLiouville metric (in the given
coordinatesu and v) if it has the form

ds2 = ( f (u) + g(v))( du2 + dv2);

where f and g are arbitrary smooth positive functions. The level curves of the
function

z(u; v) =
Z

du
p

f (u) � a
�

Z
dv

p
g(v) + a

are the geodesics of this metric.
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Figure 12.19:

Example 12.2.7 (The ellipsoid). We take the ellipsoid

x2

a
+

y2

b
+

z2

c
= 1 ;

where the positive numbersa < b < c are the squares of the semiaxes, and
x; y; z are Euclidean coordinates inR3 (Figure ??).

For the given values ofa; b; c, we introduce a system of orthogonal coordi-
nates in R3 classically known asellipsoidal coordinates. For any P = ( x; y; z) 2
R3, the three roots of the cubic equation

x2

a + �
+

y2

b+ �
+

z2

c + �
= 1 (12.2.8)

are real, and each lies in one of the intervals (� a; 1 ), ( � b;� a), and (� c; � b).
Let � 1 > � 2 > � 3 be these roots. Then

x2 =
(a + � 1)(a + � 2)(a + � 3)

(a � b)(a � c)
;

y2 =
(b+ � 1)(b+ � 2)(b+ � 3)

(b � a)(b� c)
;

z2 =
(c + � 1)(c + � 2)(c + � 3)

(c � b)(c � a)
:

Fixing � 1 and letting � 2; � 3 vary gives a parametrized surface, the same as
the implicit surface obtained by �xing � 2 (� a; + 1 ) in ( ??). It is easy to see
from the implicit representation that this surface is an ellipsoid. Similarly, �xing
� 2 and letting � 1; � 3 vary is the same as �xing � 2 (� b;� a) in ( ??), and gives a
one-sheeted hyperboloid, while� 3 gives a two-sheeted hyperboloid. These three
surfaces intersect orthogonally at (x; y; z), as shown in Figure ??, and they
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are each confocal with the original ellipsoid. We call (� 1; � 2; � 3) the ellipsoidal
coordinates of (x; y; z). (There are up to eight points with the same ellipsoidal
coordinates, obtained by negating each Euclidean coordinate independently.)

Figure 12.20:

The original ellipsoid E has equation� 1 = 0 in these coordinates. We now
give a description of the geodesics on it, without proofs; for details, see [?], for
example.

Consider a parametert varying in the interval [ a; c]. If t 2 [a; b], consider
the region Gt of E de�ned by

a � � � 2 � t:

This region is homeomorphic to an annulus (Figure??), except when t = a, in
which case it reduces to the ellipse in theyz-plane, and whent = b, in which
case it is the whole ellipsoid. Likewise, ift 2 [b; c], consider the closed regionGt

c � � � 3 � t;

also homeomorphic to an annulus (Figure??) unless t = c or t = b. It can
be proved that each geodesic ofE occupies some regionGt , for somet 2 [a; c].
The geodesic oscillates around the central ellipse ofGt ; it alternately touches
either boundary curve of Gt , then returns to the interior (Figure ??). Except
for t = a; c and in one case fort = b, the geodesic is nonclosed and everywhere
dense inGt , and determines an almost periodic motion there. The exceptional
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Figure 12.21: Figure 12.22.

cases are the ellipses determined by the symmetry planes, which are obviously
geodesics, by the same symmetry argument used in Example??.

There is an interesting geometric description for the geodesics that �ll Gt .
Let H be the confocal hyperboloid (one-sheeted or two-sheeted) that determines
the boundary of Gt |that is, the surface � 2 = � t or � 3 = � t as the case may
be. Then consider all the straight lines inR3 that are tangent to both H and E
(not necessarily at the same point); the tangency points with E can be shown
to lie in Gt . Such a line tangent to x at E determines a direction in Tx E; for
eachx in the interior of Gt there are two such directions, and for eachx 2 @Gt
there is one, tangent to @Gt . A smooth unit vector �eld on G is coherently

Figure 12.23:
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Figure 12.24:

de�ned (locally) by one of these sets of directions. It turns out that the the
integral trajectories of this �eld are geodesics on the ellipsoid|exactly those
that �ll Gt . To obtain almost all the geodesics, apply this construction for
all t 2 (a; b) [ (b; c). That leaves out the ellipses in the xy- and yz- planes
(corresponding respectively to the limits t ! c and t ! a), and the geodesics
that go through the umbilic points

�
�

r
a (a � b)

a � c
; 0; �

r
c(b� c)

a � c

�

(A point on a surface is called anumbilic if the principal curvatures are equal
there.) The four umbilics are always outsideGt , for t =2 b; ast 2 (b; c) approaches
b from above the complement ofGt becomes two narrow strips joining umbilics
in pairs, and likewise ast 2 (a; b) approachesb from below. A geodesic going
through an umbilic also goes through the opposite one, and back, but when it
comes back it has a di�erent direction (unless it happens to be the ellipse in the
xz-plane), so it is not a closed geodesic.

Example 12.2.9 (Surfaces of revolution). Now we describe all geodesics on a
surface of revolution in R3. Let r (z) be any positive smooth function. Take the
smooth curve y = r (z) in the yz-plane and rotate it around the z-axis, thus
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creating a surfaceM in R3 (Figure ??). The circles traced by each point of the
curve y = r (z) are called theparallels of M . Consider an arbitrary smooth curve

 on M . For a point P 2 M with ordinate z, let � (z) be the angle between

 and the parallel passing through P. Then it can be proved that, if 
 is a
geodesic,

r (z) cos� (z) = const (12.2.10)

as P moves along
 . This is therefore a necessary (but not su�cient) condition

 to be a geodesic.

We take some examples. Forr (z) = const, the surface of revolution is a
cylinder (Figure ??). Then it follows from the equation that � (z) = const and
the geodesics are thespirals, the straight lines parallel to the z-axis, and the
parallels. As we saw in Example??, these are the images of straight lines in
the Euclidean plane when the plane is rolled into a cylinder. In this case (??)
is necessary and su�cient for 
 to be a geodesic.

Figure 12.25: Figure 12.26.

In the case of asphere(Figure ??), the geodesics are great circles, as we saw
earlier. The reader should verify that (??) is satis�ed for great circles. If 
 is
a parallel of latitude, (??) is satis�ed as well, sincer and � are both constant,
but 
 is not a geodesic unless it is the equator.

This phenomenon occurs for all other surfaces of revolutionapart from the
cylinder; Figure ?? shows aconewith its parallels, which again are not geodesics.
A parallel 
 of a surface of revolution is a geodesic if and only if the normals to
the surface at 
 are perpendicular to the axis of revolution.
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Figure 12.27:





Chapter 13

Transformation Groups

13.1 Lie Groups and Lie Algebras

In geometry and its applications there often arise groups oftransformations that
have the structure of a smooth manifold.

De�nition 13.1.1. A smooth manifold G is called a Lie group if there is a
group operation de�ned on it, generally denoted multiplicatively, such that the
maps

k : (x; y) 7! xy and n : x 7! x � 1;

where x; y 2 G, are smooth. The identity element for the group law is called
the identity of G, and is usually denoted by 1. The connected component of the
identity in G is labeledG0; it is easy to see thatG0 is a normal subgroup ofG.
The dimension of a Lie group is its dimension as a manifold.

For example, the space of invertiblen � n real matrices is a Lie group: it is a
manifold (being an open subset of the vector space of alln � n matrices, which
is isomorphic to Rn 2

), and the multiplication and inversion maps are smooth
(multiplication is a linear function of the entries and inve rsion is a rational
function). This group is known as GL(n; R), and will be studied in more detail
in Examples ??, ??, and ??.

For the same reason, any subset of the set of nondegeneraten � n matrices
(real or complex) that is a smooth manifold and is closed under multiplication
is a Lie group. Such Lie groups are calledmatrix groups. Note that for us
matrix groups will always be �nite-dimensional. Multiplic ation in a matrix
group is given by standard matrix multiplication, and the id entity element is
the identity matrix, denoted I .

Usually we will consider matrix groups of positive dimension, that is, not a
collection of isolated points.

De�nition 13.1.2. A vector spaceV is called a Lie algebra if it is equipped
with a skew-symmetric bilinear operation [ ; ], usually called the commutator,

269
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that satis�es the Jacobi identity
�
X; [Y; Z]

�
+

�
Z; [X; Y ]

�
+

�
Y;[Z; X ]

�
= 0

for all elements X; Y; Z 2 V .

Theorem 13.1.3. Let G be a matrix group and letV = T1G be the tangent
space toG at 1. Then V can be identi�ed with some vector space of matrices,
and has a natural Lie algebra structure, with commutator given by

[X; Y ] = XY � Y X:

We call V the Lie algebra of G.
There is a natural correspondence betweenconnectedmatrix Lie groups and

their Lie algebras. Let G be any matrix Lie group (not necessarily connected),
and consider a smooth curveg(t) passing through the unit element I in the
group G, that is, g(0) = I (Figure ??). If the value of the time parameter t is
small, the matrix g(t) can be written as

g(t) = I + tX + � � � ;

where the ellipses represent terms of higher order int, and X = _g(0) is the
velocity of g(t) at t = 0. The set of all such velocity vectors is the tangent space
to G at I , that is, the Lie algebra of G.

Figure 13.1:

A converse procedure allows us to construct a group from the Lie algebraV
of G. Fix some elementX 2 V , and take the family of matrices g(t) given by

exp(tX ) = etX =
1X

k=0

(tX )k

k!
; (13.1.4)

this is a convergent series for allt, so the map t 7! exp(tX ) de�nes a smooth
curve in the space of matrices. By construction,

d
dt

exp(tX )
�
�
�
t =0

= X:
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The images of all these curves, for allX 2 V, form a subsetG0 of the space of
matrices. It can be proved that G0 is a Lie group, and that its tangent space at
I is V ; in fact G0 is exactly G0, the component of the identity of the group G
we started with. In particular, if G is connected,G0 = G.

Setting t = 1 in ( ??) we get a map exp :V ! G, called the exponential map,
from the Lie algebra of G into G.

Theorem 13.1.5. For any matrix group, the exponential mapexp : V ! G
gives a di�eomorphism between a small neighborhood of zero in V and a small
neighborhood ofI in G.

Theorem 13.1.6. For any compact connected matrix group the exponential
map is surjective.

In other words, in compact matrix groups any element g has a logarithm,
that is, an element X of the Lie algebra such that expX = g. Such an element
is obviously not unique: the Lie algebra is noncompact and the Lie group is
compact, so exp cannot be injective.

For noncompact Lie group the analogous stamement is not valid in general
(there are counterexamples).

13.2 Some Transformation Groups in the Plane

Example 13.2.1 (Plane rotations around the origin). Consider the Euclidean
plane R2 and the group G of transformations that preserve the metric, the
orientation, and the origin|in other words, the group of rot ations around the
origin. This is a one-dimensional Lie group, denoted by SO(2) and identi�ed
with the following group of matrices:

g =
�

cos' sin '
� sin ' cos'

�
:

If we relax the condition that the transformation preserves orientation, we get
also those of the form

g =
�

cos' sin '
sin ' � cos'

�
;

which are re
ections in lines through the origin (also called by some authors
\improper rotations"). Together with the elements of SO(2) , these transforma-
tions make up the groupO(2) of orthogonal transformations of the plane. SO(2)
is commutative and is homeomorphic to a circle, with' as the angle parameter;
O(2) is homeomorphic to the disjoint union of two circles, and SO(2) is the
component of the identity in it (and in particular a normal su bgroup).

The Lie algebraV of SO(2) and O(2) can be identi�ed with R; it consists of
the matrices

X =
�

0 '
� ' 0

�
;
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where ' 2 R. It is clear that

g(' ) =
�

cos' sin '
� sin ' cos'

�
= exp

�
0 '

� ' 0

�
:

Example 13.2.2 (Translations of the plane). For an arbitrary vector a on the
Euclidean planeR2, the distance-preserving transformation

ga(P) = P + a

is called a translation by a (Figure ??). When two translations ga and gb are
composed, we get another translationga+ b. Thus the set of all plane translations
forms a two-dimensional, noncompact, abelian Lie groupT, the elements of
which can be identi�ed with the points of R2. Under this identi�cation, the
group operation is vector addition. The Lie algebra ofT is also identi�ed with
R2 (as a vector space).

Figure 13.2:

Example 13.2.3 (Rigid motions of the plane). A rigid motion of the Euclid-
ean plane is an orientation-preserving transformation preserving the Euclidean
metric. Any plane rigid motion has the form

P 7! g(P) + a;

where g 2 SO(2) is a rotation around the origin and a is some vector on the
plane. That is, a rigid motion is the composition of a rotation around the origin
and a translation.

Let E(2) denote the group of plane rigid motions. It follows from the pre-
ceding paragraph that E(2) is a connected three-dimensional Lie group, having
SO(2) and T as subgroups; together, these subgroups generateE(2). Topologi-
cally, E (2) is homeomorphic to S1 � R2, but the group structure is not a direct
product SO(2) � R2. The group of translations is normal, but SO(2) is not: if
we take the conjugate of an element of SO(2) by a nontrivial translation ga , the
result is a rotation about a point di�erent from the origin, n amely, the image
of the origin under ga .
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All elements of E(2) apart from translations arise in this way, as rotations
about arbitrary points of the plane.

We can representE(2) as a matrix group in three dimensions. In cartesian
coordinatesx and y, a transformation g(P) + a from E(2) has the form

�
x0

y0

�
=

�
cos' sin '

� sin ' cos'

� �
x
y

�
+

�
�
�

�
;

where � and � are the coordinates of the vectora. We now identify our R2 with
the plane � = ( x; y; 1). It can easily be seen that the transformation just given
is the restriction to � of the following linear transformati on of R3 (Figure ??):

0

@
x0

y0

z0

1

A =

0

@
cos' sin ' �

� sin ' cos' �
0 0 1

1

A

0

@
x
y
z

1

A :

Figure 13.3:

Thus, E(2) is isomorphic to the group of matrices of the form
0

@
cos' sin ' �

� sin ' cos' �
0 0 1

1

A :

Its Lie algebra is isomorphic to the three-dimensional vector space of matrices
of the form 0

@
0 ' �

� ' 0 �
0 0 0

1

A :

Example 13.2.4 (The plane linear group). At the beginning of this chapter we
de�ned the linear group GL(n; R) as the group of invertible n � n real matrices.
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Naturally, GL(2 ; R) can also be regarded as the group of all invertible linear
transformations of the plane R2. It consists of all matrices

g =
�

a b
c d

�
; for a; b; c; dwith ad � bc6= 0.

It is, therefore, a noncompact four-dimensional Lie group.We can visualize its
topology as follows. Let (a; b; c; d) be cartesian coordinates inR4, so points of
R4 are identi�ed with 2 � 2 matrices. The condition ad � bc= 0 gives a three-
dimensional setC3 � R4: some cone with vertex at the origin (Figure??). Then
GL(2; R) is the complement ofC3 in R4, and therefore an open submanifold of
R4. It has two connected components, de�ned byad � bc > 0 and ad � bc < 0,
respectively.

The Lie algebra V is isomorphic to the four-dimensional vector space of
matrices of the form

�
p q
r s

�
; for any real p; q; r; s.

Figure 13.4:

Example 13.2.5 (The plane a�ne group) . The group of transformations of
the form �

x0

y0

�
=

�
a b
c d

� �
x
y

�
+

�
�
�

�
;

where all the constants are real and the matrix
� a

c
b
d

�
is invertible, is called the

two-dimensional a�ne group . It can be expressed as a matrix group by means
of the same trick we used in the case of the group of rigid motions (Example??):
if we embedR2 as the plane � � R3, the a�ne transformation above is realized
by the matrix 0

@
a b �
c d �
0 0 1

1

A :
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The dimension of the plane a�ne group is 6. The Lie algebraV is isomorphic
to the six-dimensional vector space of matrices of the form

0

@
p q 

r s �
0 0 0

1

A ; where p; q; r; s; 
; � 2 R.

Example 13.2.6 (The one-dimensional a�ne group) . The counterpart of the
preceding example in one dimension is the group of a�ne transformations of
the line, which have the form

x0 = ax + b;

wherea 6= 0 and b is arbitrary. Using again the trick of embedding the space of
interest in a space one dimension higher, we see that the aforementioned a�ne
transformation is realized by the matrix

�
a b
0 1

�
;

so the group is two-dimensional and homeomorphic to the plane with the line
a = 0 removed. The Lie algebra consists of matrices

� p
0

q
0

�
, where p and q are

arbitrary.
The group of isometries of the Euclidean real line consists of the maps x0 =

� x + c, and is therefore one-dimensional, with two connected components, each
homeomorphic to R.

More generally, any isometry of Euclideann-space is an a�ne map, and can
be expressed as an element of then-dimensional orthogonal groupO(n) followed
by a translation in Rn . The reader is encouraged to verify this.

Example 13.2.7 (The special linear group). The special linear group in two
dimensions, SL(2; R), consists of the elements of GL(2; R) having determinant 1.
Recalling the notation of Example ??, we see that SL(2; R) is de�ned by a single
polynomial equation ad � bc= 1 in four-dimensional space. To prove that the
space thus de�ned is a three-manifold inR4, and therefore a Lie group, it is
enough to prove that the map f : (a; b; c; d) 7! ad � bc from R4 to R has 1 as a
regular value, for then we can apply Theorem ??. The di�erential of this map
has coordinates � @f

@a
;

@f
@b

;
@f
@c

;
@f
@d

�
= ( d; � c; � b; a);

and therefore can only vanish ifa = b = c = d = 0. But f (0; 0; 0; 0) 6= 1, so 1 is
a regular value.

The elements of SL(2; R) are called unimodular transformations, because
their determinant is 1. Any unimodular transformation g of the plane can be
represented (in a unique way) as the composition of a rotation around the origin
and a transformation of the form

�
a b
0 a� 1

�
;
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where a > 0 and b is arbitrary. Thus, SL(2 ; R) is homeomorphic to the direct
product of a circle and the open half-planef (a; b) : a; b2 R; a > 0g.

The Lie algebra V is the three-dimensional vector space of matrices of the
form �

p q
r � p

�
;

where p; q; r are arbitrary. This is because of the well-known relation

det eX = etrace X :

Example 13.2.8 (Hyperbolic rotations of the plane). Consider on the plane
the inde�nite nondegenerate scalar producthA; B i = � a1b1 + a2b2, where A =
(a1; a2) and B = ( b1; b2) are vectors. The matrix C of this scalar product equals� � 1

0
0
1

�
. The plane with this scalar product is called thepseudo-Euclidean plane

and is denotedR1;1. Hyperbolic rotation( an orthogonal transformation of R1;1)
is a linear transformation preserving this inde�nite scalar product.

To �nd all such transformations, we need to solve the matrix equation C =
gCgt , where t denotes transposition. If we setg =

� a
c

b
d

�
, this condition is

equivalent to the following three scalar equations fora; b; c; d(verify!):

a2 � b2 = 1 ; ac = bd; d2 � c2 = 1 :

This system has the solution

g =
�

� cosh � sinh 
� sinh  � cosh 

�
;

alternatively, we can write

g =
1

p
1 � � 2

�
� 1 � �
� � � 1

�
; where � =

b
a

= tanh  :

When both diagonal entries are positive in these matrices, we say that the
hyperbolic rotation is proper. In this case we lose nothing by taking all� signs
to be +, since sinh can have either sign. Thus, the group of proper hyperbolic
rotations is a one-dimensional, commutative, noncompact Lie group.

A Euclidean rotation is determined by the angle of rotation ' . The analogous
parameter for hyperbolic rotations is  . Consider the action of such a rotation
on an orthogonal basise1 = (1 ; 0), e2 = (0 ; 1). The orthogonal transformation

g =
�

cosh sinh 
sinh cosh 

�

transforms this frame as is shown in the Figure??: the endpoint of the vector
e1 moves along the �rst hyperbola, and that of e2 moves along the second
hyperbola. These hyperbolas can be thought of as a pseudocircle, analogous
to the actual circle in the Euclidean case. Under a hyperbolic rotation each
pseudocircle is invariant.
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Figure 13.5:

Example 13.2.9 (The plane symplectic group). A linear transformation of the
plane that preserves area is calledsymplectic. Such a transformation can also
be de�ned by the property that it preserves the skew-symmetric form

(A; B ) = a1b2 � a2b1;

where A = ( a1; a2) and B = ( b1; b2) are vectors in R2. The group Sp(1; R)
of such transformations turns out to be the same as the group SL(2; R) of
Example ??. To see this, observe �rst that (A; B ) is the area of the parallelogram
�( A; B ) spanned byA and B (Figure ??). Let

g =
�

a b
c d

�

be a symplectic transformation. Consider the imagesgA and gB of A and B ,
and the parallelogram �( gA; gB) they span. By elementary linear algebra we
have

area �( gA; gB) = area �( A; B ) det g:

Becauseg preserves area, we have detg = 1. Thus, g preserves the skew-
symmetric scalar product if and only if g is unimodular.

Example 13.2.10 (Conformal transformations of the plane). We now regard
the Euclidean plane as a complex line, by introducing a complex coordinate
z = x + iy and its conjugate �z = x � iy . The Euclidean metric can then be
written in the form

ds2 = dx2 + dy2 = dz d�z;
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Figure 13.6:

becausedx2 + dy2 = ( dx + i dy)(dx � i dy) = dz d�z, where dz = dx + i dy and
d�z = dx � i dy . We will study the remarkable transformations g : z ! w of the
plane given by

w =
az + b
cz + d

;

where a; b; c; dare arbitrary complex numbers such that ad � bc6= 0. We may
as well assume thatad � bc= 1, because we can multiplyaz + b and cz + d by
the same scalar factor� without changing g. In order for the map to be de�ned
for all z, we allow the value z = 1 , and set g(� d=c) = 1 , g(1 ) = a=c. (In
e�ect, then, the map is de�ned on the Riemann sphere.)

Such transformations are calledlinear-fractional maps, and they form a
group G. Linear-fractional maps are complex analytic. Consider the matrix
group SL(2; C) consisting of all complex matrices

�
a b
c d

�
where ad � bc= 1 :

Proposition 13.2.11. The group G of linear-fractional maps is isomorphic to
the quotient group SL(2; C)=Z2, where the normal subgroupZ2 consists of the
two elementsI =

� 1
0

0
1

�
and � I =

� � 1
0

0
� 1

�
. Thus, G is a Lie group of (real)

dimension six.

Proof. We can construct a homomorphismh : SL(2; C) ! G by associating to� a
c

b
d

�
the linear-fractional map

w =
az + b
cz + d

:

The reader is encouraged to check thath is indeed a homomorphism, that
it is surjective, and that its kernel is � I . Consequently, G is the quotient
G = SL(2 ; C)=kerh = SL(2 ; C)=Z2, as desired.

We now show that any linear-fractional map g is conformal, that is, preserves
angles between smooth curves at intersection points. An alternative character-
ization of conformal maps is that they transform the Riemannian metric (here
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the Euclidean metric) at a point by a scalar factor, the same in all directions.
It is su�cient to calculate the Euclidean metric dw d �w in the new coordinates
z = x + iy . We have:

dw =
a(cw + d) dz � c(az + b) dz

(cz + d)2 =
ad � bc

(cz + d)2 dz;

and consequently

dw d �w =
jad � bcj2

jcz + dj2
dz d�z:

In terms of the real coordinates (u; v) and (x; y) we have:

du2 + dv2 =
jad � bcj2

jcz + dj2
(dx2 + dy2):

Thus g multiplies the Euclidean metric by a positive factor. Moreover g pre-
serves the orientation of the plane.

Another important property of linear-fractional maps is le ft to the reader to
show: Such a map transforms each straight line of the Euclidean plane into a
straight line or a circle, and transforms each circle into a circle or straight line.

Example 13.2.12 (Isometries of the hyperbolic plane). Recall from Example
?? that the hyperbolic plane is the upper half-plane with the metric

ds2 =
� 4dz d�z
(z � �z)2 =

dx2 + dy2

y2 :

We now study the isometries of this Riemannian manifold.

Proposition 13.2.13. Let g be the linear-fractional transformation given by
g(z) = ( az + b)(cz + d), where ad � bc= 1 . Then g maps the upper half-plane
into itself if and only if a; b; c; dare real. In this case g acts on the hyperbolic
plane as an isometry. Every orientation-preserving isometry of the hyperbolic
plane is of this type. In particular, the group of orientation-preserving isometries
of the hyperbolic plane is isomorphic toSL(2; R)=Z2, where Z2 = f I; � I g.

We �rst assertion is very easy. We prove the second. Letg be as in the
proposition, with a; b; c; dreal, and setw = g(z). Then

dw =
ad � bc

(cz + d)2 dz =
1

(cz + d)2 dz:

Direct calculation shows that

� dw d �w
(w � �w)2 =

� dz d�z
(z � �z)2 ;

that is, g really is an isometry. We will not prove that this exhausts all
orientation-preserving isometries.
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13.3 Some Transformation Groups in Space

Example 13.3.1 (The three-dimensional linear group). The group GL(3; R)
consists of all (real) nondegenerate 3� 3 matrices. Its dimension is 9 and
topologically this group is obtained from the 9-dimensional vector space of all
3 � 3 matrices by removing all matrices of determinant zero. TheLie algebra is
the vector space of all 3� 3 matrices.

Example 13.3.2 (The three-dimensional special linear group). The group
SL(3; R) is the subgroup of GL(3; R) determined by the condition det X = 1.
It is easy to see that dim SL(3; R) = 8, and that the Lie algebra consists of all
3 � 3 matrices with trace zero.

Example 13.3.3 (Three-dimensional rotations). The group SO(3) consists of
all (real) 3 � 3 matrices g that preserve the Euclidean scalar product inR3 and
preserve orientation. Consequently, the corresponding matrix g must satisfy
I = gIgt , or I = ggt , or gt = g� 1, and detg = 1. Such matrices are called
proper orthogonal. SO(3) can also be thought of as the group of orientation-
preserving isometries of a sphere.

We now show that each orthogonal matrix g 6= I in SO(3) uniquely deter-
mines an axisl (g) through the origin and an angle ' (determined modulo 2� ).
The action of g is a rotation through the angle ' about the line l(g). Conversely,
an axis l and an angle' determine a rotation g 2 SO(3).

To see this, observe �rst that, by linear algebra, an orthogonal transforma-
tion in n-space for n odd always has a real eigenvalue. An eigenvector with
this eigenvalue generates a linel invariant under g, and the plane � orthogonal
to l is also invariant, becauseg is an orthogonal transformation. For the same
reason,g has eigenvalue� 1 on l . If the eigenvalue is� 1, the restriction of g to
� is an orientation-reversing isometry, and therefore is a re
ection in a line (see
Example ??). By interchanging this line with l , if necessary, we may assume
that l is �xed pointwise, and that g acts on � by a rotation. The axis is uniquely
de�ned when g 6= I , because ifl and l0 are both �xed pointwise by g, the whole
plane spanned byl and l0 is �xed, and moreover the line normal to that plane
is also �xed (since g preserves orientation); therefore we would haveg = I . The
angle is determined (always modulo 2� ) by the action of g on �.

It follows from this characterization, by choosing an orthogonal matrix A
that maps l to the z-axis, that we can conjugateg to the canonical form

AgA � 1 =

0

@
cos' sin ' 0

� sin ' cos' 0
0 0 1

1

A :

Since there are two degrees of freedom for the choice of an axis and one
for the choice of an angle, SO(3) is a three-dimensional connected Lie group.
We now show that it is homeomorphic to three-dimensional projective space
RP3, by de�ning a correspondence SO(3)! RP3. To do this we take g 6= I
and consider its axisl and the orthogonal plane �. Assuming for the moment
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Figure 13.7: Figure 13.8.

that 0 � j ' j 6= � , choose in � an arbitrary vector e1 and let e2 be the vector
obtained from e1 by the rotation g (Figure ??). Complete e1 and e2 to a
positively oriented coordinate frame e1; e2; e3. Then l becomes a real axiswith
orientation (determined by e3). Mark the point P(g) on the oriented line l at
a positive distance j' j < � from the origin. This associates with g 2 SO(3) a
point P(g) = P(l; ' ) in R3. Also set P(I ) = 0. This gives, for j' (g)j 6= � , a
continuous one-to-one correspondence between matricesg and points P(g).

When j' j = � there is no unique way to mark P(g), since the rotations
about l (g) through � and � � coincide; in this case we associate withg both
points P(l; � ) and P(l; � � ), later to be identi�ed (Figure ??). After we perform
the identi�cation of these antipodal points on the sphere of radius � , we get a
one-to-one correspondence, and in fact a homeomorphism, between SO(3) and
the space obtained from the three-dimensional closed ball in R3 by identi�cation
of antipodal points of the boundary.

Now it remains to prove that this object is RP3. According to the standard
de�nition of RP3, this is the space of all straight lines inR4 through the origin
(Figure ??). Because each straight line is uniquely determined by two antipodal
points of its intersection with a sphereS3, it is clear that RP3 can be represented
as the set of all pairs (x; � x), where x runs over all the points of a three-sphere.
Thus, we need to identify the antipodal points of a sphereS3 to obtain RP3.

The same result is obtained if we take only half of a three-sphere, for example,
the upper hemisphereS3

+ , and identify antipodal points on its boundary (which
is a two-sphere); see Figure??. But S3

+ is homeomorphic to a three-ball. This
concludes the proof that SO(3) is homeomorphic toRP3. We conclude this
section by �nding the Lie algebra of the orthogonal group SO(3), that is, by
determining the tangent space at the identity. Any orthogonal matrix g close
to I can be written in the form g = I + "X + � � �, where " is a small parameter
and X is a matrix in the Lie algebra. Becauseg� 1 = gt , we have

I � "X + � � � = I + "X t + � � � ;

that is, X t = � X , so X is skew-symmetric. Thus, the Lie algebra of SO(3) is
the three-dimensional space of all real skew-symmetric 3� 3 matrices.
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Figure 13.9: Figure 13.10.

13.4 Some Transformation Groups in Higher Di-
mensions

Example 13.4.1 (The complete linear groups). We collect here some facts
about the (complete) linear group GL(n; R) in arbitrary dimension, and its
complex counterpart GL(n; C), consisting of all n � n complex matrices with
nonzero determinant (or, equivalently, of all invertible l inear transformations of
Cn ).

Both GL( n; R) and GL(n; C) are noncompact Lie groups, of dimensionsn2

and 2n2 respectively. This can be proved by observing that GL(n; R), for exam-
ple, is an open topological subspace of the spacen � n matrices, which can be
regarded asRn 2

; it is open because it is the inverse image ofR � f 0g under the
determinant map, which is continuous as a function of the entries of a matrix.

The Lie algebra of GL(n; R) is the linear space gl(n; R) consisting of all n � n
matrices with real coe�cients. The Lie algebra of GL( n; C) is the vector space
gl(n; C) consisting of all n � n matrices with complex coe�cients.

Example 13.4.2 (The special linear groups). The special linear groupis de�ned
as the subset SL(n; R) of GL( n; R) determined by the single polynomial equation
det g = 1. The complex group SL(n; C) is de�ned in the same way as a subset
of GL(n; C).

Using the same reasoning as in Example??, we see that SL(n; R) and
SL(n; C) are Lie groups of dimensionsn2 � 1 and 2n2 � 2 respectively. They are
noncompact.

The Lie algebra of SL(n; R) is the vector space sl(n; R) consisting of all real
n � n matrices of trace zero. Similarly, the Lie algebra of SL(n; C) is the vector
space sl(n; C) of all complex matrices with trace zero.

Example 13.4.3 (The orthogonal groups). Let ha; bi be the Euclidean scalar
product in Rn . The orthogonal group O(n) is de�ned as the group of all real
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matrices g that preserve this scalar product, namely those for which

hga; gbi = ha; bi

for any vectors a and b. The group O(n) contains a subgroup SO(n), called the
special orthogonal group, determined by the equation det(g) = 1. The subgroup
SO(n) is the connected component of the identity in O(n). The matrix of an
element g 2 O(n) is characterized by the equation

g gt = I:

Thus SO(n) is a compact Lie group of dimension1
2 n(n � 1). The Lie algebra of

SO(n) is the vector space so(n) of all real skew-symmetricn � n matrices.

Example 13.4.4 (The unitary groups) . Let ha; bi be the Hermitian scalar
product in Cn de�ned by

ha; bi = Re
nX

i =1

ai �bi ;

where Re is the real part of a complex number and the bar denotes complex
conjugation. The unitary group U(n) is the group of all complex matrices in
Cn that preserve this scalar product, namely those for whichhga; gbi = ha; bi .
Thus, unitary matrices are determined by the matrix equation

g �gt = I:

The group U(n) contains a subgroup SU(n) consisting of all unitary matrices
with unit determinant. U(n) is a compact n2-dimensional Lie group, while
SU(n) is a compact (n2 � 1)-dimensional Lie group. The Lie algebrau(n) of
U(n) is the space of all skew-Hermitian complex matrices, whilethe Lie algebra
su(n) of SU(n) is the space of all skew-Hermitian matrices with zero trace.

Example 13.4.5 (The symplectic groups). Consider a 2n-dimensional vector
space with a skew-symmetric nondegenerate scalar product (a; b), that is, one
for which

(a; b) = � (b; a)

for any vectors a and b. Such a space is called asymplectic space. An example
is given onR2n (with its standard basis) by the scalar product

(a; b) =
X

i;j

! ij ai bj ;


 = ( ! ij ) being the matrix �
0 � I
I 0

�
;

where I is the n � n identity matrix. This example is typical in the sense that,
for any symplectic structure in a 2n-dimensional vector space (that is, any scalar
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product making the space into a symplectic space), we can �nda basis in which
the scalar product is expressed by

(a; b) =
X

i

pi q0i � p0i qi ;

where a = ( p1; : : : ; pn ; q1; : : : ; qn ) and b = ( p01; : : : ; p0n ; q01; : : : ; q0n ); this corre-
sponds exactly to the matrix 
.

A linear transformation g : R2n ! R2n is symplectic if it preserves the sym-
plectic structure, that is, if ( ga; gb) = ( a; b) for any vectors a and b. The set of
all symplectic homogeneous transformations ofR2n is called the real symplectic
group and denoted by Sp(n; R). It is a noncompact Lie group of dimension
n(2n + 1). Assuming the standard symplectic structure given by 
, the Lie
algebra sp(n; R) of Sp(n; R) consists of the real matrices

�
X Y
Z � X t

�
;

where X is an arbitrary matrix of order n, while the matrices Y and Z are of
order n and symmetric.

Consider the simple and important example of Sp(1; R), which was intro-
duced in Example ?? under a di�erent guise. The connection of the present
de�nition with the earlier one is that the skew-symmetric pr oduct of a pair of
vectorsa and b in R2 is equal to the area of the parallelogram spanned bya and
b. As we have seen, Sp(1; R) is isomorphic to SL(2; R).

We say that a vector subspace � of a symplectic space isisotropic if it is
skew-orthogonal to itself, that is, if the skew-symmetric scalar product of any
two vectors in � is zero. If dim � = n, the isotropic plane is called aLagrangian
plane.

The dimension of an isotropic plane in the symplectic spaceR2n never ex-
ceedsn. A symplectic transformation takes any isotropic plane into an isotropic
plane. In particular, the image of a Lagrangian plane under asymplectic trans-
formation is a Lagrangian plane. The determinant of any symplectic transfor-
mation is 1.

13.5 Discrete Transformation Groups in Two and
Three Dimensions

Lattices. Lattices are the models for the description of realcrystals. We shall
consider a crystal lattice of points on the plane or in three-space. The crystal is
regarded as consisting of a few types of atoms �xed in space and distributed in
a regular fashion. We consider a special class of lattices, namely those invariant
under certain translations. Suppose that the crystal lattice L contains as a
subset the set of all points of the form

n1A1 + n2A2 + n3A3;
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Figure 13.11:

where n1; n2; n3 are arbitrary integers and the A1; A2; A3 are linearly indepen-
dent vectors, calledprimitive vectors of the lattice. (In the plane case we have
only two primitive vectors.)

Consider the basic translationsT1; T2; T3 along the vectorsA1; A2; A3. Then
the general translation generated by lattice can be writtenas

T = n1T1 + n2T2 + n3T3:

De�nition 13.5.1. The lattice L is called translation-invariant if there exist
primitive translations T1; T2; T3 such that L is invariant under any translation
of the form T = n1T1 + n2T2 + n3T3, and under no other translation. The
parallelepiped � generated by the vectors A1; A2; A3 is called a primitive cell
or fundamental region of the lattice (Figure ??).

We assume that the primitive translation vectors are such that the volume
of the parallelepiped � is smallest possible.

Figure ?? shows a plane lattice. A primitive cell is shaded. In general, there
may be other atoms of the lattice inside a fundamental region.

Consider the group E(3) of all isometries of a Euclidean three-space, and
de�ne E(2) analogously for the plane. Recall that every elementg of E(3) or
E(2) can be expressed in exactly one way as a productg = T � , where T is a
translation and � is an orthogonal transformation. Translations do not commute
with rotations. Translations form an abelian subgroup, normal in E(3) or E(2),
and isomorphic to R3 or R2 respectively.

Let L be a lattice. The subgroupE3(L ) � E (3) consisting of all isometries
preservingL is called thecrystallographic space groupof L . The subgroupT3(L )
consisting of all translations of L is called the translation group of L . The sta-
bilizer H3(T ) of L is the subgroup ofE3(L ) consisting of all motions of L that
do not move the origin O. Thus the elements ofH3(L ) are orthogonal trans-
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Figure 13.12:

formations, and H3(L ) � O(3). We denote by H3(T )0 the subgroup of H3(T )
consisting of rotations (orientation-preserving orthogonal transformations).

Analogous de�nitions for E2(L ), T2(L ), H2(L ), and H2(L )0 apply in the
plane case.

Two-dimensional lattices. We now list all the possibilities for the stabilizer
H2(L )0, where L is a planar, translation-invariant lattice.

Let Cn be the cyclic group of order n acting on the plane by rotations
through multiples of 2�=n (see Figure??). Note that C1 is the trivial group.
Let Dn be the dihedral group of order 2n generated byCn and a re
ection in
a line l . Thus Dn is the semidirect product of Ci with the cyclic group Z2 of
order 2.

Theorem 13.5.2 (Classi�cation of stabilizers of plane lattices). SupposeL is
a planar, translation-invariant lattice.

1. The possibilities for the proper stabilizerH2(L )0 are

C1; C2; C3; C4; C6:

2. The possibilities for the stabilizerH2(L ) are

C1; C2; C3; C4; C6; D1; D2; D3; D4; D6:

Note that C5 cannot occur.
It is not di�cult to construct for each of these ten groups a pl ane lattice

having that group as its stabilizer. Figure ?? gives examples whereH2(L )0

is each of the groupsC2; C3; C4; C6 (and H2(L ) is the corresponding dihedral
group).
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Figure 13.13:

Three-dimensional lattices. We now turn to three-dimensional lattices L .
We start from the complete list of all possible �nite subgroups of rotations of
Euclidean three-space, that is, the �nite subgroups of SO(3).

Cn

Fix some axis in Euclidean 3-space through the originO, and denote by � the
plane through O orthogonal to l . As in the two-dimensional case, we denote by
Cn the cyclic subgroup generated by a rotation in � through an an gle 2�=n .

Dn

Dn is generated byCn and a re
ection in a line q contained in � and passing
through O (Figure ??). A re
ection in a line in space is the same as a rotation
through � about that line. Thus, orientation-reversing orthogonal t ransforma-
tions of � are induced by orientation-preserving orthogonal transformations of
three-space. Dn consists of the rotations in Cn , together with n re
ections in
axes lying in � and passing through O; these axes are obtained fromq by �=n
rotations.

The three exceptional �nite groups T, W and P

Apart from these two in�nite sequences of subgroups, there are a few more
exotic �nite subgroups of SO(3). They arise is connection with the �ve regu-
lar, or platonic, polyhedra (Figure ??), namely, the tetrahedron, the cube, the
octahedron, the dodecahedron, and the icosahedron.
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Figure 13.14:

The geometrical structure of these polyhedra is described in the following
table, where the column \Valency" indicates how many faces or edges meet at
a vertex:

Name Type of face Vertices Edges Faces Valency

Tetrahedron Triangle 4 6 4 3
Octahedron Triangle 6 12 8 4
Icosahedron Triangle 12 30 20 5
Cube Square 8 12 6 3
Dodecahedron Pentagon 20 30 12 3

It is interesting to look at these polyhedra from inside. If we remove one of
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Figure 13.15:

Figure 13.16:
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the faces and look at the interior of the polyhedron through this hole, we obtain
the pictures shown in Figure ??.

Figure 13.17:

Each of these polyhedra (imagined with its center atO) has a symmetry
group, the group of isometries ofR3 that take the polyhedron to itself. The cube
and octahedron have isomorphic symmetry groups, as do the dodecahedron and
the icosahedron. To see this, for example in the case of the cube and octahedron,
consider a sphere inscribed in a cube, and inside the sphere an octahedron whose
vertices are at the tangency points of the sphere with the cube|that is, at the
centers of the faces of the cube (Figure??). It is clear that any symmetry
of the cube is also a symmetry of the octahedron, and conversely. Entirely
similar considerations show that the icosahedral and dodecahedral groups are
isomorphic.

We set

T = group of orientation-preserving symmetries of the tetrahedron;
W = group of orientation-preserving symmetries of the octahedron;
P = group of orientation-preserving symmetries of the icosahedron:

These groups are called the (proper)tetrahedral group, octahedral group, and
icosahedral group. Their orders are 12, 24, and 60, respectively. They are not
isomorphic to any Cn or Dn .

It turns out that the above groups of rotations of Euclidean space exhaust
the possibilities for �nite rotation groups in R3: Every �nite subgroup of the
rotation group SO(3) of Euclidean three-space is isomorphic to one ofCn , Dn ,
T , W , and P.
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Figure 13.18:

We now turn to �nite subgroups O(3), that is, groups of orthogonal trans-
formations of three-space, regardless of orientation. IfH is one ofCn , Dn , T ,
W , and P, we de�ne �H as the group obtained from H by adjunction of the
re
ection in the origin. This re
ection is given by the matri x � I , where I is
the identity, and is therefore orientation-reversing. �H is a semidirect product
of H with Z2 = f I; � I g. The groups �T, �W , and �P are called the full tetrahe-
dral, octahedral, and icosahedral groups, respectively. They can alternatively be
obtained by adjoining to T , W , and P a plane re
ection that �xes the relevant
polyhedron. Their orders are 24, 48 and 120.

One more construction is needed to conclude the list of possible �nite sub-
groups of O(3). Let � be a subgroup of index 2 in a group � � SO(3). Let
S = � � �, and replace each element ofS by its product with � I , the re
ection
in the origin. The result is a new group �� of orthogonal trans formations in
R3, isomorphic as an abstract group to the initial group �. Half of its transfor-
mations come from �, and the other half is made up of plane re
ections. For
example, we can form a new groupW T since the proper tetrahedral groupT
occurs as a subgroup of index two in the proper octahedral group W .

Theorem 13.5.3. Here is the complete list of all possible stabilizers of three-
dimensional, translation-invariant lattices:

C1; C2; C3; C4; C6;
�C1; �C2; �C3; �C4; �C6;

D2; D3; D4; D6;
�D2; �D3; �D4; �D6;

C2C1; C4C2; C6C3;

D4D2; D6D3; D2C2; D3C3; D4C4; D6C6;

T; W; �T ; �W ; W T:

Each of these groups is realized as the stabilizer of some translation-invariant,
three-dimensional lattice. Other �nite subgroups of O(3), such as P, cannot
occur.
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Chapter 14

Computers and
Visualization in Hyperbolic
Three-Dimensional
Geometry and Topology

A. T. Fomenko and
S. V. Matveev

14.1 Introduction

This chapter is devoted to a new branch of modern geometry that is the result
of interaction between hyperbolic topology, computer geometry, the theory of
three-dimensional manifolds, and the new theory of topological classi�cation
of integrable Hamiltonian systems of di�erential equations. This activity was
initiated with the work of S. V. Matveev and A. T. Fomenko.

We give here a brief survey of these results to show the new possibilities
of application of the modern \computational thinking" to so me deep problems
in modern and classical geometry and topology. We hope to give a simple
description of these ideas, and to suggest their further development to students
and professional mathematicians in the area of computer geometry who want to
extend the �eld of application of their computational metho ds. As a result, they
may be able to obtain new theoretical results in a nontrivial �eld of mathematics
with applications to mathematical physics. We will formula te several open

295
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problems that can certainly be solved by modern powerful methods of computer
geometry.

The reader who wants to penetrate more deeply into this �eld can refer to
[?; ?; ?; ?; ?; ?; ?; ?; ?].

Here are the basic problems of computer geometry that we willdiscuss.
Details are given in the following sections.

1) Continue the computer calculation of the volumes of closed three-dimen-
sional hyperbolic manifolds.

2) Continue the algorithmical classi�cation and descripti on of three-dimen-
sional manifolds. Visualize the \�rst simplest three-mani folds."

3) Solve the problem of minimal hyperbolic volume for closedhyperbolic
three-manifolds. Visualize the three-manifolds of a minimal hyperbolic
volume.

4) Continue the computer classi�cation of integrable Hamiltonian systems of
di�erential equations with two degrees of freedom.

14.2 Two-Dimensional Hyperbolic Geometry

We start with some elementary notions of two-dimensional hyperbolic geometry,
to recall some necessary ideas.

Consider the circle of radius 1 in the Euclidean planeR2, and the open disc
bounded by this circle (Figure ??). We will consider a new geometry in the disc,
given as follows: points of this geometry are ordinary points of the disc (except
boundary points), and \straight lines", henceforth called hyperbolic lines, are
circular arcs intersecting the unit circle at right angles. In particular, all di-
ameters of the disc are hyperbolic lines, for these diameters can be considered
as arcs of in�nite radius. The geometry thus de�ned is calledLobachevskianor
hyperbolic geometry, and the space is called thehyperbolic plane. Its model as
a unit disc in R2, as just given, is called thePoincar�e model of the hyperbolic
plane. The boundary of the Poincar�e model, that is, the circle x2 + y2 = 1, is
called the absolute, or the circle at in�nity ; a point on it is not properly part
of the hyperbolic plane, but is often said to be \at in�nity", that is, in�nitely
distant from the points of the hyperbolic plane.

Using the Poincar�e model, we can easily verify (see Figure??) that, given a
hyperbolic line and a point not on it, there are in�nitely man y other hyperbolic
lines going through the point and not intersecting the given line. These lines
are said to beparallel to the given line.

Consider the standard polar coordinates (r; ' ) in the unit disk (Figure ??).
Then the Lobachevskian metric has the form

ds2 =
dr2 + r 2d' 2

(1 � r 2)2 :
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Figure 14.1:

Figure 14.2:
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If we introduce the complex coordinate z = u + iv on the unit Euclidean
disk, this metric can be rewritten in the equivalent form

ds2 =
dzd�z

(1 � j zj2)2 :

There exists another useful representation of the Lobachevskian plane, namely,
as the upper half-plane. Consider another copy of the Euclidean plane, intro-
duce a new complex coordinatew = x + iy ; the upper half-plane is the set
of points satisfying y > 0. Now take the following mapping from the upper
half-plane onto the unit disk:

z =
1 + iw
1 � iw

:

This mapping is a di�eomorphism (Figure ??). Consequently, we can consider
the hyperbolic metric in the new coordinates (x; y) on the upper-plane using
this mapping as a change of regular coordinates. It is easy tocalculate that the
Lobachevskian metric on the upper half-plane has the form

ds2 =
dx2 + dy2

y2 :

Figure 14.3:

It is an important property of both the Poincar�e and the uppe r half-plane
models that they are conformal, that is, the hyperbolic angle between two tan-
gent vectors at a point is the same as the Euclidean angle in the model.

We can now describe the group of isometries of the hyperbolicplane. Con-
sider, for simplicity, only isometries that preserve orientation. It turns out that
all such isometries can be represented as transformations on the upper half-plane
having the form

w !
aw + b
cw + d

;

where a, b, c, and d are real numbers andad � bc= 1. (You can check that all
these transformations map the upper half-plane onto itself). We can represent
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all these transformations by the matrices

�
a b
c d

�
;

where ad � bc= 1. These matrices form the matrix group SL(2; R). The group
of orientation-preserving isometries of the hyperbolic plane is isomorphic to the
quotient group SL(2; R)=Z2 , where the normal subgroupZ2 consists ofI (the
identity matrix) and � I .

Some essential properties of the hyperbolic plane can be concretely modeled
on a certain surface in three-dimensional Euclidean space,called the Beltrami
surface, or pseudosphere. To de�ne this surface, we proceed as follows.

Consider on the plane (x; y) a tractrix , that is, a smooth curve 
 character-
ized by the property that the segment of the tangent lying between the point of
tangency and the x-axis hasconstant lengtha (Figure ??). When the point A
slides along the curve
 , the point B slides along thex-axis, and the segment
AB has length a. The mechanical interpretation: Think of connecting A and
B by an inelastic thread of length a, and move the point B along the x-axis,
starting from the position O = B0. As it moves, B drags the point A along,
starting from the initial position A0 shown in Figure ??. The point A will then
draw a certain curve tangent to the y-axis at the point A0, having the x-axis as
an asymptote. The segmentAB is tangent to this curve (at the point A, which
slides along the curve).

Figure 14.4:

We can easily �nd the di�erential equation for 
 . From the triangle ABx
(Figure ??) we have: tan' = � y0

x , where y = y(x) is the graph of 
 and
a sin ' = y. From this we obtain

sin ' =
y0

x

(1 + ( y0
x )2)1=2

or x0
y = �

(a2 � y2)1=2

y
;
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where x = x(y) is the graph of 
 . Therefore,

x(y) = � (a2 � y2)1=2 +
a
2

ln
�

a + ( a2 � y2)1=2

a � (a2 � y2)1=2

�
:

Thus, we have derived an explicit expression for the curvex = x(y). We
now consider the surface of revolution formed by rotating
 about the horizontal
x-axis. We obtain a surfaceM , which is the promised Beltrami surface or
pseudo-sphere(Figure ??).

Figure 14.5:

Recall that any Riemannian metric on a two-dimensional manifold has a
remarkable scalar invariant K , called Gaussian curvature. This curvature is
completely determined only by the metric itself, and does not depend on the
concrete isometric embedding of the surface in ambient Euclidean three-space.
But sometimes it is convenient to calculate the Gaussian curvature K in terms
of such an embedding. If� 1 and � 2 are the principal curvatures at the point P
on M , then K = � 1� 2.

It can be easily proved that the Beltrami surface has a constant negative
Gaussian curvatureK = � 1=a2.

The Beltrami surface has the boundary, a circle with radius a. It can be
shown (a nontrivial fact!) that the surface cannot be continued beyond this
boundary circle without violating the condition K = � 1=a2 < 0.

It can be proved that the Riemannian metric on the Beltrami surface induced
by the ambient Euclidean metric coincides with the hyperbolic metric. In other
words, the Beltrami surface is locally isometric to the Lobachevskian plane.

This means that we have constructed an isometric embedding of a certain
region of the hyperbolic plane into three-dimensional Euclidean space. What
particular part of the hyperbolic plane admits such an isometric embedding?
To answer this question, cut a Beltrami surface along any of its generators
(Figure ??). The result is a surface that admits an isometric embeddingin the
hyperbolic plane, whose image is the region illustrated in Figure ??. This region
has the form of a curvilinear rectangle with vertices1 ; A0; B0. The sides of this
triangle are formed by two parallel hyperbolic lines comingfrom one point at
in�nity, which we denote by 1 . The third side of the triangle is the arc A0; B0
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Figure 14.6:

with length equal to 2�a . This arc is a portion of the Euclidean circle tangent to
the boundary of the Poincar�e model at the point 1 . Consequently, the region
(1 ; A0; B0) is an in�nite band lying between two parallel hyperbolic li nes on
the hyperbolic plane, and limited on one side by the arcA0; B0. We say it is an
ideal triangle (this means a triangle where one or more vertices are at in�nity).

Figure 14.7:

The considerations above give rise to the natural question of whether or
not the whole hyperbolic plane (and not only a part of it, such as the band
described above) can be isometrically realized in three-dimensional Euclidean
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space in the form of a smooth two-dimensional surface of constant negative
curvature. The answer is negative, as was proved by D. Hilbert. Later, this
theorem was generalized by N. V. E�mov, who showed that a plane endowed
with an arbitrary completesmooth Riemannian metric with a negative curvature
restricted from above to a negative number has no global isometric embedding
into three-dimensional Euclidean space.

The hyperbolic plane is closely connected with closed orientable surfaces of
genusg > 1 (Figure ??). Any such surface can be endowed with a hyperbolic
Riemannian metric, and can thus be madelocally isometric to the hyperbolic
plane. Equivalently, any such surface can be represented asthe quotient space of
the hyperbolic plane by some discrete group of orientation-preserving isometries.

Figure 14.8:

De�nition 14.2.1. Let � be a discrete group of orientation-preserving isome-
tries of the hyperbolic plane. A subsetD of the hyperbolic plane is called a
fundamental region for � if:

1. D is a closed set;

2. the sets
 (D ), for 
 2 �, cover the whole hyperbolic plane;

3. this covering of the hyperbolic plane by the sets
 (D ) is such that a suf-
�ciently small neighborhood of an arbitrary point intersec ts only a �nite
number of sets
 (D );

4. the images
 ( �D ), for 
 2 �, are pairwise disjoint, where �D is the interior
of D .

We now give an example of a discrete isometry group of the hyperbolic
plane whose fundamental regionD is a regular 4g-gon centered at the center
of the unit disc in the Poincar�e model, having interior angl es equal to�= (2g)
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(Figure ??). That such a polygon exists is clear, because a very small regular
4g-gon around the center of the Poincar�e disk has interior angles almost the
same as those of its Euclidean counterpart, namely� (1 � 1=(4g)), whereas a
very large polygon, with vertices almost at in�nity, has ang les very close to
zero. For an appropriately chosen size in between, therefore, the interior angles
equal �= (2g).

Figure 14.9:

We divide the sides of the 4g-gon into pairs of opposite sides. Suppose
A1; : : : ; A2g are \translations" of the hyperbolic plane under which one mem-
ber of a pair is mapped to the opposite (Figure??). All these translations are
conjugate: A i +1 is obtained from A i by conjugating with a rotation through
� (1 � =(2g)) about the origin. It can be veri�ed that the transformatio ns
A1; : : : ; A2g are linked by the relation

A1A2 : : : A2gA � 1
1 A � 1

2 : : : A � 1
2g = 1 :

From this we can derive explicit formulas for the matrices ofA1; : : : ; A2g in
the upper half-plane, that is, for the corresponding elements of SL(2; R). We do
this as follows. We may assume that A1 (in the upper half-plane model) sends
the imaginary semi-axis to itself. Then it has the form w ! �w for � = ea ,
where a is twice the leg of an isosceles right triangle with angles�= 2, �= (4g),
�= (4g); see Figure??. Computation shows that

A1 =

0

B
B
@

cos� + (cos � )1=2

sin�
0

0
sin�

cos� + (cos � )1=2

1

C
C
A ; where � =

�
4g

:

The matrices A2; : : : ; A2g are obtained from A1 by conjugation, and Ak =
B � k+1

g A1B k � 1
g , whereBg is the matrix of rotation through an angle � (2g� 1)=2g
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around the point i (on the upper half-plane). Explicitly,

Bg =
�

cos� sin �
� sin � cos�

�
; where � =

� (2g � 1)
4g

:

Denote by � g the discrete transformation group generated by the matri-
cesA1; : : : ; A2g, and by L 2 the hyperbolic plane. Consider the quotient space
L 2=� g of L 2 by the action of � g, which is a closed smooth surfaceM g. This
surface is closed, orientable, and has genusg, because of the way the sides of
the fundamental polygon are identi�ed (Figure ??).

Theorem 14.2.2. The quotient M g = L 2=� g is a surface of genusg, whose
fundamental group is isomorphic to� g. The projection L 2 ! L 2=� g induces on
M g a Riemannian metric of constant negative curvature. (WhenM g is given
this metric, the projection is by de�nition a local isometry ; it is also a covering
map, of in�nite multiplicity).

In particular, any oriented surface of genusg > 1 has a Riemannian metric
of constant negative curvature. Conversely, any closed smooth compact surface
with a complete Riemannian metric of constant negative curvature has genus
g > 1, and can be obtained as a quotient of the hyperbolic planeL 2 by a group
� of orientation-preserving isometries, where� is isomorphic to � g.

We now calculate thearea of a compact hyperbolic surface. We can assume
that its Gaussian curvature is normalized, that is, equal to � 1. We can use
the following celebrated result of Gauss and Bonnet, valid for any Riemannian
metric (not necessarily hyperbolic) on a surface:

The integral over a closed orientable Riemannian surface ofthe Gaussian
curvature K is connected with the Euler characteristic of the surface bythe
formula:

� = 2 � 2g =
1

2�

Z
Kd�:

Since in our case we have assumedK = � 1, we immediately obtain
R

Kd� =R
(� 1)d� = � area, and therefore the area is 4� (g� 1), whereg � 1 is the genus.

(The sphere and the torus, which have genus 0 and 1, respectively, cannot be
given a hyperbolic metric.)

Corollary 14.2.3. The area of a closed hyperbolic surface is a topological in-
variant: two compact hyperbolic surfaces are homeomorphicif and only if their
areas coincide.

14.3 Three-Dimensional Hyperbolic Geometry

De�nition 14.3.1. A smooth n-manifold M is called a hyperbolic if it has
a complete Riemannian metric with constant negative sectional curvature (by
scaling, we can assume that the curvature is� 1).
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We can consider thevolume of a hyperbolic manifold (with respect to the
given hyperbolic metric). The most interesting case for us is that of compact
hyperbolic manifolds, which have �nite hyperbolic volume. (There are also
noncompact hyperbolic manifolds of �nite volume).

Examples of three-dimensional hyperbolic manifolds can beobtained from
the three-dimensional Lobachevskian metric, which is de�ned in a way analogous
to the two-dimensional case.

Three-dimensional hyperbolic geometry is an area of growing interest, and
has been investigated by many well-known mathematicians, such as W. P. Thurston,
J. W. Milnor, G. D. Mostov, M. Gromov, T. Jorgensen, G. A. Marg ulis, E. B. Vin-
berg, V. S. Makarov, L. S. Krushkal, J. R. Weeks, C. C. Adams, W. D. Neuman,
D. Zagier, A. Marden, L. V. Ahlfors, B. N. Apanasov, I. S. Guzul, H. B. Lawson,
R. Meyerho�, J. W. Morgan, V. V. Nikulin, D. Sullivan, and man y others.

The group of isometries of three-dimensional hyperbolic space L 3 contains
many discrete subgroups. Consequently, as in the two-dimensional case, we ob-
tain the quotient manifolds L 3=�, which are compact smooth closed hyperbolic
manifolds.

It follows from a theorem of Mostow that two complete hyperbolic manifolds
of �nite hyperbolic volume are homeomorphic if and only if they are homotopi-
cally equivalent.

Now consider the set of all complete hyperbolic three-manifolds of �nite
volume; the volumes of such manifolds form a set of real numbers. It turns
out that this set is distributed on the real line in a very inte resting way (see
Figure ??):

Theorem 14.3.2 (Jorgensen, Gromov). The set of volumes of all complete
hyperbolic three-manifolds is totally ordered and has ordinal type ! ! . There exist
only �nitely many di�erent hyperbolic three-manifolds wit h the same volume.

Figure 14.10:

Thus, the volume of a hyperbolic three-manifold is an \almost-invariant".
Consequently the calculation of hyperbolic volumes is an extremely interesting
problem of hyperbolic and computer geometry. It is still an open problem how to
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determine the list of closed hyperbolic manifolds having a given volume, or even
what are the closed hyperbolic manifolds of least volume. Nonetheless, there
are algorithms to compute the hyperbolic volume of a given manifold (given by
a gluing of polyhedra), and computer programs such as Snappea, by Je� Weeks
(see [?], for example) have made it possible to catalog and study a tremendous
number of interesting hyperbolic manifolds.

14.4 The Complexity of Three-Manifolds

In this section we give a short review of Matveev's theory of complexity. We
associate with each compact three-manifoldM a nonnegative integer d(M ),
called its complexity. This number has many useful properties and, as we shall
see below, conforms closely to the complexity of the three-manifold in an intu-
itive sense. To describe the complexityd(M ) we shall need two notions:spines
and almost special polyhedra. A polyhedron Q collapses toa subpolyhedronP
if, for any triangulation ( K; L ) of (Q; P), we can transform K to L by a �nite
sequence of elementary simplicial collapses, where each elementary simplicial
collapse consists in removing a principal open simplex together with a free open
face of that simplex (Figure ??).

Figure 14.11:

De�nition 14.4.1. A polyhedron P � �M is called a spine of the compact
manifold M if M (or M with an open ball removed if M = ? ) collapses onto
P.

A spine carries a lot of information about the structure of the manifold,
but in general a manifold cannot be uniquely recovered (reconstructed) from its
spine. It is useful to bear in mind the following equivalent de�nition of spine:
P is a spine of M if M is homeomorphic to the mapping cylinder of a map
p : M ! P. Let � denote the one-skeleton of the standard three-dimensional
simplex, that is, a circle with three radii.

De�nition 14.4.2. A compact polyhedron P is calledalmost special if each of
its points has a neighborhood homeomorphic to the cone on a subpolyhedron
of �. Points whose links are homeomorphic to � are called vertices of P.
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The singularities that can be seen in the cone Con � are stablein nature:
They do not disappear with small changes in the attaching maps of cells, for
any representation of the polyhedron as a cell complex. It isinteresting to note
that precisely such singularities arise in the theory of minimal surfaces (soap
�lms). It follows easily from the de�nition of an almost spec ial polyhedron that
this property is hereditary, that is, it is preserved on passing to subpolyhedra.

De�nition 14.4.3. The complexity d(M ) of a compact three-manifold M is
the smallest number of vertices of an almost special spine ofM .

The following theorems were proved by S. V. Matveev.

Theorem 14.4.4 (Finiteness property). For any integer k � 0, there exist only
�nitely many distinct closed irreducible three-dimensional manifolds of complex-
ity k.

Theorem 14.4.5 (Additive property) . For any compact manifoldsM 1 and M 2

we have
d(M 1# M 2) = d(M 1) + d(M 2):

Experience shows that an almost special spine can easily be constructed for
any given manifold (see, for example, [?]). Thus there is usually no di�culty in
�nding an upper bound for the complexity. Finding a nontrivi al lower bound
is a di�cult problem. There is as yet no known algorithm for co mputing the
complexity.

De�nition 14.4.6. A compact polyhedronP is calledspecial if the link of each
of its points is homeomorphic to a circle or to a circle with two or three radii,
and if each connected component of its set of nonsingular points (that is, points
whose links are homeomorphic to a circle) is homeomorphic toan open disk.

The set of singular points of a special polyhedronP is a regular graph of
degree four. The components of its complement (the open disks of the de�-
nition) are called the two-components of P, and the graph itself is called the
singular graph of P. We shall require the following important fact. In almost
all interesting cases, a minimal almost special spine of a closed three-manifold
is special. More precisely:

Theorem 14.4.7 (S. V. Matveev). If a closed orientable irreducible three-man-
ifold M is distinct from S3 and RP3, then a minimal almost special spine ofM
is special.

A three-manifold can be uniquely recovered from a special spine. There is
a close connection between the complexity of an orientable three-manifold and
the number of three-simplexes that have to be glued togetherto construct it
(not to be confused with the number of three-simplexes in a triangulation!). We
take a collection of three-simplexes, partition the faces into pairs, and identify
the faces in each pair via one of the three possible orientation-reversing linear
homeomorphisms. If we remove regular neighborhoods of the vertices (the im-
ages of the vertices of the simplexes) from the resulting polyhedron, then we
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obtain a compact orientable manifold M . In other words, M is obtained by
gluing together three-simplexes with truncated vertices.

Proposition 14.4.8 (S. V. Matveev). A compact orientable three-manifoldM
with boundary can be obtained by gluingn simplexes with truncated vertices if
and only if it has a special spine withn vertices.

The proof is based on the following observation: if we consider the standard
three-simplex as a simplicial complex, and take the two-skeleton of its dual cell
decomposition, we obtain a polyhedron homeomorphic to Con �. Under gluing
of simplexes, these polyhedra combine to form a special spine ofM . Conversely,
if the vertices of a special spine are replaced by simplexes with truncated vertices,
and these simplexes are glued together as dictated by the spine, we obtain the
manifold M .

14.5 Constant-Energy Sets of Integrable Hamil-
tonian Systems Cannot be Hyperbolic

We now cite some results from [?] on the computer geometry of integrable
Hamiltonian di�erential equations.

De�ne (H) as the class of all compact orientable three-manifolds that are
constant-energy sets (sets of constant energy) of integrable Hamiltonian sys-
tems of di�erential equations with two degrees of freedom. For a more detailed
de�nition, see [?; ?].

A compact orientable three-manifold lies in (H) if and only if it can be
obtained by gluing together copies ofD 2 � S1 and N 2 � S1 via homeomorphisms
between some of their boundary components. HereD 2 is a two-dimensional disk
and N 2 is a two-dimensional disk with two holes (Figure??).

Figure 14.12:
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Following Thurston [ ?], we say that a three-manifold has ageometric struc-
ture if it admits a complete locally homogeneous Riemannian metric. There
exist eight types of such geometric structures: three are isotropic (spherical,
Euclidean, and hyperbolic), two are based on products (S2 � R and L 2 � R),
and three are based on twisted products (SL2(R), Nil, and Sol). A manifold
that admits one type of geometric structure cannot have any other type.

Thurston's geometrization conjectureasserts that the interior of every com-
pact three-manifold admits a canonical decomposition intopieces having geo-
metric structures. It turns out that the class (H) is closely connected with seven
of these types of geometries.

Theorem 14.5.1 (S. V. Matveev, A. T. Fomenko). A compact orientable three-
manifold with (possibly empty) torus boundary belongs to the class(H) of constant-
energy surfaces of integrable Hamiltonian systems if and only if its interior
admits a canonical decomposition into pieces having geometries of any of the
types of geometry, except hyperbolic. In particular,(H) contains no hyperbolic
manifolds.

One direction of the proof can be found in [?], where the topological structure
of manifolds in (H) is described. The other direction follows from [?], where
geometric manifolds with structures other than hyperbolic are classi�ed.

14.6 The Computer Classi�cation of Manifolds
of Small Complexity

As we know, the algorithmic classi�cation of the compact connected surfaces is
well-known and very simple: the topological type of the surface is determined by
its orientability and its Euler characteristic (or genus). Thus, there is an e�ective
computer procedure that can recognize the topological typeof a surface given as
a gluing of triangles. In other words, the computer recognition and algorithmical
classi�cation of surfaces is a solved mathematical problem.

The next step is the algorithmical classi�cation of three-dimensional man-
ifolds. This problem is much harder and is not yet solved. Many researchers,
in both pure and applied mathematics, have worked toward its solution, and
many important results have been proved. For example, todaythere are e�ec-
tive and simple computer algorithms that allow one to recognize the simplest
three-manifolds (in di�erent subclasses inside the class of all three-manifolds).

An exposition of the theory of hyperbolic manifolds is given by Thurston
[?; ?], and in particular a procedure for e�ectively constructin g a large series
of hyperbolic three-manifolds. Particular examples of hyperbolic manifolds had
already been constructed by Seifert and Weber in 1933, but until recently there
have been no very large known classes ofclosed hyperbolic manifolds. The
construction of closed hyperbolic three-manifolds is far more complicated than
that of noncompact three-manifolds. See details in [?], where we review the main
ideas for constructing hyperbolic manifolds and for calculating their volume.
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d 0 1 2 3 4 5 6
N (D) 3 2 4 7 14 31 74

We have approached the problem of understanding the \simplest" three-
manifolds from a fundamentally di�erent point of view, usin g a combination of
Fomenko's topological theory of classi�cation of the integrable Hamiltonian sys-
tems [?; ?; ?] and Matveev's complexity theory for three-dimensional manifolds
[?; ?].

The �niteness property of the complexity stated above|or, m ore precisely,
a constructive proof of this property|enables one to organi ze a search for all
closed irreducible three-manifolds of complexity not exceeding a given numberd.
We present here some of the results from such a search, carried out by computer.

It turns out that the three-manifolds of lowest complexity l ie in the class (H)
introduced in the preceding section (and therefore, by Theorem ??, cannot be
hyperbolic); and that the \�rst two" three-manifolds that d o not belong to the
class (H) are remarkable hyperbolic manifolds. The �rst of them was discovered
by Thurston, and the second by Weeks (and independently by Fomenko and
Matveev). More detailed statements will be given later.

Theorem 14.6.1 (S. V. Matveev). The number N (d) of closed orientable ir-
reducible three-manifolds of complexityd, for d � 6, is given by the following
table (the result of computer calculations):

We now list all closed irreducible orientable three-manifolds of complexity
d � 4; (see [?] for the casesd = 5 ; 6. The symbolsQ8, Q12, Q16, Q24, and P24

stand for certain discrete subgroups of isometries ofS3.

� Complexity 0: The sphere S3, the projective spaceRP 3, the lens space
L 3;1.

� Complexity 1: The two lens spacesL 4;1 and L 5;2.

� Complexity 2: The quotient spaceS3=Q8 and three other lens spaces.

� Complexity 3: The quotient S3=Q12 and six other lens spaces.

� Complexity 4: The quotients S3=Q16, S3=Q24, S3=P24, S3=(Q8 � Z3), and
ten other lens spaces.

Unsolved problem of computer geometry. Describe the distribution of the number
of three-manifolds for greater values of complexity.

An analysis of the manifolds produced by the computer has enabled us to
establish the following facts:

1) All the manifolds of complexity � 5 and most of those of complexity 6 are
elliptic.

2) All six Euclidean three-manifolds have complexity 6.
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3) The remaining six manifolds of complexity 6 have Nil-geometry. Hence
by Proposition ?? all closed orientable three-manifolds of complexity not
greater than 6 belong to the class (H) of integrable constant-energy sur-
faces.

A further computer search (for d > 6) for manifolds of complexity d is
di�cult, since it requires a fairly large amount of machine t ime. On the other
hand, the class (H) introduced in the preceding section is well understood and
completely classi�ed. Thus it makes sense to carry out a search \modulo (H)".
For this we have to teach the computer, in constructing in turn all special
spines with a given number of vertices, how to recognize at anearly stage of
the construction whether or not the corresponding manifoldbelongs to the class
(H). We present a theoretical basis for such a (partial) recognition.

We shall say that a two-component � of a special spineP of a closed ori-
entable three-manifold M has defectk if its closure contains all the vertices of
P with precisely k exceptions. Let M � denote the three-manifold with torus
boundary whose spine is obtained fromP by deleting an open disk interior to
� . An important fact is that the complexity of M � does not exceedk. This
is easy to prove, since on puncturing� and collapsing it, all the vertices in its
closure also disappear. We note also that ifM � belongs to (H), then so does
M .

A computer search of manifolds with torus boundary and a subsequent man-
ual analysis has enabled us to establish the following theorem.

Theorem 14.6.2. Every compact orientable irreducible atoroidal three-man-
ifold of complexity d � 3 with torus boundary belongs to the class(H) , with
the exception of precisely two remarkable manifoldsQd

1 and Qd
2 of complexity 2

and nine manifolds Qd
3, . . . , Qd

11 of complexity 3. These 11 manifolds admit
hyperbolic structures, and hence cannot belong to the class(H) .

Each of the manifolds Qd
i , 1 � i � 11, generates a series of closed compact

hyperbolic manifolds (Qd
i )p;q , where p and q are coprime integers. Geometric

methods were then used to compute the volumes of over 100 manifolds in each
series, that is, around a thousand in all. The results can be seen in Figure??.
We remark that the search revealed many nonhomeomorphic closed hyperbolic
three-manifolds with equal volume.

The minimum volume among the manifolds of the type (Qd
i )p;q is that of

the remarkable manifoldsQ1 = ( Qd
1)5;� 2, and the next is that of Q2 = ( Qd

2)5;1.
The details of this computer calculation are described in [?].

The manifold Q2 was studied by Thurston, who proposed it as a candidate for
the compact hyperbolic manifold of minimum volume. This conjecture turned
out to be false, since the volume ofQ1 (� 0:94) is less than that ofQ2 (� 0:98).
After we ran the calculations described above, we became aware of the work of
J. Weeks, who had investigated this remarkable manifoldQ1 and calculated its
volume. A description of Qd

1 and Qd
2 is given in the next section.

We note that the boundary of each manifold Qd
1, . . . , Qd

11, consists of a
single torus. If a closed three-manifoldM is obtained from one of theQd

i by
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Figure 14.13:
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attaching a solid torus to its boundary, then M may or may not belong to the
class (H). A special spine forM is easily constructed from a special spinePi of
Qd

i : essentially, a new two-component (a meridional disk of theattached solid
torus) is added to Pi . It turns out that every manifold of complexity d � 8
obtained from the Qd

i in this way belongs to (H). This is no longer true for
complexity 9: there exist at least two manifolds of complexity 9 that can be
obtained from Qd

1 and Qd
2 by attaching solid tori, and that do not belong to

(H).
Collecting together the above facts, we arrive at the following criterion for

a closed three-manifoldM to belong to the class (H): if a special spineP of M
has no more than 8 vertices and contains a two-component of defect k � 3, then
M 2 (H).

The use of this criterion allowed us to complete the search modulo (H) for
all closed orientable three-manifolds of complexity not greater than 8. The
following result was obtained:

Theorem 14.6.3 (S. V. Matveev, A. T. Fomenko). Every closed orientable three-
manifold of complexity not greater than 8 belongs to the class (H) of integrable
constant-energy surfaces.

We now state some conjectures.

Conjecture 14.6.4. The manifold Q1 has the least volume of all closed hyper-
bolic manifolds.

Conjecture 14.6.5. The distribution of volumes of the manifolds (Qd
i )p;q given

in [?, Theorem 14] forms the \main part" of an initial segment of th e sequence
of volumes for all closed hyperbolic three-manifolds (Figure ??).

Conjecture 14.6.6. Within any sequence of manifolds of the formM p;q (where
M is a manifold with torus boundary, see [?]), volumes increase with increasing
complexity.

Within each sequence of three-manifolds of the formM p;q that were investi-
gated in [?], where M is a manifold with torus boundary, the volume increases
with complexity. We have veri�ed our conjecture for a large number of the
manifolds in the sequence (Qd

i )p;q , for which we have been able to �nd the com-
plexity exactly. It is worth remarking that there is no such c orrelation between
manifolds from distinct sequences, since by Matveev's theorem there are �nitely
many manifolds of a given complexity, and hence to the left ofevery accumula-
tion point (of volumes of manifolds in a given sequence) there appear manifolds
of arbitrarily large complexity.

14.7 Description of Qd
1 and Qd

2

We now describe in more detail the two manifoldsQd
1 and Qd

2, the simplest
manifolds (in the sense of Matveev complexity) that do not belong to the class
(H).
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They are uniquely determined by their special spines; neighborhoods of whose
singular graphs are shown in Figure??. As a topological manifold, Qd

1 can be
represented as the complement of a certain knot in the lens spaceL 5;1, and Qd

2
as the complement to the �gure-eight knot in S3. The interiors of Qd

1 and Qd
2

admit complete hyperbolic structures.

Figure 14.14:

It is extremely useful to produce a clear concrete description of the Q1 and
Q2. Figure ?? shows neighborhoods of the singular graphs of minimal special
spines of Q1 and Q2 respectively. As can be seen from the Figure??, the
number of singular vertices of each of these special spines is equal to 9. Hence
these manifolds have complexity not greater than 9. But since in the theorems
mentioned above there are no hyperbolic manifolds of complexity 8 or less, the
complexity is equal to 9.

Artistic representations by Fomenko of some fundamental notions of this
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Figure 14.15:
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theory are shown in Figures??, ??, and ??.
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Figure 14.16: Spines of the two remarkable hyperbolic manifolds Q1 and Q2

(foreground, upper half).
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Figure 14.17: Visualization of the nondegenerate criticalpoints (saddle points)
of a smooth function on three-manifolds. The number of critical points measures
the complexity of the Morse function.
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Figure 14.18: Representation of the two-dimensional spineof a particular three-
manifold, and simultaneously of the structure of the singular points of an alge-
braic surface in Euclidean three-space.





Chapter 15

Integrable Hamiltonian
Systems with Two Degrees
of Freedom

A. V. Bolsinov

15.1 Introduction

Our main goal in this chapter is to describe the structure of the Liouville foliation
near a singular �ber of an integrable Hamiltonian system (de�nitions follow).
A similar problem was formulated by S. Smale [?]. Here we discuss some new
results in this direction obtained by L. Lerman and Ya. Umanskii [ ?; ?], by
A. Bolsinov [?], and by V. Matveev [?].

At this point the reader may pro�t from reviewing the materia l on Morse
theory in Chapter ??, in order to compare the ideas and results of this chapter
with those discussed there.

15.2 Basic Notions

We start by introducing some concepts from the theory of integrable Hamilton-
ian systems; details can be found in [?; ?], for example.

Consider a four-dimensional smooth manifoldM and a di�erential two-form
! on it. The two-form ! =

P
! ij dxi ^ dxj is called asymplectic structure on

M if the following conditions are satis�ed:

� ! is nondegenerate, that is, the matrix 
( x) = ( ! ij (x)) is nondegenerate;

321
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� ! is closed, that is,d! = 0.

If ! is a symplectic structure, we call the pair (M; ! ) a symplectic manifold.
The skew-symmetric gradientsgradf of a smooth function f on a symplectic

manifold (M; ! ) is the unique vector �eld that satis�es

! (v; sgradf ) = v(f )

for every smooth vector �eld v on M , where v(f ) denotes the derivative of f
along the �eld v.

Suppose that (M; ! ) is a symplectic manifold. There exists a local regular
coordinate system (p1; : : : ; pn ; q1; : : : ; qn ) in an open neighborhood ofx 2 M
such that ! is represented by! =

P
dpi ^ dqj . These are calledsymplectic

coordinates. In this coordinate system the skew-symmetric gradient sgradf has
the form

sgradf =
�

�
@f
@q1

; : : : ; �
@f
@qn

;
@f
@p1

; : : : ;
@f
@pn

�
:

A smooth vector �eld v on a symplectic manifold (M; ! ) is called aHamiltonian
�eld if it can be written as v = sgrad H , for some smooth functionH de�ned
on all of M . The function H is called the Hamiltonian , or energy function.

The Poisson bracketf f; g g of two functions f and g is de�ned as

f f; g g = ! (sgradf; sgradg) =
X

wij @f
@xi

@g
@xj

;

where 
 � 1(x) = ( wij (x)) is the matrix inverse to 
( x) = ( ! ij (x)). The functions
f and g are in involution on M if f f; g g = 0.

We can now stateLiouville's theorem, which yields several important prop-
erties of integrable Hamiltonian systems. Let v = sgrad H be a Hamiltonian
system on a symplectic manifold (M; ! ). The system is calledintegrable if there
exists a function F that is constant on the integral trajectories of the system,
and such that F and H are functionally independent (i.e., the di�erentials dF
and dH are independent almost everywhere) and in involution. The function F
is then calledan additional integral. From now on we assume given a integrable
Hamiltonian system (M; !; H; F ).

Consider the level surfaceM H = H 0 ;F = F0 , whereH0 and F0 are constants. We
assume that this surface is compact, and that the restrictions of H and F to it
are independent (this means that� sgradH + � sgradF = 0 implies � = � = 0
on the surface). Liouville's theorem says that:

� M H = H 0 ;F = F0 is di�eomorphic to a set of two-dimensional tori, called Li-
ouville tori .

� In an open neighborhood of the level surfaceM H = H 0 ;F = F0 , there exist
regular coordinates (I 1; I 2; ' 1; ' 2) called action-angle variables, satisfying
the following conditions:

{ The form ! can be written ! = dI 1 ^ d' 1 + dI 2 ^ d' 2.
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{ For i = 1 ; 2, we have

_I i = �
@H
@'i

= 0 ; _' i =
@H
@Ii

= bi (I 1; I 2):

{ The ' i are periodic of period 2� : M H = H 0 ;F = F0 = f (' 1; ' 2) mod 2� g.

The integral trajectories of the Hamiltonian �eld sgrad H on a Liouville
torus are periodic or almost periodic windings, because the�eld is uniform in
the action-angle coordinates (Figure??):

sgradH = ( _I 1; _I 2; _' 1; _' 2) =
�

�
@H
@'1

; �
@H
@'2

;
@H
@I1

;
@H
@I2

�
= (0 ; 0; b1; b2):

Figure 15.1:

Now consider the mapping � : M ! R2 that associates tox 2 M the values
of the two independent integralsH and F :

�( x) = ( H (x); F (x)) :

We call this the momentum map. The Liouville tori are level sets of this map.
Let K be the set of singularities of the momentum map, that is, points where
rank d�( x) < 2. The bifurcation diagram � of the momentum map as � =
�( K ).

Consider a constant-energy surfaceQ3
H 0

= f x 2 M jH (x) = H0g. An ad-
ditional equation F (x) = F0 restricts Q3

H 0
to a Liouville torus M H = H 0 ;F = F0 .

The Liouville torus M H = H 0 ;F = F0 is foliated according to F0. This is called the
Liouville foliation of the Hamiltonian system v = sgrad H .

If the Hamiltonian system is nonresonant, the Liouville foliation does not
depend on the choice of the additional integralF . Two integrable Hamiltonian
systems onM and �M are called�ber-equivalent if there exists a di�eomorphism
� : M 4 ! �M such that the �bers of the Liouville foliation on M are transformed
into �bers of the Liouville foliation on �M [?].
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As mentioned earlier, our goal is to describe the structure of the Liouville
foliation near a singular �ber. At this point, the reader may pro�t from review-
ing the material on Morse theory in Chapter ??, in order to compare the ideas
and results of this chapter with those discussed there.

In contrast with the case of classical Morse theory, we are dealing here not
with one smooth function F , but with the momentum map, which is a pair
of smooth functions (H; F ). Because of the way these two functions arise,
they cannot be arbitrary; in particular, they must commute w ith respect to
the Poisson bracket. As a result we can introduce a new, and quite natural,
de�nition of nondegeneracy, and a new version of the Morse lemma. Because the
symplectic manifold M is assumed to be four-dimensional, we can distinguish
exactly four types of critical points. Then, instead of two singular levels L " and
L � " on the two sides of a critical value, we must consider the inverse imageQ


of a circle 
 in the plane R2(H; F ) with center y = ( H (x); F (x)), where x is a
critical point of the momentum map �. This inverse image consists of common
level surfaces ofH and F . Most of them are two-dimensional Liouville tori that
transform one into another (inside Q
 ). As in Morse theory, we can describe
these transformations. It turns out that one of the most e�ective ways to do
this is to use a notion \atom" parallel to the one introduced i n Chapter ??.
In that chapter we used atoms and molecules to describe Morsesingularities of
smooth functions on surfaces; here we will demonstrate how the same notion
can be used in a much more complex situation.

In general, the structure of the singularities of a momentummap may be
rather complicated. Therefore we will, �rst of all, de�ne a s pecial class of
singularities, called nondegenerate, that are easier to work with.

Let L (x) denote the �ber of the Liouville foliation passing through x 2 M
or, which is the same, the connected component of the inverseimage � � 1(�( x)),
containing x. Since the 
ows sgradH and sgradF commute, we can de�ne the
Poisson action of the abelian groupR2 on M , generated by 
owing along the
vector �elds sgradH and sgradF :

X : R2 ! Di�( M ):

By O(x) we denote the orbit of this action through x 2 M . The orbit O(x) must
be homeomorphic to one of the following manifolds:R0, R1, R2, S1, S1 � R1,
or T 2 = S1 � S1.

Consider a point x0 2 K such that rank d�( x0) = 1. Let dH (x0) 6= 0
(the casedF 6= 0 is analogous). It is clear that in this case the orbit O(x0) is
one-dimensional, andx0 is critical for the restriction of F to the level surface
f H = H (x0)g.

De�nition 15.2.1. We call the one-dimensional orbit O(x0) nondegenerateif
the Hessian of the restriction F jf H = H (x 0 )g at x0 has rank 2. This condition
means exactly that locally O(x0) is a nondegenerate critical submanifold of the
function F restricted to the level f H = H (x0)g.

Comment. This de�nition corresponds to the notion of the Morse{Bott i ntegral
introduced by A. T. Fomenko [?]. But sometimes nondegeneracy of orbits is
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de�ned in another way (see, for example, [?; ?]). By our de�nition, nondegen-
eracy means that the orbit is elliptic or hyperbolic. According to Lerman and
Umanskii, parabolic orbits are also considered nondegenerate.

Proposition 15.2.2. [?; ?]. Let O(x0) be a nondegenerate one-dimensional
closed orbit, and supposedH (x0) 6= 0 . Then there exists a tubular neighborhood
U of O(x0) such that

(1) there exists a pair (�; � ) 2 R2 such that (�dH + �dF ) = 0 ;

(2) the setU \ K = P is a smooth symplectic submanifold inM ;

(3) the function H : P ! R has no singularities and strati�es P into one-
dimensional closed nondegenerate orbits (in particular,P � S1 � (0; 1));

(4) the image ofP under the momentum map is a smooth curve�( P) � � .

Comment. The �ber-classi�cation of integrable Hamiltonian systems near non-
degenerate one-dimensional orbits reduces, in essence, tothe classi�cation of
two-atoms [?; ?].

Consider p 2 K 1 such that rank d�( p) = 0. Recall that the Poisson bracket
f ; g allows one to de�ne a Lie algebra structure on the space of symmetric
bilinear forms Sym(T �

p M 
 T �
p M ), in the following natural way. If g1 and g2 are

two smooth functions having singularities at p 2 M , we put by de�nition

[d2g1(p); d2g2(p)] = d2f g1; g2g(p):

It is easily seen that the Lie algebra de�ned on Sym(T �
p M 
 T �

p M ) by the
operation [ ; ] is isomorphic to the symplectic Lie algebra sp(2; R). Since F
and H commute, the Lie subalgebraL F;H generated byd2F (p) and d2H (p) is
commutative.

De�nition 15.2.3. A singular point p 2 K is called nondegenerate ifL F;H is
a Cartan subalgebra.

Remark. Henceforth, when speaking about nondegenerate critical points we
mean points p 2 K such that rank(d�( p)) = 0. If rank( d�( p)) = 1, we speak
about degeneracy or nondegeneracy of the one-dimensional orbit O(p).

The local structure of singularities of a momentum map � = ( H; F ) : M !
R2 at nondegenerate singular points has been explored in [?]. We recall brie
y
some basic results from this paper that will be needed later.

Let x0 2 M be a nondegenerate critical point of �, and let L H;F be the
Cartan subalgebra generated byd2F (x0) and d2H (x0). It is known that there
are four di�erent types of Cartan subalgebras in the real Lie algebra sp(2; R).
In accordance with this, we can distinguish four types of nondegenerate critical
points: (a) a center-center, (b) a center-saddle, (c) a saddle-saddle, and (d) a
focus-focus.
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Theorem 15.2.4. Let x0 2 M be a nondegenerate critical point of the momen-
tum map � = ( H; F ). Then in some neighborhood ofx0 there exists a canonical
coordinate system(p1; q1; p2; q2) such that the functionsH and F have the fol-
lowing form:

1) center-center type:

H = h0 + ( p2
1 + q2

1)H1 + ( p2
2 + q2

2 )H2;

F = F0 + ( p2
1 + q2

1)F1 + ( p2
2 + q2

2)F2;

2) saddle-center type:

H = h0 + p1q1H1 + ( p2
2 + q2

2)H2;

F = F0 + p1q1F1 + ( p2 + q2)F2;

3) saddle-saddle type:

H = h0 + p1q1H1 + p2q2H2;

F = F0 + p1q1F1 + p2q2F2;

4) focus-focus type:

H = h0 + p1q1H11 + p1q2H12 + p2q1H21 + p2q2H22;

F = F0 + p1q1F11 + p1q2F12 + p2q1F21 + p2q2F22;

where theH i ; H ij ; Fi ; Fij are smooth functions satisfyingH11(x0) = H22(x0),
F11(x0) = F22(x0), H12(x0) = � H21(x0), F12(x0) = � F21(x0),

H1(x0)F2(x0) � H2(x0)F1(x0) 6= 0 ;

H11(x0)F12(x0) � H12(x0)F11(x0) 6= 0 :

Corollary 15.2.5. [?]. Let x0 2 M be a nondegenerate critical point of the
momentum map � of saddle-saddle, saddle-center, or center-center type, and
let K be the set of critical points of � . Then there exists a neighborhoodU(x0)
of the point x0 such that

1) K \ U(x0) = P1 [ P2, where P1 and P2 are two-dimensional symplectic
submanifolds that intersect transversally at the pointx0; and

2) all one-dimensional orbits lying in P1 and P2 are nondegenerate.

De�nition 15.2.6. A smooth curve 
 (t) in R2 is called admissible if the fol-
lowing conditions hold:

1) 
 intersects � transversally;

2) if A is a point of intersection then critical points in � � 1(A) form a collec-
tion of nondegenerate orbits;



15.2. BASIC NOTIONS 327

3) for any intersection point A there exists a neighborhoodUA such that
� \ UA can be represented as the graph of some smooth function ofH .

Proposition 15.2.7. Let 
 (t) be an admissible curve. Then its inverse image
Q
 = � � 1(
 ) is a smooth three-dimensional submanifold inM and the function
f 
 : Q
 ! R de�ned by 
 (f 
 (x)) = �( x) is a Morse{Bott function, that is, its
critical points form nondegenerate critical submanifolds.

Following [?; ?], for each admissible curve
 (t) we can de�ne the marked
molecule W � (Q
 ), which describes the structure of the Liouville foliation on
the constant-energy surfaceQ
 = � � 1(
 ). On can easily see that a continuous
deformation of the curve 
 (t) within the class of admissible curves does not
change the structure of the Liouville foliation on Q
 , and therefore neither does
it change the moleculeW � (Q
 ).

De�nition 15.2.8. A point y 2 � is called an isolated singular point of � if
any circle 
 " of su�ciently small radius " centered at this point is admissible.

De�nition 15.2.9. Let y be an isolated singular point of �. The marked mol-
eculeW � (Q
 " ) for some small circle
 " with center y is called acircle molecule
and is denoted byW � (y).

It is clear that W � (y) is a �ber invariant of the Hamiltonian system v =
sgradH (that is, an invariant of the Liouville foliation) near the s ingular �ber
� � 1(y). It turns out that in many important cases this invariant al lows us to
classify singularities of the momentum map � (up to �ber-equ ivalence).

Let x be a nondegenerate critical point of the momentum map �, and set
y = �( x). Di�erent concrete examples of integrable Hamiltonian systems show
that, as a rule, y is an isolated singular point of the bifurcation diagram �.
Moreover, the bifurcation diagram has one of the forms shownin Figure ??.
We will assume this condition to be valid, although in general a neighborhood
of y on the bifurcation diagram can be more complicated (for example, � may
consist of more than two smooth curves intersecting aty).

Recall that our goal is to describe and classify the �ber structure of an inte-
grable Hamiltonian system in some invariant neighborhoodU(x) of a singular
�ber L (x). We will assume that the following natural conditions hold.

(1) The singular �ber L (x) is connected.

(2) The number of critical points x i 2 L(x) is �nite and they are all nonde-
generate (herex = x1).

(3) U(x) is a regular neighborhood ofL (x).

(4) For any point of U(x), the whole �ber of the Liouville foliation passing
through this point is contained in U(x). In other words, U(x) can be
represented as �� 1(V (y)), where V (y) is a small open neighborhood of
y = �( x).



328CHAPTER 15. HAMILTONIAN SYSTEMS WITH TWO DEGREES OF FREEDOM (A. V. BOLSINO

(a) (b)

(c) (d)

Figure 15.2: Bifurcation diagrams for (a) center-center, (b) center-saddle, (c)
saddle-saddle, and (d) focus-focus nondegenerate critical points.
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(5) The form of the bifurcation diagram � near the singular po int y = �( x)
is as shown in Figure??.

A neighborhoodU(x) satisfying all these conditions is called acenter-center,
center-saddle, saddle-saddle, or focus-focus neighborhood, depending on the
type of the critical points of the critical �ber L (x) (or, which is the same,
depending on the form of �).

15.3 The Saddle-Saddle Case

We begin with the topologically most interesting case. Letx 2 M 4 be a saddle-
saddle point and U(x) its saddle-saddle neighborhood.

The topology of the singular �ber. We start by describing the structure
of the singular �ber L (x) = � � 1(y).

Lemma 15.3.1. The singular �ber L (x) = � � 1(y) is a two-dimensional CW-
complexC whose cells are all orbits of the Poisson actionX.

This lemma is proved, for example, in [?; ?].
If n is the number of the saddle-saddle pointsx i in L (x), then the number of

two-cells and the number of one-cells (edges ofC) are both 4n and the number
of zero-cells (vertices ofC) is n. Moreover, the vertices ofC are exactly the
saddle-saddle pointsx1; : : : ; xn . We can imagine that the CW-complex C is
glued from squares, each of which is a two-cell. The edges of the squares that
should be glued together are denoted by the same letters (or numbers). For
every letter there are, before gluing, exactly four edges bearing this letter. The
local structure of this CW-complex is quite simple; it is a surface with singular
points that can be of two types. Near any interior point of an edge, C is the
product of a cross by an interval (see Figure??), while a small neighborhood of
any of its vertices is the product of two crosses.

Figure 15.3:
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Note that the vector �eld sgrad H has no singularities on edges ofC. Hence
we can naturally orient the edges ofC by sgradH . Thus, if we have a saddle-
saddle neighborhood, we can naturally construct the CW-complex C with an
oriented one-skeleton.

De�nition 15.3.2. The CW-complex C with the orientation on its one-skeleton
is called the saddle complexof the saddle neighborhood.

The simplest example of a saddle complex can be obtained by gluing the
squares shown in Figure??. Topologically, this complex is the product of two
�gures of eight.

Figure 15.4:

L-type and CL-type. Consider the setK \ U(x). Using Corollary ??, it is
easy to show that K [ U(x) is a pair of transversally intersecting two-dimen-
sional smooth symplectic surfacesBw and Bb. Consider the two setsGw =
Bw \ L (x) and Gb \ L (x). Since all two-cells ofL (x) consist of regular points
of the momentum map �, the union Gw [ Gb coincides with the one-skeleton of
L (x); in particular, Gw and Gb are both one-dimensional graphs.

It is possible to show that the pairs (Bw ; Gw ) and (Bb; Gb) have the natural
structure of a (possibly disconnected) two-atom.

De�nition 15.3.3. The pair of atoms ((Bw ; Gw ); (Bb; Gb)) is called the L-type
of the saddle neighborhood.
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For the case shown in Figure??, the graphs Gb and Gw are formed by the
edgesa; b and 1; 2 respectively. Both graphs are just �gures of eight. Therefore,
the atoms (Bw ; Gw ) and (Bb; Gb) are of the simplest form and denoted, as usual,
by the letter B . So in this case the L-type is (B; B ).

Important Remark. Not every pair of atoms is admissible. On the other hand,
the same L-type can correspond to di�erent saddle-saddle neighborhoods.

It is clear that the L-type and saddle complex L (x) are both topological
�ber-invariants of a saddle neighborhood. But there are examples of nonequiv-
alent saddle neighborhoods with the same L-types and di�erent complexes, or,
conversely, with the same complexes and di�erent L-types.

De�nition 15.3.4. The triple [ C; (Bw ; Gw ); (Bb; Gb)], where C is the saddle
complex and the pair ((Bw ; Gw ); (Bb; Gb)) is the L-type of the saddle neighbor-
hood, is called theCL-type of the saddle neighborhood. Here we assume that
the embeddings of graphsGw and Gb to the one-skeleton ofC are given.

Note that Gw \ Gb consists of saddle-saddle points.
Let [C; (Bw ; Gw ); (Bb; Gb)] and [ ~C; ( ~Bw ; ~Gw ); ( ~Bb; ~Gb)] be CL-types of sad-

dle neighborhoodsU4 and ~U4 respectively.

De�nition 15.3.5. Two CL-types [C; (Bw ; Gw ); (Bb; Gb)] and [ ~C; ( ~Bw ; ~Gw );
( ~Bb; ~Gb)] are called equivalent if there exists a homeomorphismX : C [ Bw [
Gb ! ~C [ ~Bw [ ~Bb such that X (C) = ~C and X preserves the orientation of
edges ofC.

Theorem 15.3.6. The CL-type is a complete topological �ber-invariant of saddle-
saddle neighborhoods; that is, two saddle neighborhoods are �ber-equivalent if
and only if their CL-types are equivalent.

Not every triple [ C; (Bw ; Gw ); (Bb; Gb)] is admissible, i.e., can be realized
as the CL-types of some saddle-saddle neighborhoods. However, it is possible
to formulate some additional formal conditions in order for such a triple to be
admissible [?].

Counting the types of saddle neighborhoods. Let n be the number of
the singular saddle-saddle points in a singular �berL (x). It is easy to see that,
for any �xed n, the number of all saddle neighborhoodsU(x) is �nite. One of
the most interesting problems in the theory of momentum map singularities is
�nding out how many types there are.

This problem can clearly be reduced to a combinatorial problem, namely,
to the classi�cation of all admissible CL-types. For small n = 1 ; 2 this can be
done by hand, by considering step by step all possible cases (for n = 1, this
has been done by L. Lerman and Ya. Umanskii; forn = 2, by A. V. Bolsinov).
If n > 2 the problem becomes more complicated and it is reasonable to use
computer methods. A computer algorithm has been proposed byN. Maximova,
who solved this problem forn = 3.
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Theorem 15.3.7. Let n be the number of saddle-saddle points in a saddle-
saddle neighborhood.

� If n = 1 then there exist exactly 4 saddle-saddle neighborhoods.

� If n = 2 then there exist exactly 39 saddle-saddle neighborhoods.

� If n = 3 then there exist exactly 256 saddle-saddle neighborhoods.

For n > 3 the question remains open. It would be very interesting to try to
solve it exactly for n = 4 ; 5, and to obtain asymptotic estimates for largen.

15.4 The Focus-Focus Case

Let x be a singular point of focus-focus type, lety = �( x) be the corresponding
singular point of the bifurcation diagram. Let L (x) = � � 1(y) be the singular
�ber and U(x) its focus-focus neighborhood.

De�nition 15.4.1. The number of critical points in L (x) is called the weight
of the focus neighborhoodU(x).

Theorem 15.4.2. The weight is a complete �ber-invariant of focus-focus neigh-
borhood; that is, two focus-focus neighborhoods are �ber-equivalent if and only
if they have the same weight. For any integern > 0 there exists a focus-focus
neighborhood of weightn.

Sketch of the proof. First we describe the topological structure of the singular
�ber L (x).

Let S1; S2; : : : ; Sn be two-dimensional spheres. It is useful to suppose that
the index belongs toZn , so that (n � 1) + 1 = 0. Choose two points A i and B i

on each sphereSi , and glue A i and B i +1 for any i . As a result we obtain some
topological spaceV that we will called an n-chain.

Lemma 15.4.3. [?]. Let the weight of the focus-focus neighborhood be equal to
n. Then the inverse image� � 1(A) is the n-chain.

Thus, if U1 and U2 are focus-focus neighborhoods with equal weights, their
singular �bers are homeomorphic. Using the fact that, locally, all singular points
of focus-focus type have the same structure, we can extend the homeomorphism
between the singular �bers to a global homeomorphism between U1 and U2.
Moreover, this extension can be chosen in such a way that it preserves the
Liouville foliation structure.

To prove that any number n can be realized as the weight of some focus-
focus neighborhood it is su�cient to note that n = 1 is realized in many concrete
examples from classical mechanics and mathematical physics (for instance, in
the Lagrange case in rigid body dynamics). After that, it is possible to \glue"
the desired focus-focus neighborhood from several copies having weight 1.
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15.5 The Center-Center and Center-Saddle Cases

Let U(x) be a center-center neighborhood.

Theorem 15.5.1. Any two center-center neighborhoods are �ber-equivalent.
From the topological point of view, a center-center neighborhood U(x) is an
open four-ball, the singular �ber L (x) contains the only point x, and there exist
regular local coordinatesp1; q1; p2; q2 such that the Liouville foliation structure
is given on U(x) by common level surfaces of two functionsH = p2

1 + q2
1 and

F = p2
2 + q2

2 .

This theorem is a simple corollary of the theorem by Eliasson[?] describing
the action-angle variables of integrable Hamiltonian systems near singular points
of elliptic type.

Now let U(x) be a center-saddle neighborhood. Consider the singular �ber
L (x) containing one or several nondegenerate critical pointsx = x1; x2; : : : ; xn .
From the local structure of a center-saddle point it is easy to see thatL (x) is a
one-dimensional graph whose vertices are all of degree 4. They are exactly the
points x1; : : : ; xn , and its edges are nondegenerate one-dimensional orbits.

The �ber structure of U(x) can be described in the following way. Con-
sider an arbitrary connected two-atom V = ( P2; L ), that is, a two-dimensional
compact surfaceP2 with boundary and an embedded graphL � P2. Recall
that, by de�nition, P is a regular neighborhood ofL , and L can be de�ned as
the critical level of some Morse functionh on P. Thus, the pair (P; L) de�nes
an one-dimensional Liouville foliation (with one singular �ber) for a Hamilton-
ian system of one degree of freedom (hereh is thought of as its Hamiltonian).
Consider another Hamiltonian system with one degree of freedom de�ned on
a 2-disc P0, whose Hamiltonian is just f = p2

2 + q2
2 . On P0 there is a natural

structure of a one-dimensional Liouville foliation, namely the foliation into con-
centric circles. Thus, we have two di�erent one-dimensional Liouville foliations
on P and P0, the �rst having saddle singularities, and the second a singularity
of center type. Now from these two foliations we can construct the natural two-
dimensional Liouville foliation (into 2-tori, but with sin gularities) on the direct
product P � P0 of P and P0.

It is possible to show that we have really obtained a center-saddle neighbor-
hood, and that any center-saddle neighborhood can be obtained by this pro-
cedure. As a result we can formulate the classi�cation theorem for the center-
saddle case as follows.

Theorem 15.5.2. The set of all �ber-nonequivalent center-saddle neighbor-
hoods is in one-to-one correspondence with the set of all two-atoms.

Note that here we mean the �ber structure of Hamiltonian systems (that is,
structure of the foliation into Liouville tori) and say noth ing about the foliation
into trajectories of the system.

Problem. Classify integrable Hamiltonian systems in their center-center and
center-saddle neighborhoods up to orbital equivalence (i.e., up to homeomor-
phisms preserving the trajectories).
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15.6 Circle Molecules

In this section we give the list of circle molecules corresponding to the momen-
tum map singularities described above. It is clear that the circle molecule is a
�ber-invariant of an integrable Hamiltonian system. In [ ?] it was shown how
information about circle molecules can be used to calculatethe classical marked
molecules for some concrete examples of integrable Hamiltonian systems. On
the other hand, circle molecules are very useful because of the following \exper-
imental fact", which we shall see below: two momentum map singularities are
�ber-equivalent if and only if their circle molecules coincide.

Theorem 15.6.1. The circle molecule of a center-center point isA 0 A.

Theorem 15.6.2. The circle molecule of a center-saddle neighborhood corre-
sponding to an atomV has the form shown in Figure??.

Figure 15.5:

These theorems follow directly from the description of the topology of the
corresponding Liouville foliations (see the preceding section).

For saddle-saddle neighborhoods, there exists an algorithm for reconstruct-
ing the circle molecule from the given CL-type [?; ?]. The result of the calcula-
tion is as follows.

Theorem 15.6.3. The list of circle molecules for saddle-saddle neighborhoods
with 1 and 2 vertices is given in Table??.

Finally, let U(x) be a focus-focus neighborhood. Its circle molecule is not a
molecule in the usual sense because it has no atoms. Indeed, the inverse image
of a small circle on the bifurcation diagram is a �ber bundle over the circle
whose �bers are two-dimensional tori. Every such bundle canbe given by a
conjugacy class of 2� 2 matrices.

Theorem 15.6.4. For a focus neighborhood with weightn, this �ber bundle is
determined by the conjugacy class of the matrix

� 1
0

n
1

�
.

This theorem can be proved by standard methods of covering map theory.
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Table 15.1:
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Table 15.2:
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Thus, we can see that the circle molecules corresponding to the singularities
of di�erent types are all di�erent. This allows us to formula te the following
conjecture.

Conjecture 15.6.5. For nondegenerate singularities of the momentum map
(satisfying the conditions described above), the circle molecule is a complete
�ber-invariant of an integrable Hamiltonian system.

Moreover, as can be seen from [?], this probably remains true under more
general assumptions. In other words, this conjecture can bereformulated as
follows. Let L (x) be a singular �ber of the Liouville foliation of an integrab le
Hamiltonian system. Let y = �( x) be an isolated singular point of the bi-
furcation diagram � (in order for the circle molecule to be we ll-de�ned). It
is clear from the de�nition that the circle molecule describes the structure of
the Liouville foliation on the three-dimensional boundary @U(x) of some four-
dimensional regular invariant neighborhoodU(x) of L (x). The conjecture states
that using this information about the structure on the bound ary we can uniquely
reconstruct the Liouville foliation structure on the whole of U(x).





Chapter 16

Topological and Orbital
Analysis of Integrable
Lagrange and
Goryachev{Chaplygin
Problems

O. E. Or•el

16.1 Introduction

A. T. Fomenko and A. V. Bolsinov [?] obtained a new topological invariant for
systems with two degrees of freedom, which classi�es integrable Hamiltonian
systems on constant-energy surfaces up to orbital equivalence. (Two smooth
dynamical systems on manifoldsM 1 and M 2 are called orbitally equivalent if
there exists a homeomorphism from the �rst manifold onto the second one that
transforms trajectories of the �rst system to trajectories of the second one with
preservation of the orientation. More precisely, this is called continuous orbital
equivalence; smooth orbital equivalence is de�ned analogously, with \homeo-
morphism" replaced by \di�eomorphism". Notice that the tra nsformation need
not preserve the time parameter along trajectories.)

Let M be a symplectic manifold, and let v = sgrad H be a Hamiltonian
system on it that is integrable with additional integral F (see the preceding
chapter, and also the next chapter for the de�nition of a symplectic structure).

341
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According to the new theory of orbital classi�cation, the in variant W � t , or t-
molecule, is associated with the restriction of the dynamical systemto each level
surface(or constant-energy surface)Q3 = f H = constg. The central result of the
Bolsinov{Fomenko theory is the following: Two integrable systems are orbitally
equivalent if and only if their t-molecules coincide.

The theory of orbital classi�cation is based on the theory of�ber-classi�cation
of integrable Hamiltonian systems with two degrees of freedom discovered by
Fomenko, Zieschang, Matveev and Bolsinov [?]. Two systems v1 and v2 on
constant-energy surfacesQ1 and Q2 are called �ber-equivalent if there exists
a di�eomorphism transforming Q1 onto Q2 that preserves the Liouville folia-
tions de�ned by level surfaces of the additional integral. The topological �ber-
invariant W � (Q), called the Fomenko{Zieschang invariant or marked molecule,
is a graph that describes the Liouville foliation of the constant-energy surface
Q. The edges of the graph correspond to one-parameter families of Liouville
tori, and its vertices (atoms) describe bifurcations of the tori at singular levels
of the integral F . In addition, the molecule includes a set of numerical marksr ,
n, and " that prescribe the gluing of Liouville foliation of Q3 from elementary
bricks.

Besides the marked molecule, at-molecule includes some other invariants,
the most important of which is the rotation vector construct ed from the rotation
function. Therefore the analysis of the rotation function on constant-energy
surfacesQ3 is an important problem in the theory of orbital classi�cati on.

As discussed in the preceding chapter, Liouville's theoremstates that a non-
singular connected compact level surface of the integralsH and F is di�eomor-
phic to the two-torus T 2. Moreover, in its neighborhood one can determine
coordinatesI 1, I 2, ' 1, and ' 2, called action-angle variables, possessing the fol-
lowing properties:

(1) the symplectic structure ! has the form

! =
X

i

dI i ^ d' i ;

(2) the Hamiltonian system is written down in the form

_I i = �
@H
@'i

= 0 ; _' i =
@H
@Ii

= bi (I 1; I 2);

(3) the functions ' i are periodic of period 2� .

Liouville's theorem implies that I 1 and I 2 are determined up to constants for
a given Liouville torus, and therefore they parametrize the family of Liouville
tori, while the angle variables' i yield coordinates on each torus. It was shown
in [?] that in the neighborhood of a nonsingular Liouville torus the action
variables can be calculated by the formula

I i =
1

2�

Z


 i

� i ; i = 1 ; 2; (16.1.1)
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where
 1; 
 2 are basis cycles on tori whose homotopy classes in the neighborhood
of a torus do not depend on the torus, and where� is a one-form such that
d� = ! in the neighborhood in question. It was also proved in [?] that the
right-hand side of (??) does not depend on
 i as a representative of a �xed
element of the fundamental group.

As we saw, the vector �eld v = sgrad H is constant on a Liouville torus
when expressed in terms of action variables. Thus we can consider its rotation
number with respect to these variables:

� =
_' 1

_' 2
=

b1

b2
=

@H=@I1

@H=@I2
: (16.1.2)

If we consider the collection of Liouville tori we obtain the rotation function
� = � (H; F ).

Consider a three-manifoldQ3(H ) and a family of the rotation functions � (F )
on the edges of the corresponding molecule. We can associatewith each edge
the rotation vector R, consisting of

(1) the �nite critical values of the function � (its minima and maxima),

(2) the two limits of the function � on the ends of the edge,

(3) the symbols �1 , which denote the left and right limits of the function �
at the poles.

All the components of the rotation vector R should be written down in the
order in which they are encountered as one moves along the edge. Figure ??
shows an example. To compare two integrable Hamiltonian systems on the edges
of the molecules, we need to compare only the critical valuesof the rotation
functions of these systems.

Figure 16.1: R = ( a1; + 1 ; + 1 ; a2; + 1 ; �1 ; a3).

What kinds of di�culties arise when we try to calculate actio n variables
and the rotation function for speci�c problems of mechanics? It would appear
that equations (??) and (??) can easily furnish the desired result. However,
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in actual physical systems|for example, in problems of rigi d body dynamics|
exact formulas for action variables and the rotation function can be obtained
only for the simplest integrable systems. The main di�culty is to describe the
basis cycles on tori in a formal way. Not only is Liouville's theorem local in
nature, but also for the topological analysis of integrablesystems as a whole we
clearly must �nd out what basis to work with.

Let's formulate this problem more precisely. Suppose we have basis cycles
on a nonsingular torus. Then we can consider the continuous trace of this basis
on the family of tori, as the given torus runs along the edge ofthe molecule. The
problem is to �nd out what happens with these cycles when the torus bifurcates.
Another reformulation of the problem is the following. It is well-known that
there exists a uniquely de�ned cycle on every atom: it is the vanishing cycle
when the torus becomes the circle, or the critical hyperbolic periodic cycle
otherwise. The problem is to �nd the continuous image of this cycle on the
given Liouville torus; in other words, to �nd out how it can be expressed in
terms of the basis cycles, all cycles being considered as theelements of their
homology classes. Note that the marksr , n and " included in the Fomenko{
Zieschang invariant re
ect the answer to this question expressed in a formal
way.

This problem can be solved for di�erent physical systems in di�erent ways.
Here we will show how it is solved for two integrable cases of rigid body dy-
namics: the Lagrange case and the Goryachev{Chaplygin case. The two cases
require quite di�erent approaches.

A direct approach, expressing the torus in terms of the standard Euler{
Poisson coordinates, will be used in the Lagrange case.

The approach used in the Goryachev{Chaplygin case can be brie
y described
as follows. We can consider the symplectic manifold and the Hamiltonian system
on it as a �nite-sheeted covering over another manifold with a Hamiltonian
system. The new system preserves the general information about the initial
one, but is in a sense easier to analyze. The main idea is to attempt to \bring"
some information from the base space of the covering to the initial system.

Remark. Euler{Poisson dynamical systems in the Lagrange and Goryachev{
Chaplygin cases contain certain parameters that characterize physical properties
of the rotating body. It is possible to avoid these parameters by means of linear
transformations of coordinates. This leads to loss in the initial physical meaning
of the coordinates, but it is more convenient to apply them to the topological
analysis of the systems.

The author is grateful to A. T. Fomenko and A. V. Bolsinov for b ringing the
problem to the author's attention.

16.2 The Goryachev{Chaplygin Problem

In this section we consider the Goryachev{Chaplygin case ofrigid body dy-
namics. The corresponding dynamical system describes the rotation of a heavy
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rigid body about a �xed point, the principal moments of inert ia satisfying the
condition A = B = 4 C and the center of gravity lying in the equatorial plane
of the ellipsoid of inertia. In addition the value of the area integral is zero.

The method of topological analysis presented in this section can be applied
to some other cases of rigid body dynamics expressed in the form of a system of
the Abel equations. The class of these problems is wide, including, for example,
the problems of Sretenskii, Kovalevskaya, Clebsch, and Steklov.

The Euler{Poisson equations for the Goryachev{Chaplygin case have the
form

4 _s1 = 3 s2s3;

4 _s2 = � 3s1s3 + r3;

4 _s3 = � r2;

4 _r1 = 4 s3r2 � s2r3;

4 _r2 = s1r3 � 4s3r1;

4 _r3 = s2r1 � s1r2:

These equations have the four independent integrals

H = 1
2 (s1

2 + s2
2 + 4 s3

2) + r1;

F = s3(s1
2 + s2

2) � s1r3;

f 1 = r1
2 + r2

2 + r3
2 = 1 ;

f 2 = s1r1 + s2r2 + s3r3 = 0 :

Since the values of the last two integrals are �xed, all trajectories of the sys-
tem belong to the four-dimensional manifold M = f f 1 = 1 ; f 2 = 0 g. One can
de�ne a symplectic structure on M so that the system becomes an integrable
Hamiltonian system, H being the Hamiltonian and F being the additional in-
tegral.

Recall that it is impossible to pass from the standard coordinates to the
action-angle variables immediately in Goryachev{Chaplygin case. However we
can pass to so-called Abelian variables, which are intermediate between the
Euler{Poisson and the action-angle ones. This transformation was studied in
[?]. This is not a one-to-one correspondence, but a covering map G : M ! M 0,
given by the formulas

z1 + z2 = s3;

z1z2 = � 1
4 (s1

2 + s2
2);

H = 1
2 (s2

1 + s2
2 + 4 s3

2) + r1;

F = s3(s1
2 + s2

2) � s1r3:

Note that H; F parametrize the Liouville torus and z1; z2 are coordinates on
the torus. The variables z1; z2 are de�ned up to permutation and we assume,
for de�niteness, that z1 � z2. As a result the system of the Euler{Poisson
equations transforms to the system of Abel equations (the roots are considered
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as algebraic)
dz1

dt
= 1

2

p
P(z1)

z1 � z2
;

dz2

dt
= 1

2

p
P(z2)

z1 � z2
;

where

P(z) = � (z3 � 1
2 (H + 1) z � 1

4 F )(z3 � 1
2 (H � 1)z � 1

4 F ): (16.2.1)

With this change of variables, a torus transforms to the square f p1 � z1 �
q1g � f p2 � z2 � q2g, where pi ; qi , for i = 1 ; 2, are di�erent roots of the
polynomial P(z) such that P(z) > 0 in the interior of each segment [pi ; qi ].
To explain the system of Abel equations, let the initial conditions for z1 and
z2 belong to the intervals (p1; q1) and (p2; q2), respectively; both radicals of
the system are positive at the initial instant of time. The va riables z1 and z2

increase until they reach the valuesq1 and q2, respectively. It can be shown
easily that this happens in �nite time. At that moment the sig n of the radical
in the corresponding equation changes, the variable beginsto decrease, and the
process is repeated. Note that the coordinatesz1; z2; H; F are global on M 0,
but they are not smooth. The point is that ( z1; z2) are local coordinates on the
image of Liouville torus, just as x is a local coordinate of the circlex2 + y2 = 1.
It would be more rigorous to map the torus to the direct product of two circles
f w2

i = P(zi ); zi 2 [pi ; qi ]g � R2(z; w) (Figure ??) and to use the coordinateswi

near the points (pi ; 0) and (qi ; 0). One can show that with this approach the
system of Abel equations has no singularities on the images of Liouville tori.
But we will not dwell on this question here; see [?] for details.

Figure 16.2:

The formulas of the inverse transformation from the Abelian to the Euler{
Poisson variables are of special interest in this case. In our problem they are
useful for the analysis of the covering. But it should be noted that they have
one more important application: the exact solution of the Goryachev{Chaplygin
problem in terms of two-dimensional theta-functions can befound with the help
of these formulas. We now formulate this result.
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Theorem 16.2.2. Formulas of the inverse transformation from the coordinate
z1; z2; H; F to the coordinatess1; s2; s3; r1; r2; r3 have the form

s1 = 2
z1T(z2) � z2T(z1)

Rad(z1; z2)
;

s2 = � 2
z1

p
P(z2) + z2

p
P(z1)

Rad(z1; z2)
;

s3 = z1 + z2;

r1 = � 2
T(z1) � T (z2)

z1 � z2
;

r2 = � 2

p
P(z1) +

p
P(z2)

z1 � z2
;

r3 = 2
Rad(z1; z2)

z1 � z2
;

where
T(z) = z3 � 1

2 Hz � 1
4 F;

Rad(z1; z2) =
q

2T(z1)T (z2) � 2
p

P(z1)P(z2) � 1
2 z1z2:

The proof of this theorem proceeds by direct analytical calculations.
We turn to a detailed analysis of the Goryachev{Chaplygin case. The mo-

mentum map and the bifurcation diagram carry the initial inf ormation about
the system. Recall from the preceding chapter that the momentum map is a
map � : M ! R2, associating to each point the values ofH and F there:
x 7! (H (x); F (x)). Clearly, a Liouville torus maps to a point in R2. A point of
M whereH and F are dependent is called asingularity of the momentum map,
the set of singularities is denoted byK = f x 2 M : rank d�( x) < 2g. The image
� = �( K ) of this set is called thebifurcation diagram. A connected component
of the inverse imageF � 1(y), for y 2 �, is no longer a torus if it contains points
of K , but on this surface we see a torus bifurcation.

Such torus bifurcations are classi�ed in [?], where the di�erent types are
denoted by letters with indices. The simplest bifurcations are marked A, A � ,
and B . The letter A means the transformation of a torus to a circle;B means the
torus falls apart into two tori; and A � means the more complicated bifurcation
of a torus into another torus.

The bifurcation diagram of the Goryachev{Chaplygin case was described in
[?]. It was shown that the equations of its critical curves havethe form

F = 0 ;

H = 3
2 t2 � 1;

H > � 1;

F = t3:

The momentum map and the bifurcation diagram are shown in Figure ??.
Torus bifurcations are denoted by letters, and the numbers of Liouville tori in
the inverse image of each point of the plain are also marked. There is no torus
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in the inverse image of the domain

D0 = f H < 3
2 F 2=3 � 1g;

there is one torus in the inverse image of every point of the domain

D1 = f 3
2 F 2=3 � 1 < H < 3

2 F 2=3 + 1 ; F 6= 0 g;

and there are two tori in the inverse image of every point of the domain

D2 = f H > 3
2 F 2=3 + 1 ; F 6= 0 g:

It can be seen that the range of the integralH is the half-line [� 1; + 1 ). We dis-
tinguish two zones in this domain: (� 1; 1) and (1; + 1 ). The analysis performed
in [?] showed that the torus bifurcations are qualitatively dist inct depending on
which zoneH belongs to; for values ofH in the same zone, there is no qualita-
tive distinction. For the �rst zone, the unmarked molecule has the form shown
in Figure ??(a), and for the second one the form shown in Figure??(b). Tori
on the edges of the molecules denoted by I are mapped intoD1, and those on
edges II and III are mapped intoD2.

Figure 16.3:

A rough analysis shows that Goryachev{Chaplygin systems are not �ber-
equivalent (and a fortiori not orbitally equivalent) on three-dimensional constant-
energy surfaces whose values of energy belong to di�erent zones. We cannot yet
answer the question about �ber and orbital equivalence of the systems with
energies in the same zone; this will be a matter of future studies. Note that
the analysis of �ber-equivalence can be performed analytically, but in order to
solve the problem of orbital equivalence of the systems we have to use computer
analysis at the last stage.
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Figure 16.4:

We begin with the study of the structure of the covering G. At �rst we
have to �nd the images of Liouville tori under the covering. An analysis of the
number of roots of the polynomial P(z) shows that there are four roots in the
domain D1 and six in D2. We can describe them in the following way. P(x)
is the product of two other polynomials P1(z) and P2(z) of third degree; see
(??). The �rst factor has three real roots u1; u2; u3, with u1 < u 2 < u 3, in both
domains, and the second one has three real rootsv1; v2; v3, with v1 < v 2 < v 3, in
D2 and only one rootv in D1; all the roots depend onH and F . The polynomial
P(z) is greater than zero in the intervals (u1; u2) and (v; u3) if ( H; F ) 2 D1, and
in the intervals ( u1; v1); (v2; u2) and (v3; u3) if ( H; F ) 2 D2. A detailed analysis
shows that the image of a torus on edge I under the coveringG is a product of
segments [v; u3] � [u1; u2] if F > 0, and a product [u2; u3] � [u1; v] if F < 0; the
image of a torus on edge II is [v3; u3] � [u1; v1]; and the image of a torus on edge
III is [ v3; u3] � [v2; u2] if F > 0, and [u2; v2] � [u1; v1] if F < 0. It can be easily
seen that the image of the hyperbolic decomposition of a torus into two tori
is the decomposition of the corresponding segment into two segments, and the
transformation of a torus into a circle results in the degeneration of a segment
to a point. The image of the surfaceQ3(H ) in terms of local coordinates is
shown in Figure ??.

In order to avoid numerical cases, we consider the domainF � 0. Since the
dynamical system is symmetric about the lineF = 0, all obtained results will
be valid in the domain F � 0. Denote the Liouville tori belonging to edges I, II,
and III, by T I

L ; T II
L , and T III

L , respectively, and their images byT I
J ; T II

J , and T III
J ,

respectively. Recall that the coordinatesz1; z2 are local on a torusTJ . For the
following analysis, it will be necessary to work with circles instead of segments.
We denote them as follows:

a1 = f w2 = P(z); z 2 [v3; u3]g; a2 = f w2 = P(z); z 2 [u1; u2]g;

a0
2 = f w2 = P(z); z 2 [u1; v1]g; a00

2 = f w2 = P(z); z 2 [v2; u2]g:

Then we haveT I
J = a1 � a2, T II

J = a1 � a0
2, and T III

J = a1 � a00
2 . The base

space of the coveringG is shown in Figure??. Put 
 1 = G� 1(a1), 
 2 = G� 1(a2),

 0

2 = G� 1(a0
2), and 
 00

2 = G� 1(a00
2 ). One can prove the following theorem by

means of the inverse transformation formulas (Theorem??).

Theorem 16.2.3. G is a twofold covering. The curves
 1, 
 0
2, and 
 00

2 are
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Figure 16.5:
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Figure 16.6:

connected and cover their images with multiplicity two. Thecurve 
 2 consists
of two connected components, covering their images with multiplicity one.

This theorem, and the structure of the base space of the covering G, make
possible the calculation of the marks of the molecules, and lead to classes of
topologically equivalent Goryachev{Chaplygin systems. We will not list the ex-
act values for the marks, but we do formulate the theorem on �ber-classi�cation,
which is of great interest. Consider two Goryachev{Chaplygin systems on the
manifolds Q1 = f H = h1g and Q2 = f H = h2g, where h1 and h2 belong to
either of two zones (� 1; 1) or (1; + 1 ).

Theorem 16.2.4. Two Goryachev{Chaplygin systems on manifoldsQ1 and Q2

are �ber-equivalent if and only if the valuesh1 and h2 of the Hamiltonian belong
to the same zone.

We turn to the orbital analysis of the Goryachev{Chaplygin systems. Since
the molecules contain the atomsA, A � , and B only, we can apply the theory of
orbital classi�cation of simple systems [?] to this case. In accordance with the
Bolsinov{Fomenko theory, the orbital invariant W � t consists of three compo-
nents W � , R, and b, where W � is a marked molecule,R is a family of rotation
vectors on the edges of the molecule, andb is a numerical invariant. In our case
the b-invariant carries no additional information because it coincides with the
mark n included in W � . The family of the rotation vectors R is of interest.
Recall that the rotation vector is constructed based on the rotation function.
The formulas for the functions � on the edges were obtained in [?]. The main
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idea of this work is as follows. Using the formulas of the rotation function in
the base space of covering, one can extend them to the initialsystem. An ana-
lytical study of the formulas shows that the function � is monotone on edges II
and III, and in addition we can �nd the values of the rotation v ectors on these
edges: RII = ( 1 ; 0) and RIII = ( 1 ; 2). A computer analysis of the rotation
vector on edge I was made by S. Takahashi (see the next chapter). The rotation
function is not monotonous, and the values of the rotation vectors are di�erent
for di�erent values of the Hamiltonian. Thus we have the following experimen-
tal result: Goryachev{Chaplygin systems restricted to di�erent constant-energy
surfaces are orbitally nonequivalent.

Theorem ?? and this last statement amount to a complete �ber- and orbita l
classi�cation of the Goryachev{Chaplygin problem.

16.3 The Lagrange Problem

The Lagrange case of rigid body dynamics describes the rotation of a heavy
rigid body about a �xed point. The principal moments of inert ia of the body
satisfy the condition A = B > C , and the center of gravity is located on the
positive major semiaxis of inertia (see Figure??). The simplest visual model of
this rotating body is the Lagrange top, a toy familiar to every child.

Figure 16.7:
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The Euler{Poisson equations for the Lagrange case have the form

_s1 = s2s3

�
1 �

1
�

�
� r2V 0(r3);

_s2 = s1s3

� 1
�

� 1
�

+ r1V 0(r3);

_s3 = 0 ;

_r1 = s2r3 �
s3r2

�
;

_r2 = � s1r3 +
s3r1

�
;

_r3 = s1r2 � s2r1:

Here the parameter � depends on the geometry of the body,V (x) is a convex
smooth function (potential) that characterizes the force � eld involved, andV 0(x)
is its derivative. A linear potential corresponds to the motion of a rigid body
in response to a uniform gravitational �eld.

The integrals of this system have the form

H =
1
2

�
s2

1 + s2
2 +

s2
3

�

�
+ V (r3);

F = s3;

f 1 = r 2
1 + r 2

2 + r 2
3 = 1 ;

f 2 = s1r1 + s2r2 + s3r3 = g:

Here, as in the Goryachev{Chaplygin case, the four-dimensional symplectic
manifold M is the level surfacef f 1 = 1 ; f 2 = gg, whereg is an arbitrary constant
value. De�ning a symplectic structure, we obtain the integrable Hamiltonian
system with the Hamiltonian H and the additional integral F . Note that we
can consider a family of the Lagrange systems under various values ofg and �
and various convex functionsV (x).

The momentum map for the Lagrange case was investigated in [?]. The
inverse image of an arbitrary nonsingular point of the rangeof the momentum
map turns out to consist of just one torus. It is sometimes convenient to identify
this torus with the corresponding point in the range of the momentum map.
Bifurcation diagrams for the four di�erent general types of the Lagrange systems
are shown in Figure ??. The relation between H and F on the bifurcation
diagram is de�ned implicitly by the system

W (x) = 0 ; W 0(x) = 0 ; jxj < 1;

where

W (x) = H �
F 2

2�
� V (x) �

(g � F x)2

2(1 � x2)
:

The points

P1 =
� g2

2�
+ V (1); g

�
and P2 =

� g2

2�
+ V (� 1); � g

�
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also belong to the bifurcation diagram. As we see in Figure??, these points
may or may not lie on the critical curves. We will analyze herethe case in-
dicated in Figure ??, because, from the viewpoint of topological analysis, it is
the general case. The unmarked molecule has the simplest form A A. The
�ber classi�cation of this case is well-known, and can be formulated as follows.
Consider three zones for the energy:

�
H0;

g2

2�
+ vl

�
;

� g2

2�
+ vl ;

g2

2�
+ vr

�
;

� g2

2�
+ vr ; + 1

�
;

whereH0 is the least value ofH among all values belonging to the range of the
momentum map, and wherevl = min( V (1); V (� 1)), vr = max( V (1); V (� 1)).
(Some of the zones may be empty.) Unlike the Goryachev{Chaplygin case,
Lagrange systems depend on three parameters, so we can deal with two di�erent
Hamiltonian systems v1 = sgrad H1 and v2 = sgrad H2, where H i = H i (� i ; Vi ),
for i = 1 ; 2, on the manifolds M 1(g1) and M 2(g2), respectively.

(a) (b)

(c) (d)

Figure 16.8:

Theorem 16.3.1. Two Lagrange systems on the three-manifoldsQ1 = f H1 =
h1g and Q2 = f H2 = h2g are �ber-equivalent if and only if h1 and h2 belong to
the same zone.
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As in Section 1, for the orbital classi�cation of the Lagrange case it is suf-
�cient to investigate the rotation function, because of the very simple type of
the molecules. We will use direct formulas (??) and (??) to obtain � . Notice
that we cannot apply these formulas until we make a more detailed topological
analysis of the Lagrange case.

For a topological analysis it is most convenient to operate with the pro-
jections of the Liouville tori into R3. It can be easily shown that with this
approach an arbitrary torus transforms to a cylinder f a � r3 � bg on the
spherer 2

1 + r 2
2 + r 2

3 = 1, where a and b are roots of the function W (r3) whose
absolute values are less than 1 andW (r3) > 0 in the interior of the segment
[a; b]. De�ne two cycles on the torus f H = h; F = f; f 1 = 1 ; f 2 = gg by the
formulas


 1 = f r3 = cg; 
 2 = f s2 = 0 ; s1 > 0g:

Here c 2 [a; b] is arbitrary. Their projections into R3 are shown in Figure??.

Figure 16.9:

The visual representation of these cycles allows us to follow their changes
as H and F run through the set of admissible values. It turns out that in the
general case, shown in Figure??(d), the cycle 
 1 becomes a critical circle and
the cycle 
 2 degenerates into a point as one approaches the bifurcation diagram.
Notice that the �rst cycle is de�ned smoothly everywhere over the manifold M ,
but not the second one: it changes abruptly as it goes throughthe curves

H �
F 2

2�
� V

� g
F

�
= 0 ; jF j > g;

coming out of the points P1 and P2 (Figure ??). This is not surprising: a detailed
topological analysis of the focus-focus singularities of the preceding chapter
shows that, as one goes around such a singularity, the cycle
 2 transforms to
the sum 
 1 + 
 2. This clearly means that it is impossible to globally choose
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the action variable I 2 on the manifold M . Since we are investigating integrable
Hamiltonian systems on constant-energy sets, it is more reasonable to make
vertical cuts from the points P1 and P2 on the bifurcation diagram, instead of
the cuts chosen above, and of course to rede�ne the cycles
 2 accordingly.

Figure 16.10:

It is now possible to apply the formulas (??) and (??). Simple calculations
lead to the following formulas for the action variables:

I 1 = F;

I 2 =

8
><

>:

I + F � g if H > g 2=(2� ) + V (1) and F > g;
I � (F + g) if H > g 2=(2� ) + V (� 1) and F < � g;

I otherwise;

(16.3.2)

where

I =
1
�

Z b

a

p
(2H � (F 2=� ) � 2V(x))(1 � x2) � (g � F x)2

1 � x2 dx: (16.3.3)

In the latter formula a and b are the roots of W (x). For visualization, the
domains appearing in (??) are indicated in Figure ??. It should be noted that
the variable I 2 de�ned in this way is continuous everywhere over the range of
the momentum map, except at the cuts (domainD).

The action variables were obtained earlier by Aksenenkova [?] in the form
I 1 = F , I 2 = I , where the function I is determined by (??), but she did not
notice that the variable I 2 is not smooth. However, the investigation of the
global behavior of these coordinates was not the goal of her work.

Using the formula (??), we can conclude that the rotation function is

� = �
@I2
@F

:
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This function is smooth in the domain D . The behavior of � was investigated by
S. Takahashi by computer, and the rotation vector was calculated for numerical
parameters (see the next chapter). He concluded thatthe Lagrange systems
described by the same parameters, but restricted to di�erent constant-energy
surfacesQ1 = f H = h1g and Q2 = f H = h2g, are not orbitally equivalent.

The question of orbital equivalence of Lagrange systems described by di�er-
ent parameters is of interest, but remains a matter for further investigation.





Chapter 17

Numerical Calculation of
the Orbital Invariant of
Goryachev{Chaplygin and
Lagrange Systems

S. Takahashi

17.1 Introduction

This chapter presents numerical calculations of the orbital invariant that classi-
�es integrable Hamiltonian systems on constant-energy surfaces. The Bolsinov{
Fomenko theory of orbital classi�cation of integrable Hamiltonian systems is
�ner than that of �ber-classi�cation, but it is di�cult to ob tain such an invari-
ant without computers. The orbital invariant W � t consists of some components
that can be found and investigated analytically, except for the rotation vector.
The rotation vector is an orbital invariant based on the rota tion function, which
is de�ned on a family of Liouville tori (the exact de�nition i s given below). Here
we consider integrable Hamiltonian systems whose rotationfunctions have an
explicit analytic form: the Goryachev{Chaplygin and Lagra nge systems de�ned
in the preceding chapter.

We start by recalling the notions of topological equivalence and orbital equiv-
alence between integrable Hamiltonian systems: We consider two integrable
Hamiltonian systems, say v1 on an constant-energy surfaceQ1 = f x 2 M :
H1 = constg and v2 on a constant-energy surfaceQ2 = f x 2 M : H2 = constg.
The two systems are�ber-equivalent if there exists a di�eomorphism � : Q1 !

359
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Q2 that transforms the Liouville tori of the system v1 into the Liouville tori
of the system v2 and preserves the orientation of the constant-energy surfaces
[?]. The two systems areorbitally equivalent if they are �ber-equivalent and in
addition there exists a di�eomorphism � : Q1 ! Q2 that transforms the integral
trajectories of the systemv1 into the integral trajectories of the system v2.

While it is possible to check �ber-equivalence analytically, it is di�cult to
check orbital equivalence without numerical calculation on computers. For an
orbital classi�cation of integrable Hamiltonian systems, we de�ned in the pre-
ceding chapter therotation vector , which consists of the following data about the
rotation function � on an constant-energy surfaceQ3

H 0
= f x 2 M jH (x) = H0g:

1. minima and maxima,

2. boundary values,

3. �1 , representing left and right limits � at the poles.

The following sections introduce calculation techniques for these invariants, and
also show some results of these calculations for the Goryachev{Chaplygin and
Lagrange systems.

17.2 Techniques for Numerical Calculations

This section explains some basic techniques used in the calculations needed for
the orbital classi�cation of integrable Hamiltonian systems.

The bisection method. The bisection method [?] �nds a solution of an
equation ' (x) = 0 when we already know an interval in which there is a solution.
Suppose that the equation' (x) = 0 has a solution in the interval ( a; b). We
�rst split the interval at the midpoint c = 1

2 (a + b) into the two intervals ( a; c)
and (c; b). We then look at the signs of ' (a), ' (b), and ' (c), and replace the
original interval by one of the two half-length intervals, so that the function
still has di�erent signs at the two endpoints of the interval . For example, if
' (a) � ' (b) > 0 and ' (c) � ' (b) < 0, we select the interval (c; b) as a new
interval. Note that the function in the above case de�nitely has a solution in
(c; b) according to the intermediate value theorem.

In this way, the interval in which a solution is known to lie becomes twice
as short with each step. This bisection process is repeated until the interval is
shorter than the desired accuracy for the solution. The method is guaranteed
to �nd a solution to that accuracy.

Calculation of de�nite integrals. For the calculation of de�nite integrals
we have used Simpson's rule [?].
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Reduction of improper integrals. In the computation of the rotation func-
tion, we encounter an improper integral that has the form

I =
Z b

a
' (x) dx =

Z b

a

Z (x)
p

G(x)
;

where a and b are solutions of the polynomial equationG(x) = 0. We assume
that the degree of the polynomial G(x) is known.

Consider how to reduce this improper integral to a proper one. SinceG(x) =
0 has two solutionsa and b, it can be written as

G(x) = ( b� x)(x � a)G1(x) (17.2.1)

whereG1(x) is a polynomial. With the linear substitution x = 1
2 (b� a)y+ 1

2 (b+
a), the integral becomes

I =
Z 1

� 1

Z (x(y))
p

(1 � y2)G1(x(y))
dy:

Be setting y = cos t, we can obtain the desired proper integral:

I =
Z �

0

Z (x(t))
p

G1(x(t))
dy:

Now our next step is to �nd G1(x). If the degree of the polynomial G(x) is
m, the degree ofG1(x) is m � 2 according to (??). This reduces our problem to
�nding the coe�cients of each term of G1(x) by comparing the coe�cients of
both sides of (??). By substituting m � 1 di�erent values for x, we can obtain
m � 1 independent linear equations from (??). For example, suppose thatG(x)
is a polynomial of degree 4. We can then represent the equation (??) as

G(x) = ( x2 � x)(x � x1)(Ax 2 + Bx + C);

whereA, B , and C are the coe�cients of G1(x) we have to �nd. By substituting
three di�erent real values for x, we can obtain a system of three independent
equations with respect toA, B , and C. We can �nd these coe�cients by solving
the system of equations.

17.3 The Goryachev{Chaplygin Case

As described in the preceding chapter, the Goryachev{Chaplygin case has three
domains, as follows:

D0 = f H < 3
2 F 2=3 � 1g;

D1 = f 3
2 F 2=3 � 1 < H < 3

2 F 2=3 + 1 ; F 6= 0 g;

D2 = f H > 3
2 F 2=3 + 1 ; F 6= 0 g:
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The Liouville foliation of the Goryachev{Chaplygin case is classi�ed into Case
I, Case II and Case III, which correspond to each edge of the atom-molecule
graph of a constant-energy surfaceQ3 (see preceding chapter).

Before examining orbital equivalence, we introduce several functions [?]. Set

P(x) = � Q(x) R(x);

Q(x) = x3 � 1
2 (H + 1) x � 1

4 F;

R(x) = x3 � 1
2 (H � 1)x � 1

4 F:

Let the solutions of Q(x) be x1; x2; x3, with x1 < x 2 < x 3; let the solutions of
R(x) in D2 be y1; y2; y3, with y1 < y 2 < y 3; and let y be the solution of R(x)
in D1. These solutions can be determined by the bisection method.We now
�nd an interval containing each of the solutions. First, we consider the equation
Q(x) = 0. Since the derivative of Q(x) is Q0(x) = 3 x2 � 1

2 (H + 1), the function
Q(x) has slopes as follows:

x : : : �
p

1
6 (H +1) : : :

p
1
6 (H +1) : : :

Q0(x) + 0 � 0 +

Q(x) % 1
3 (H +1)

p
1
6 (H +1) � 1

4 F & � 1
3 (H +1)

p
1
6 (H +1) � 1

4 F %

If H > 3
2 F 3=2 � 1, then Q(�

p
1
6 (H � 1)) > 0 and Q(

p
1
6 (H � 1)) < 0.

Hence Q(x) has solutions x1 < x 2 < x 3, where x1 2 (�1 ; �
p

1
6 (H + 1)),

x2 2 (�
p

1
6 (H + 1) ;

p
1
6 (H + 1)), and x3 2 (

p
1
6 (H + 1) ; + 1 ).

Next we consider the equationR(x) = 0. We have R0(x) = 3 x2 � 1
2 (H � 1),

so R(x) has slopes as follows:

x : : : �
p

1
6 (H � 1) : : :

p
1
6 (H � 1) : : :

Q0(x) + 0 � 0 +

Q(x) % 1
3 (H � 1)

p
1
6 (H � 1)� 1

4 F & � 1
3 (H � 1)

p
1
6 (H � 1)� 1

4 F %

If H > 3
2 F 3=2 + 1, then Rg(�

p
1
6 (H � 1)) > 0 and Rg(

p
1
6 (H � 1)g) < 0.

Hence R(x) has solutions y1 < y 2 < y 3, where y1 2 g(�1 ; �
p

1
6 (H � 1)g),

y2 2 g(�
p

1
6 (H � 1);

p
1
6 (H � 1)g), and y3 2 g(

p
1
6 (H � 1); + 1 ). If H <

3
2 F 3=2 + 1, then Rg(�

p
1
6 (H � 1)g) < 0 and R(

p
1
6 (H � 1)g) > 0. HenceR(x)

has only one solutiony 2 (�1 ; 1 ).
In this way, we can con�ne the interval of each solution, and can �nd the

solution using the bisection method.
Now we are ready to see the calculation of the rotation functions. The

following analytic forms of the rotation functions are presented in [?].
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The Goryachev{Chaplygin case: Case I. The Liouville tori of Case I
appear in the domain D1. The bifurcation diagram is determined by

H = 3
2 F

2
3 � 1; H = 3

2 F
2
3 + 1 ; � 1 � H � 1; and f = 0 :

The rotation function is

� =

8
>>>>>>>><

>>>>>>>>:

Rx 2

x 1

dxp
P (x )

Rx 3

y
dxp
P (x )

if f > 0;

Rx 3

x 2

dxp
P (x )

Ry
x 1

dxp
P (x )

if f < 0:

(17.3.1)

The �rst integral in ( ??) is improper becausex3 and y are solutions ofP(x).
Hence, it is necessary to reduce it to a proper integral. Since P(x) has degree
6, we can reduce this integral to a proper integral by �nding the coe�cients A,
B , C, D , and E in the equation

P(x) = ( x3 � x)(x � y)(Ax 4 + Bx 3 + Cx2 + Dx + E):

The second integral in (??) can be reduced to a proper integral by �nding the
coe�cients A, B , C, D , and E in the equation

P(x) = ( y � x)(x � x1)(Ax 4 + Bx 3 + Cx2 + Dx + E):

The Goryachev{Chaplygin case: Case II. The Liouville tori of Case II
appear in the domain D2. The bifurcation diagram is determined by

H = 3
2 F

2
3 + 1 :

The rotation function is

� =

Ry1

x 1

dxp
P (x )

Rx 3

y3

dxp
P (x )

(17.3.2)

The integral (??) can be reduced to a proper integral by �nding the coe�-
cients A, B , C, D , and E in the equation

P(x) = ( x3 � x)(x � y3)(Ax 4 + Bx 3 + Cx2 + Dx + E):

The Goryachev{Chaplygin case: Case III. The Liouville tori of Case III
also appear in the domainD2. The bifurcation diagram is determined by

H = 3
2 F

2
3 + 1 ; H � 1; and f = 0 :
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The rotation function is

� =

8
>>>>>>>><

>>>>>>>>:

Ry2

x 2

dxp
P (x )

Rx 3

y3

dxp
P (x )

if f > 0;

Rx 2

y2

dxp
P (x )

Rx 1

y1

dxp
P (x )

if f < 0:

(17.3.3)

The �rst integral of ( ??) can be reduced to a proper integral by �nding the
coe�cients A, B , C, D , and E in

P(x) = ( x3 � x)(x � y3)(Ax 4 + Bx 3 + Cx2 + Dx + E):

The second integral can be reduced to a proper integral by �nding the coe�cients
A, B , C, D , and E in

P(x) = ( y1 � x)(x � x1)(Ax 4 + Bx 3 + Cx2 + Dx + E):

Results. The rotation function was calculated for each of the three cases.
Figure ??(a) shows level curves of the rotation function of Case II inD2. The
shapes of the rotation functions onH = 2 :50 and H = 3 :50 are given in Fig-
ure ??(b) and Figure ??(c). The corresponding rotation vectors and the posi-
tions of the eigenvalues are shown in Figure??(d) and Figure ??(e). Figure ??
shows level curves of the rotation function of Case III inD2. The shapes of
the rotation functions for H = 2 :50 and H = 3 :50 are given in Figure??(b)
and Figure ??(c). In this �gure, solid lines indicate the case F < 0, and dotted
lines the caseF > 0. The corresponding rotation vectors and the positions of
the characteristic values are shown in Figure??(d) and Figure ??(e). Analyt-
ical investigation [?] shows that the rotation functions of these two cases are
monotonic on H = const. Our results agree with this fact.

Figure ??(a) shows level curves of the rotation function of Case I inD1. This
result also shows that the rotation function on H = const is almost monotonic.
Let us see the shape of the rotation function onH = const. When � 1:0 �
H � 1:0, the rotation function is monotonic on H = const. Figure ??(b) and
Figure ??(c) show the shapes of the rotation functions onH = 0 :50 and H =
1:00. Here, solid lines indicate the rotation function ofF < 0, and dotted lines
indicate the rotation function of F > 0. When H is greater than 1.0, the rotation
function on H = const has a local minimum. Figure ??(d) and Figure ??(e)
show the shapes of the rotation functions onH = 1 :025 andH = 1 :225. Note
that these shapes contain local minima. WhenH becomes greater than some
value H0, the local minima disappear. Figure ??(f) and Figure ??(g) show
the monotonic shapes of the rotation functions onH = 1 :250 and H = 1 :500.
Parts (h) and (i) of Figure ??(h) show the corresponding rotation vectors and
the positions of the eigenvalues. It follows from these results that the rotation
function on H = const is monotonic except for a small interval of values forH .
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Based on these results, we can say that,in the Goryachev{Chaplygin case,
the Hamiltonian systems de�ned bysgradH on the level setsf H = H1g and
f H = H2g are not orbitally equivalent unlessH1 = H2.

17.4 The Lagrange Case

This section presents numerical calculations for the orbital classi�cation in the
Lagrange case. The formulas of the Lagrange case are more complicated than
those of the Goryachev{Chaplygin case. We describe numerical calculations for
the following components: bifurcation diagrams, action variables, and rotation
functions.

Calculation of bifurcation diagrams. As described in the preceding chap-
ter, the critical curves of the bifurcation diagram are given by the equations
W (x) = 0 and W 0(x) = 0, where

W (x) =
(g � F x)2

2(1 � x2)
+

F 2

2�
+ V(x) � H (17.4.1)

and jxj < 1. Since

lim
x !� 1+0

W 0(x) = + 1 ; lim
x ! +1 � 0

W 0(x) = �1 ; and W 00(x) > 0;

W 0(x) is monotonically increasing in the interval (� 1; 1), and there exists only
one solution in this interval. The bisection method, with in itial interval ( � 1; 1),
is used to calculate the solution for given values ofg, � , and F . Once the
solution x0 has been found, we can then �ndH from the relation W (x0) = 0.

The critical points of the bifurcation diagram are

(H1; F1) =
� g2

2�
+ V (1); g

�
and (H2; F2) =

� g2

2�
+ V (� 1); � g

�
:

Note that the points ( H1; f 1) and (H2; f 2) are not, in general, contained in the
critical curves.

Calculation of the action variables. The action variables are de�ned by

I 1 = F;

I 2 =

8
><

>:

I + F � g if H > g 2=(2� ) + V(1) and F > g;

I � (F + g) if H > g 2=(2� ) + V(� 1) and F < � g;
I otherwise;

where

I =
1
�

Z arccos x 1

arccos x 2

s

2H �
F 2

�
� 2V (cost) �

(g � F cost)2

1 � cos2 t
dt: (17.4.2)
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Figure 17.1: The rotation function of Case II: (a) level curves of the rotation
function, (b) the shapes of the rotation functions on H = 2 :500 and (c) on
H = 3 :500, (d) the rotation vectors, and (e) the positions of the eigenvalues.
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Figure 17.2: The rotation function of Case III: (a) level curves of the rotation
function, (b) the shapes of the rotation functions on H = 2 :500, (c) on H =
3:500, (d) the rotation vectors, and (e) the positions of the eigenvalues.
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Figure 17.3: The rotation of Case I: (a) level curves of the rotation function,
(b) the shapes of the rotation functions on H = 0 :500, (c) on H = 1 :000, (d)
on H = 1 :025, (e) onH = 1 :225, (f) on H = 1 :250, (g) on H = 1 :500, (h) the
rotation vectors, and (i) the positions of the eigenvalues.



370CHAPTER 17. ORBITAL INVARIANT OF INTEGRABLE HAMILTONIAN SY STEMS (S. TAKAHASHI)

Here, x1 and x2 are the solutions of the equation

�
2H �

F 2

�
� 2V (x)

�
(1 � x2) � (g � F x)2 = 0 ; (17.4.3)

satisfying jx1 j; jx2j < 1 and x1 � x2.
It is clear that x1 and x2 are also solutions ofW (x) = 0. Let x0 2 (� 1; 1)

be the solution of W 0(x) = 0 with the given parameters g, � , and F . In the
region con�ned by the critical curves, the relation W (x0) < 0 follows from the
equality W (x) = 0. Since

lim
x !� 1+0

W (x) ! + 1 ; lim
x ! +1 � 0

W (x) ! + 1 ; and W 00(x) > 0;

it can be shown that x1 2 (� 1; x0) and x2 2 (x0; 1). Here we also use the
bisection method to calculate the two solutionsx1 and x2 of (??).

The integral (??) becomes improper whenx1 = � 1. This occurs if and only
if

F = � g and H >
g2

2�
+ V (� 1):

In this case, (??) can be reduced to

I =
1
�

Z arccos x 1

arccos x 2

s

2H �
F 2

�
� 2V(cost) +

g2(1 + cos t)
1 � cost

dt:

Similarly, x2 = 1 if and only if

F = g and H >
g2

2�
+ V (1):

Then (??) can be reduced to

I =
1
�

Z arccos x 1

arccos x 2

s

2H �
F 2

�
� 2V(cost) +

g2(1 � cost)
1 + cost

dt:

Calculation of the rotation functions. The rotation function is

� = �
dI 2

dF
=

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

�
dI
dF

� 1; if H > g 2=(2� ) + V (1) and F > g;

�
dI
dF

+ 1 ; if H > g 2=(2� ) + V (� 1) and F < � g;

�
dI
dF

; otherwise:
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Here,
dI
dF

=
1
�

Z x 2

x 1

Z (x) dx; (17.4.4)

where

Z (x) =
� F=� + x(g � F x)=(1 � x2)

p
(1 � x2)(2H � F 2=� � 2V(x)) � (g � F x)2

;

and x1 and x2 are the solutions of (??). As the reader can see, the function
Z(x) has integrable singularities atx1 and x2, and the integral (??) is improper.
Thus, we have to reduce it to a proper integral.

Consider the function

G(x) = (1 � x2)(2H � F 2=� � 2V(x)) � (g � F x)2:

G(x) = 0 has two solutions x1 and x2, and can be written as

G(x) = ( x2 � x)(x � x1)G1(x):

Since G(x) is a polynomial of degree 4, we can see thatG1(x) has the form
G1(x) = Ax 2 + Bx + C, where A, B , and C are the coe�cients of G1(x). As
described earlier, we can reduce the improper integral by �nding the coe�cients
of G1(x). Finally, the rotation function � can be calculated using the obtained
proper integral.

Note that the above integral has singularities at H > g 2=(2� ) + V (1) and
F = g, and at H > g 2=(2� ) + V (� 1) and F = � g. The rotation functions are
calculated from the continuity on these equations.

Results. Figures ??, ??, ??, and ?? show bifurcation diagrams of the La-
grange case. Figure?? is the bifurcation diagram where g = 2 :0, � = 1 :5,
and V (x) = x. This diagram has two center-center critical points, i.e., the two
critical points are contained in the critical curves. Figure ?? is the bifurca-
tion diagram where g = 1 :0, � = 2 :5, and V (x) = 2 x. This diagram has one
center-center critical point and one focus-focus criticalpoint. Figure ?? is the
bifurcation diagram where g = 1 :0, � = 2 :5, and V (x) = � 2x. This diagram
also has one center-center critical point and one focus-focus critical point. Fig-
ure ?? is the bifurcation diagram where g = 1 :0, � = 2 :0, and V (x) = 2 x2 � x.
This diagram has two focus-focus critical points.

Level curves of the action variables are shown in Figures?? (for g = 1 :0,
� = 0 :5, and V (x) = x + 1), ?? (for g = 1 :0, � = 0 :5, and V (x) = x2), and ??
(for g = 1 :0, � = 0 :5, and V (x) = x2 + 1

2 x).
We examine the rotation function of the Lagrange case. Figure ??(a) shows

level curves of the rotation function, whereg = 1 :0, � = 0 :5, and V (x) = x + 1.
The shape of the rotation function on H = const changes with H as shown
in the following �gures. Parts (b) and (c) of Figure ?? show the shapes of
the rotation functions on H = 1 :80 and H = 2 :76. The rotation functions in
these �gures are monotonic with respect toF . Around the focus-focus critical
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Figure 17.4: The bifurcation diagram (g = 2 :0, � = 1 :5, and V (x) = x).

Figure 17.5: The bifurcation diagram (g = 1 :0, � = 2 :5, and V (x) = 2 x).
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Figure 17.6: The bifurcation diagram (g = 1 :0, � = 2 :5, and V(x) = � 2x).

Figure 17.7: The bifurcation diagram (g = 1 :0, � = 2 :0, and V (x) = 2 x2 � x).
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Figure 17.8: Level curves of the action variables (g = 1 :0, � = 0 :5, and V (x) =
x + 1).

Figure 17.9: Level curves of the action variables (g = 1 :0, � = 0 :5, and V (x) =
x2).
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Figure 17.10: Level curves of the action variables (g = 1 :0, � = 0 :5, and V (x) =
x2 + 1

2 x).

point, the shape of the rotation function on H = const contains local extrema.
Parts (d), (e), and (f) of Figure ?? show the shapes of the rotation functions on
H = 2 :79, H = 3 :60, and H = 4 :11. For H ranging from some valueH0 to 1 ,
the rotation function on H = const becomes monotonic again. Parts (g) and
(h) show the shapes of the rotation functions onH = 4 :14 and H = 5 :40. The
corresponding rotation vectors and the positions of the eigenvalues are shown
in parts (i) and (j) of the same �gure.

Figure ??(a) shows level curves of the rotation function, whereg = 1 :0,
� = 0 :5, and V (x) = x2. The shape of the rotation function on H = const
is changed according toH as shown in the following �gures. Parts (b) and
(c) of Figure ?? show the shapes of the rotation functions onH = 1 :20 and
H = 1 :86. The rotation functions in these �gures are monotonic with respect
to F . Around the two focus-focus critical points, the shape of the rotation
function on H = const contains local extrema. Part (d), (e), and (f) show the
shapes of the rotation functions onH = 1 :89, H = 2 :40, and H = 3 :21. From
some valueH0 to 1 , the rotation function on H = const becomes monotonic
again. Parts (g) and (h) show the shapes of the rotation functions on H = 3 :24
and H = 5 :40. The corresponding rotation vectors and the positions ofthe
eigenvalues are shown in parts (i) and (j) of Figure??.

Figure ??(a) shows level curves of the rotation function, whereg = 1 :0,
� = 0 :5, and V (x) = x2 + 1

2 x. Parts (b) through (m) show the shapes of the
rotation functions on H = const with di�erent values of H . The corresponding
rotation vectors and the positions of the eigenvalues are shown in parts (n) and
(o) of Figure ??. It follows from these �gures that the rotation function on



376CHAPTER 17. ORBITAL INVARIANT OF INTEGRABLE HAMILTONIAN SY STEMS (S. TAKAHASHI)

(a)

0.500.00-0.50-1.00

r

0.80

0.60

0.40

0.20

0.00

-0.20 f

1.000.500.00-0.50-1.00-1.50

0.00

0.40

0.60

0.80

1.00

1.20

1.40

1.60

r

0.20

-0.20

-0.40 f

(b) (c)

1.000.500.00-0.50-1.00-1.50

-0.40

-0.20

0.00

0.20

0.40

0.60

0.80

1.00

1.20

1.40

1.60

r

f

1.501.000.500.00-0.50-1.00-1.50

-0.60

-0.40

-0.20

0.00

0.20

0.40

0.60

0.80

1.00

r

f

(d) (e)
continued on next page



17.4. THE LAGRANGE CASE 377

1.501.000.500.00-0.50-1.00-1.50-2.00

-0.60

-0.40

-0.20

0.00

0.20

0.40

0.60

0.80

1.00

r

f

1.501.000.500.00-0.50-1.00-1.50-2.00

-0.60

-0.40

-0.20

0.00

0.20

0.40

0.60

0.80

1.00

r

f

(f) (g)

2.001.000.00-1.00-2.00
-0.80

-0.60

-0.40

-0.20

0.00

0.20

0.40

0.60

0.80

1.00

1.20

r

f

-1.50

-1.00

-0.50

0.00

0.50

1.00

1.50

1.00 2.00 3.00 4.00 5.00 6.00

f

H

(h) (i)

(i)

Figure 17.11: The rotation function (g = 1 :0, � = 0 :5, and V (x) = x + 1): (a)
level curves of the rotation function, (b) the shapes of the rotation functions on
H = 1 :80, (c) on H = 2 :76, (d) on H = 2 :79, (e) on H = 3 :60, (f) on H = 4 :11,
(g) on H = 4 :14, (h) on H = 5 :40, (i) the rotation vectors, and (j) the positions
of their eigenvalues.
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Figure 17.12: The rotation function (g = 1 :0, � = 0 :5, and V (x) = x2): (a)
level curves of the rotation function, (b) the shapes of the rotation functions on
H = 1 :20, (c) on H = 1 :86, (d) on H = 1 :89, (e) on H = 2 :40, (f) on H = 3 :21,
(g) on H = 3 :24, (h) on H = 5 :40, (i) the rotation vectors, and (j) the positions
of the eigenvalues.

H = const is also monotonic whenH is larger than some valueH0.
Now we �x the parameters g and � , and also the function V(x). From these

experimental graphs, we can conclude that for two di�erent values H1 and
H2 the rotation vectors do not coincide (see the graphs of rotation vectors as
functions of H ). Hence, we can say that,in the Lagrange case, the Hamiltonian
systems de�ned bysgradH on the level setsf H = H1g and f H = H2g are not
orbitally equivalent unlessH1 = H2.

Finding orbitally equivalent systems with di�erent parame ters. Now
assume that V (x) = x and consider two Lagrange-type Hamiltonian systems
with di�erent parameters ( g1; � 1) and (g2; � 2). Another interesting problem is
whether there are two valuesH1 and H2 of the Hamiltonian such that these
systems, restricted to the corresponding level surfaces, are orbitally equiva-
lent. This problem also reduces to the problem of comparing rotation vectors
R(H; g1; � 1) and R(H; g2; � 2): if there exist two values H1 and H2 such that
the rotation vectors coincide, the systems are orbitally equivalent on the corre-
sponding level surfaces.

From the results of our calculation of rotation functions, we can see that
the rotation function is monotonic if H is larger than some valueH0, when its
gradient changes according to the parameter values. In thiscase, the rotation
vector of H consists of two elements: that is, lower and upper boundary values
with respect to the additional integral F . Denote the lower and upper boundary
values by R1(H ) and R2(H ), where H > H 0. Consider the plane spanned by
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Figure 17.13: The rotation function (g = 1 :0, � = 0 :5, and V (x) = x2 + 1
2 x): (a)

level curves of the rotation function, (b) the shapes of the rotation functions on
H = 1 :20, (c) on H = 1 :32, (d) on H = 1 :35, (e) on H = 1 :80, (f) on H = 2 :37,
(g) on H = 2 :40, (h) on H = 2 :52, (i) on H = 2 :55, (j) on H = 3 :00, (k) on
H = 3 :66, (l) on H = 3 :69, (m) on H = 5 :40, (n) the rotation vectors, and (o)
the positions of its corresponding eigenvalues.
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R1 and R2 axes. We can draw the curves (R1; R2) as H changes, withH > H 0.
Now the problem is reduced to �nding the intersection points of the curves
(R1(H ); R2(H )) with di�erent parameters � and g: if they intersect, there exist
H1 and H2 such that R(H1; g1; � 1) = R(H2; g2; � 2).

If the rotation vector has more than two elements, the probability that the
rotation vectors coincide is zero by probability theory. Hence, we can con�ne
ourselves to the case when the rotation vector has only two elements.
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Figure 17.14: Curves representing the rotation vector withdi�erent parameters
g and � (V (x) = x). Intersections indicate orbital equivalence of two di�erent
systems.

Figure ?? shows the curves (R1(H ); R2(H )) with di�erent parameters, where
g = 0 :8 � 1:2 and � = 0 :48 � 0:52. The values ofg and � are also indicated in
the �gure. An intersection between two curves represents anorbital equivalence
between the corresponding two systems. Also note that the �gure shows the
validity of the statement at the end of the previous section,because each curve
has no self-intersections. In this way, we can �nd orbitally equivalent systems,
each of which has di�erent parametersg and � . More detailed investigation of
this orbital equivalence is left for future investigation.
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Chapter 18

Ridges, Ravines and
Singularities

A. G. Belyaev,
E. V. Anoshkina, and
T. L. Kunii

On a smooth generic surface we de�ne ridges to be the local positive maxima of
the maximal principal curvature along its associated curvature line and ravines
to be the local negative minima of the minimal principal curvature along its
associated curvature line. We investigate relationships between these surface
line features, singularities of the caustic generated by the surface normals, and
the singularities of the distance function from the surface. We also propose
a variational problem to model garment wrinkles and investigate relationships
between singularities of a proper solution of the problem and singularities of the
distance function.

18.1 Introduction

Recent advances in pattern recognition, computer vision, medical imagery, and
free-form shape design inspired a fresh interest in surfacefeatures associated
with singularities of the caustic generated by the surface normals. Besides the
mathematical beauty of such surface features [?], some of them have been stud-
ied in connection with applications in accommodation of theeye lens [?], struc-
tural geology [?], face recognition [?], quality control of free-form surfaces [?],

387
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analysis of medical images [?; ?; ?; ?; ?] and satellite data [?].

It turns out that some of these features of a smooth surface are in agreement
with our intuitive mental perception of ridges and ravines. We introduce ridges
and ravines on a given surface via loci of extrema of the principal curvatures
along their associated curvature lines and investigate relationships between these
surface creases, caustic singularities, and distance function singularities [?; ?;
?; ?]. We also propose a variational problem to model garment wrinkles and
study relationships between singularities of a proper solution of the problem
and singularities of the distance function [?].

In our research we deal with generic phenomena. Roughly speaking, a par-
ticular property of an object from a particular class of objects is generic if in the
space of all the objects of that class the objects exhibitingthe property form an
open dense set.

18.2 Ridges, ravines, and caustic singularities

Surface creases can be intuitively de�ned as sets of sharp variation points of
the surface normals. Our mathematical description of such points is based on
study of caustic singularities. The caustic of a given surface can be described
as the loci where light rays emitted by the surface in the normal directions are
concentrated. At the singular points of the caustic the concentration of the
light rays is still greater. Thus surface line features associated with caustic
singularities may be considered as surface creases.

Let us recall that the radius of curvature of a plane oriented curve at a
point p is the radius (with a sign according to a chosen orientation)of the
circle best �tted with the curve at p. The center of the circle is called the
center of curvature and the inverse value of the curvature radius is called
the curvature at p. Consider a plane passing through a pointp in a given
surface M and normal to the surface. We call the intersection curve by the
normal section curve. The curvature of the normal section curve depends on its
tangent vector at p. The maximal and minimal curvatures kmax and kmin are
called the principal curvatures of M at p. A point at which one of the principal
curvatures vanishes is calledparabolic. The principal centers are de�ned as the
corresponding centers of the tangent circles. The associated tangent directions
vmax and vmin are called theprincipal directions of M at p. The integral curves
of the principal direction �elds are called the curvature lines. A point at which
the principal curvatures are equal to each other is calledumbilic.

It is suitable to de�ne the caustic as the loci of the principal centers (focal
points) of the curvatures of M . Thus the caustic has two sheets corresponding
to the principal curvatures.

The caustic is a piecewise smooth surface and contains singularities. The
caustic singularities correspond to line and point features on the surface. For a
given smooth surfaceM de�ned parametrically by the local map r : R2 ! R3,
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the caustic is parameterized as follows:

c(u; v) = r (u; v) +
n(u; v)
k(u; v)

; k = kmax ; kmin ; (18.2.1)

where n(u; v) is the oriented normal (without loss of generality we do not con-
sider parabolic points in (??)).

Suppose now that at a point p 2 M the coordinatesu, v are chosen so that
the tangent vectors@r=@uand @r=@vcoincide with the principal directions vmax

and vmin . If p corresponds to a singular point on the caustic, then the cross
product

@c
@u

�
@c
@v

=
@r
@u

�
@k
@u

�
k � kmin

k3 +
@r
@v

�
@k
@v

�
k � kmax

k3 ; k = kmax ; kmin ;

vanishes. This proves the following statement (see also [?]).

Proposition 18.2.2. For a smooth generic surface the caustic singularities cor-
respond to the lines on the surface where the principal curvatures have extrema
along their associated principal directions and the pointswhere the principal
curvatures are equal (umbilics).

With the exception of some isolated points the caustic singularities form
space curves called thecuspidal edges. Near a point of the cuspidal edge the
caustic can be locally represented in the parametric form (c1t3; c2t2; s), where
c1 6= 0 and c2 6= 0, in proper coordinates (s; t).

Now we de�ne ridges and ravines which are supposed to be consistent with
our natural mental perception of such shape creases.

De�nition 18.2.3. A non-umbilic point p 2 M is called a ridge point if kmax

attains a local positive maximum at p along the associated curvature line.

Although in this de�nition we deal with non-umbilic points t he umbilics can
be treated by continuity.

Let us note that the de�nitions of the ridges and ravines are dual: if we
change the surface orientation then the ridges turn into theravines and vice
versa. So without loss of generality we can consider only theridges. For a given
non-umbilic point p 2 M let us choose coordinates in the space so thatp is
at the origin, the ( x; y)-plane is the tangent plane to the surface atp, and the
principal directions coincide with x and y axes. The surface is then expressible,
in the Monge form, as the graph of a smooth generic function from (x; y)-plane
to the z-axis, with the equation

z =
1
2

�
�x 2 + �y 2�

+
1
6

�
ax3 + 3 bx2y + 3 cxy2 + dy3�

+
1
24

�
ex4 + : : :

�
+ O(x; y)5; 18.2.4.

where � = kmax (0; 0), � = kmin (0; 0), � > � .
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The Taylor series expansion ofkmax at p has the form

kmax (x; y) = � + ax + by+ O(x; y)2:

Since the vector (1; 0) representsvmax at p then kmax has an extremum along
vmax at p i� a = 0.

Let the maximal principal curvature be strictly positive at p

kmax (0; 0) > 0:

The curvature line associated with kmax is locally described by the problem

dy
dx

=
bx + cy
� � �

+ O(x; y)2; y(0) = 0 :

Therefore

y0(0) = 0 ; y00(0) =
b

� � �

and in a neighborhood of the origin the curvature line is approximated by the
parabola

y =
bx2

2(� � � )
:

It allows to compute the Taylor series expansion ofkmax at the origin along the
associated curvature line:

� + ax +
�

� 3� 3 + e+
3b2

� � �

�
x2

2
+ O(x3) (18.2.5)

Analyzing the asymptotic expansion (??) we obtain that p is a generic ridge
point i�

a = 0 and � 3� 3 + e +
3b2

� � �
< 0: (18.2.6)

Computations show that intersection between the caustic sheet associated
with kmax and the plane f y = 0 g gives a curve described locally in parametric
form as follows

x =
1

3�

�
3� 3 � e �

3b2

� � �

�
t3 + O(t4);

z =
1
�

+
1

2� 2

�
3� 3 � e �

3b2

� � �

�
t2 + O(t3):

Locally at a neighborhood of the point (0; 0; 1=� ) this curve is a semicubical
parabola. This parametric representation of the intersection curve together
with ( ??) provide us the following visual description of the ridges via caustic
singularities:

Theorem 18.2.7. The cuspidal edges of the caustic sheet associated with the
maximal principal curvature and pointing towards to the surface correspond to
the ridges.
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Suppose that a ridge goes through an umbilic. Passing to the limit � � � ! 0
in (??) implies a = 0 = b at the umbilic and the umbilic is not generic.

Theorem 18.2.8. The ridges do not pass through the generic umbilics.

This result was recently discovered by I. A. Bogaevski from topological con-
siderations. Close results can be found in [?].

In particular, from Theorem ?? it follows that the ridges on a generic surface
do not contain branch points. For applications this pure mathematical state-
ment should be reformulated in the following way: the ridgeson a surface with
complex geometry are mostly fragmentary, the branch pointsoccur relatively
seldom.

We also might consider the curves generated by the closure ofthe set of
non-umbilic points at which kmax attains a local positive maximum along the
normal section curve associated withvmax [?]. If M is given in the Monge form
(??) at p then the Taylor series expansion ofkmax at p along the normal section
curve has the form

� + ax +
�

� 3� 3 + e+
2b2

� � �

�
x2

2
+ O(x3)

and the points wherekmax takes a local positive maximum along the associated
normal section curves are characterized by the conditions

a = 0 and � 3� 3 + e+
2b2

� � �
< 0:

Thus the curves formed by these points contain all the ridge points but also do
not pass through the generic umbilics.

18.3 Ridges, ravines, and distance function sin-
gularities

The medial axis transformation or skeletonization proposed by Blum [?] in the
mid-1960's is one of the earliest and probably the most widely studied systematic
technique for global shape description. Skeletonization reduces input shapes to
CW-complex representation (axial in 2D and polyhedral in 3D).

Let us consider a bounded �gure in the space. A ball is said to be maximal
within the �gure if it is contained in the �gure but is not a pro per subset of
any other ball contained in the �gure. The skeleton of the �gure is the locus
of centers of balls which are maximal within the �gure, together with the limit
points of this locus.

A natural generalization of the skeleton is the so-called cut locus. Let M be
a piecewise oriented smooth surface in the space. Consider the distance function
from M :

dist( r ; M ) = inf
p 2 M

kr � pk:
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The distance function is continuous, but generally not smooth even if M is
smooth. The cut locus of M is the closure of the set of all singular points of the
distance function. When M is a closed surface, then the skeleton of the �gure
bounded by M is the intersection of the �gure with the cut locus of M .

A point p of the cut locus is calledregular if the cut locus is a manifold at p:
there exists a neighborhood ofp on the cut locus to be di�eomorphic to a disk.
We call a point p of the cut locus singular if the cut locus is not a manifold at
p; a singular point is internal if there is a set in the cut locus that contains p,
and is homeomorphic to a disk; otherwise, the singular pointis calledboundary.

From results of [?; ?; ?] it follows that the singularities of the cut locus of a
generic surface are locally organized similar to generic singularities of the locus
of the nonsmoothness of the maximum function of a three-parameter family.
The complete list of these singularities can be found, for example, in [?]. For us
it is important that for any boundary point, its neighborhoo d in the cut locus
is homeomorphic to a half-disk.

Consider a point q in the cut locus. The function lq (p) = kp � qk2 de�ned
on M has two equal absolute minima. Let us move along the cut locusfrom q
to some boundary point r . At r two equal absolute minima merge. Thusl r (p)
has a degenerate absolute minimum andr is a singular point of the caustic. A
neighborhood of r in the cut locus lies inside the cuspidal edge of the caustic
at a vicinity of r in R3. Thus at r the cuspidal edge points to the surface and
according to Theorem?? l r (p) attains the absolute minimum at a ridge point.
The images of Figure ?? demonstrate these arguments. We come to

Theorem 18.3.1. Let M be a generic smooth oriented surface. For any bound-
ary point of the cut locus of M its nearest point on M is either a ridge point or
a ravine point.

An analytical proof of the theorem was recently given in [?].

degenerate
critical point

two equal
absolute point

caustic

degenerate
absolute minimum

ridge(ravine)

cut locus

curvature
line

ridge

ravine
caustic

cut locus

principal 
direction

normal

cut locus

Figure 18.1: Left: the boundary points of the cut locus are situated on caustic
singularities; zoo of distance functions. Right: geometric idea of ridges, ravines,
and related structures.
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18.4 Distance function singularities and garment
wrinkles modeling

Wrinkles are formed because of excess material covering a body. Let's try to
glue a hole in a plane using a patch that's bigger than the hole. We select as the
solution the patch that has the minimal Dirichlet integral ( an analog of elastic
energy in linear elasticity theory). It turns out that the gr aph of the solution
of this variational problem (with area constraints) has singularities that can
roughly be considered as wrinkles.

To make this more precise, let the hole 
 be a bounded domain inR2, and
let the graph of a function f (x) : 
 ! R, x = ( x1; x2) 2 R2 be a patch with the
area equal to a given numberS � j 
 j, where j
 j is the area of 
. Consider the
set of functions

�
f (x) : f (x) = 0 on @
 ;

Z




p
1 + jr f (x)j2 dx = S

�
; (18.4.1)

where r is the gradient, and investigate the minimization problem

Ĵ = inf
f 2 (??)

J (f ); J (f ) =
Z



jr f (x)j2 dx: (18.4.2)

Applying the method of Lagrange multipliers, we get

Ĵ = inf
f 2 (??)

sup
�

� Z



jr f (x)j2 dx + �

�
S �

Z




p
1 + jr f (x)j2 dx

��
: (18.4.3)

Changing the order of calculation of the lower and upper bounds, we come to

Ĵ � sup
�

inf
f 2 (??)

� Z



jr f (x)j2 dx + �

�
S �

Z




p
1 + jr f (x)j2 dx

��
: (18.4.4)

Put
� (x) =

p
1 + jr f (x)j2; where f (x) = 0 on @
; (18.4.5)

we now can rewrite (??) in the form

Ĵ � sup
�

inf
� 2 (??)

� Z




�
� 2 � 1

�
dx + �

�
S �

Z



� (x) dx

��
:

Replacing the constraint � in (??) by � � 0, we get

Ĵ � sup
�

inf
� � 0

� Z




�
� 2 � 1

�
dx + �

�
S �

Z



� (x) dx

��
: (18.4.6)

The calculation of the in�mum in ( ??) reduces to �nding the minimum of the
function � 2 � �� . Therefore, � min = �= 2 and

Ĵ � sup
�

�
� 1

4 � 2 j
 j � j 
 j + �S
	

: (18.4.7)
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Now the calculation of the supremum in (??) reduces to �nding the maximum
of the function � � 2 j
 j=4� j 
 j + �S . A simple calculation gives� max = 2 S=j
 j:
Thus, we obtain the lower bound for our initial variational p roblem (??):

Ĵ �
S2

j
 j
� j 
 j:

We now construct an upper bound for the variational problem (??). Consider
the following nonlinear boundary value problem (the Hamilton{Jacobi equation)

jr f̂ (x)j2 =
S2

j
 j2
� 1; f̂ (x) = 0 on @
 : (18.4.8)

It is easy to see thatf̂ (x) 2 (??) and J (f̂ ) = S2=j
 j � j 
 j. Thus J (f̂ ) = Ĵ , f̂ (x)
is a minimizer of the initial variational problem ( ??), and it remains to construct
the solution of the Hamilton{Jacobi equation ( ??) and investigate properties of
f̂ (x).

Our Hamilton{Jacobi equation will have a unique convex solution if we sup-
plement (??) with the condition

@̂f (x)
@�

=

s
S2

j
 j2
� 1 on @
 ; (18.4.9)

where � is the unit inner normal vector of @
. Since

jr f̂ (x)j2 =

�
�
�
�
�
@̂f (x)

@�

�
�
�
�
�

2

+

�
�
�
�
�
@̂f (x)

@s

�
�
�
�
�

2

and f̂ (x) = 0 on @
 ;

where s is the arclength parameter on@
, we get

@̂f (x)
@s

= 0 on @
 and
@̂f (x)

@�
=

s
S2

j
 j2
� 1 in a neighborhood of@
 :

Therefore, the solution of the problem (??), (??) is arranged as follows: the level
lines f̂ (x) = const are parallel to the contour @
 and the derivative @̂f (x)=@�
along the normal � to a level line for f̂ (x) has the value

p
S2=j
 j2 � 1.

The graph of the solution of the problem (??), (??) is a ruled surface, and
can be described as follows: consider the distance functionfrom @
 on our plane
R2; the graph of f̂ (x) is obtained from the graph of the distance function by
multiplying by

p
S2=j
 j2 � 1. This means that the singular points of the graph

of the solution of the problem (??), (??) and the singular points of the graph of
the distance function are the same. The projection of the singular points onto
the hole plane gives the skeleton of the hole (see Figure??). The fractures
of the graph of f̂ (x) can be considered as wrinkles. Wrinkle branching and
vanishing processes can be also described in the frame of theabove variational
model [?].
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PATCH

HOLE
skeleton
of the hole

wrinkles
R

3

Figure 18.2: Left: a hole and a patch. Right: modeling of wrinkles via the
fractures of the solution.

Of course, the proposed variational model just a very simpleexample. In-
stead of a patch covering a hole, we might consider a surface similar to a sleeve
(with arm constraints), and instead of the Dirichlet integr al, which mimics the
square-law elastic energy, we might use a more complicated functional taking
into account the anisotropic, plastic, and rigid properties of materials (it is easy
to see that materials having di�erent physical properties form di�erent wrin-
kle patterns). Such variational problems are more complicated than the one
just considered, and can be studied by numerical simulation, or investigated by
asymptotic analysis.
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biregular, 22
boundary, 98, 214, 215, 238
boundary operator, 215, 237, 243
boundary transgression, 134
bounded set, 67
bouquet, 230
Boy's surface, 94

CAD/CAM, 154

canonical fundamental polygon, 77
canonical system, 77
cardinal spline, 205
Cartesian coordinates, 15
catenary, 59
catenoid, 59
cell, 229
cell complex, 228
cell homology, 238
cell space, 228, 229
cell space pair, 242
center-center point, 317
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embedded local surface, 37
embedded surface, 37
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Gauss map, 185
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height function, 122
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homologous, 215
homologous chains, 238
homologous to zero, 215
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homotopic, 191
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homotopy model, 191
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inverse dynamics, 127
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isolated singular point, 318
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isotopy, 145
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Jacobian, 9
Jacobian matrix, 9, 15

Kepler's second law, 7
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L-type, 322
Lagrangian plane, 279
Laplace operator, 58
lateral movement, 166
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lens space, 304
level curve, 107
level set, 107
Lie algebra, 263
Lie group, 263
linear group, 276
linear-fractional transformation, 272
Liouville foliation, 315
Liouville metric, 254
Lobachevskian geometry, 290
Lobachevskian plane, 251
local coordinates, 40
local embedded surface, 37
local minimality, 58
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longitude, 13
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matrix groups, 263
maximum, 54
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meridian, 78
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minimal surface, 59
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Morse function, 106, 139
Morse number, 121
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multibody, 127
multiplicity of a covering, 233
M•obius band, 83

natural parameter, 17
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pseudo-Euclidean plane, 270
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pseudosphere, 292
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radius of curvature, 23
rank, 238
rational geodesic, 254
real symplectic group, 278
Reeb graph, 140
regular con�guration, 134
regular coordinate system, 9
regular curve, 4
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Riemannian metric, 25, 27
rigid motion, 21, 266
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rotation number, 332
rotation vector, 332, 349
round sphere, 56

saddle, 54
saddle complex, 321
saddle-saddle point, 317
Scherk's surface, 60
second fundamental form, 48
Shorinji Kempo, 129
signed curvature, 19
simple Morse function, 139, 145
simplex, 211
simplicial chain complex, 215
simplicial complex, 211
simplicial map, 216
simplicial subdivision, 212
singular, 106
singular con�guration, 134
singular graph, 301
singular locus, 61
singular point, 35, 61, 184
singularity of the momentum map, 337
skew-symmetric gradient, 313
sline approximation, 193
smooth covering map, 233
smooth curve, 3
smooth function, 3, 8
smooth manifold, 97
smooth manifold with boundary, 98
smooth map between manifolds, 41
smooth regular curve, 5
spatial end-e�ector, 133
spatial task, 133
special linear group, 277
special orthogonal group, 277
special polygon, 301

sphere, 261
sphere with handles, 78
spherical end-e�ector, 133
spherical task, 133
spine, 299, 300
spine of an atom, 175
spiral, 7
spirals, 259
stabilizer, 280
stage1 change, 166
stage2 change, 166
stereographic projection, 31, 32
strict convexity, 52
subsimplex, 211
support, 98
surface, 30
surface of constant mean curvature with
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suspension, 207
symplectic manifold, 313
symplectic space, 278
symplectic structure, 313
symplectic transformation, 271, 278

tangent plane, 38
tangent vector, 4, 38, 41
task, 132
task feasibility, 132
tetrahedral group, 285
Theorema Egregium, 47
thickness function, 158
Thom, R., 141
topological n-manifold, 95
topological type, 68
torsion, 23, 24
torsion element, 239
torsion-free, 239
torus, 78
tractrix, 292
trajectories, 109
transition map, 96
translation, 266
translation group, 280
translation-invariant, 279
transport of a basis, 90
triangle, 68
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triangulated, 212
triangulation, 68, 212
type of a closed geodesic, 254

umbilic, 51, 259
underlying space of simplex, 212
unit normal, 40
unitary group, 277
unsigned curvature, 19

variational calculus, 57
velocity vector, 4
vertex of simplex, 211
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vertices of a curvilinear triangle, 68
vertices of an atom, 175

weight (of an atom), 177
weight of a focus neighborhood, 323
Wente tori, 57
workspace, 130

zero mean curvature, 57
zero-set, 35


